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Abstract

In the present paper, using principle of differential subordination, we investigate some interesting properties of certain
subclasses of p-valent functions which are defined by linear operator involving the generalized hypergeometric functions.
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1. Introduction

Let A, denote the class of functions of the form
fz) =2" + ) @zt (peN={12--}), (1.1)

which are analytic and p-valent in the open unit disc U = {z € C : |z| < 1}, and let A; = A a well-known
class of normalized analytic functions in U.

Given two functions f,g € Ap, f(z) =zP + axz® and g(z) = zP + Y byz* their Hadamard

k=p+1 k=p+1
product (convolution) f(z) * g(z) is defined by
fz)xg(z) =2P + )  aybiz®, (zeU). (1.2)
k=p+1
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If f and g are analytic functions in U, we say that f is subordinate to g, (or g is superordinate to f ), and
write f(z) < g(z)(z € U), if there exists the Schwarz function w(z), analytic in U, with w(0) = 0 and
w(z)| < 1 then f(z) = g(w(z))(z € U). In particular if g is univalent in U then f(z) < g(z) is equivalent to
f(0) = ¢g(0) and f(U) c g(U).

For parameters o; € C(i = 1,..,,q), and B; € C\{0,—1,-2,...}(j = 1,...,s), the generalized hypergeo-
metric functions ¢Fs(ot, ..., xq; B1, ..., Bs; z) is defined as:

— (1)K, (00g) 1 2
Fs(otq, ..., ¢q; P1, ..., Bs; 2) = -_—
aFsloa oo Bzl = 2 g 17
(q<s+1,q,s e No=INU{0},z € U),
where (V)i is the Pochhammer symbol (or the shifted factorial) defined (in terms of the Gamma function)
by

(V) = v +k) _ { 1, k=0,v € C\{0};

I'(v) vi(v+1)(v+2)...(v+k—1), ke N={1,23,..}

Dziok and Srivastava [4] defined the linear operator under the multivalent analytic functions
Hp (a1, ..y 0tg; B1, s Bs; 2)F(2) 1 Ap = Ay,

defined by the convolution

Hp (o, oy q; By s Bs; 2)f(2) = 2P qFs(ot, ...y &g B, oo Bs; 2) x F(2)

=2zP 4 Z YIPazk, (1.3)
k=p+1
where (1) (0a)
X1 Jk—pys s (Xg ) k—
YIP = P 4P 1.4
(Bp, — (Ba)ip(k—p)! 14
For convenience, we write
Hp (01, oy & B, ooy B 2)F(2) = HP [y, Bylf(2).
Let M;\T]‘:KM’ 4 € Ap be defined by
mp P+ A +A)(k—p))+d]™ K
= 1.
W Fugal =+ 3 [ prrnk—p+a | =7 PEN (9

k=p+1

wherep € N,m,d € Ny ={0,1,2,..}, A, > A1 > 0,£ >0, and {p +d > 0.
Corresponding to HY s [, Bjlf(z), M;}/szl q and using Hadamard product, we define a new general-
ized hypergeometric derivative operator D;\?K% alxi, B;] as follows:

Definition 1.1. Let the function f € A, then the generalized hypergeometric derivative operator
m’ .
Dy, vale, Bil t Ap — Ay

is given by
DR t,alot, Bilf(z) = H sloci, Bilf(2) « MR 4(2).
Then from (1.3) and (1.5) we get

- [E(pﬂxlﬂz)(k—p)wd m

DX Reealo Bl =20+ ) p+rlk—p))+d s (& (1.6)
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It follows from the above definition that

[e(p + Aa(k —p)) + d] DIAIP [oci, B3E(2) =[0p + Aok —p) —pAr) + d] DR, 4 loxi, Bl (2)

o / (1.7)

qu;::EZ/Ld[oq +1, B;]f(z) = (D;\’: ho,t,a o B Jf(2)) + (o —p)D;\?ﬁM/d[ai, B;ilf(z), (i=1,2,---,q). (1.8)

Remark 1.2. It should be remarked that FDA’BM,E, alo, Bjlf(z) = HY s [, Bj]f(z) where the linear operator
HY s [, Bj]f(z) was introduced by Dziok and Srivastava [4]. Also, the linear operator @T Kz ¢ aloi, Blf(z)
includes various other linear operators which were considered in earlier works. We list a few of them.

(i) For ¢ =1, we get the operator @'{:;Ew given by El-Yagubi [7].

(i) Forq=s+1,=1(1=1,---,s+1),B5=1G=1,---,s), A2 =d =0, = Ay = 1, we get the operator
I, (m, £) given by Kumar et al. [9].

(ii) Forq =s+1, ¢ =1(i=1,---,s+1), 5 =1(j =1,---,s),A2 = 0 and £ = 1, we get the operator
ITH(A, €) given by Citas [2].

(iv) Forg=s+1, 0 =11i=1,---,s+1),B;=1(=1,---,8), 2 =d=0,p=1and A\; = =1, we get
salagean operator D™ [13] .

(V) Forq=s+1,0; =11i=1,---,s+1),B; =1G=1,---,s), 2 =d =0,p = 1 and £ = 1, we get the
operator D}* given by Al-Oboudi [1].

(vi) Forq=2,s=1,04 =n+1,x =1and 3; =1,p = 1, we get derivative operator @;\‘1’;}2,8, 4 given by
Oshah and Darus [11].

(vii) Forq=2,s=1, 04 =a+1,00=1,1 =1, =1,p=1and d = 0, we get derivative operator D;}:;‘Z
given by Eljamal and Darus [5].

(viii) Forq=2,s =1,1 =8+1,00 =1,B1 =1,p = 1 and { = 1, we get derivative operator D;\?;zﬁ given
by El-Yagubi and Darus [6].

(ix) Forq=2,s=1,00 =n+1,x =1,31 =1, Ay =1 and Ay = 0, we get derivative operator IEE[S given
by Swamy [15]. In the case when p =1, I !5 is the derivative operator defined also by Swamy [14].

(x) Forq=s5+1, A =0,p=1and Ay ={ =1,d = A, we get derivative operator I* given by Cho and
Srivastava [3].

Now, for f(z) € A, the integral operator I,, , defined by

+p (%,
Lup(2) = Lp(£)(2)) = * 1P L AL, (> —p). (1.9)
It can easily be verified from (1.9) that
Z(D;::Kz’g,d[(xi/ Bj]lp,p (2)) = (p +p)®A] AL, d[cxu B)] (z) — FLD)\] N d[(xu Bj]lu,p (z). (1.10)

2. A set of preliminary lemmas

To prove our main result, we need the following lemmas.
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Lemma 2.1 ([8]). Let h be a convex function with h(0) = 1 and let v € C\ {0} be a complex number with
NRely} > 0. Suppose also that the function p given by

pz) =1+p1+p®+---, (2.1)
is analytic in U. If
/
p&%+a2?)<h&L(zeUL
then
p(z) < q(z) < h(z), (z € U),
where

q(z) =vz ¥ LZ h(t)tY~1dt, (z € U).

The function q is convex and is the best dominant.

For real or complex numbers &, &z, 1(B1 # 0,—1,—2,- - - ) the hypergeometric function is defined by

caog z  oul(og +1en(ag+1) 2
B1 1! B1(B1+1) 2!

We note the series in (2.2) converges absolutely for all z € U and hence represents an analytic function in
the unit disk U (see, for details, [16]). Each of the identities (asserted by Lemma 2.2 below) is well-known.

oF1 (o, x5 B1;2) =1+ (2.2)

Lemma 2.2. For real or complex parameters o1, xz, 31(1 #0,—1,—2,---), Re(B1) > Re(xz) > 0, we have

J L1yt g = DO BIm) gy, 23)
0 r'(B1)

2F1 (o, ap; B1;2) =2 Fr(ao, 15 B1; 2); (2.4)
oF1(oa, &2; B1;2) = (1—2)" % 2F1 (o, B1 — o2; B1;2/2—1); (2.5)
(o1 +1)2F1 (1L, 0500 +1;2) = (1 +1) + 1zoF1 (1, 00 + 1, 1 +2; 2). (2.6)

3. Main results

Unless otherwise mentioned, we will suppose in the remainder of this paper that z € U, the powers are
understood as principle values and the parameters p, m, A, B, 0, «i, 35, 1, A1, A2, £, and d are constrained as
follows:
peEN,o>0u>-—poaecCli=1.,q),B3 € C\{0,-1,-2,..}G=1,.,s),mdeNgA >A >0(>0,
such that {p+d >0,—-1<B<A <1

Theorem 3.1. Let f € A, satisfy the following subordination

(14) zP 6_ 8 zP g 923113(1[061,[3)'”(‘1) . 1+Az G.1)
Dys, alei, Bslf(2) D;&’Kz,g,d[“i, B;1f(z) Dy, alei, Bslf(2) 1+Bz"

then

o
zP 1+ Az
<4l <y 3.2
<@Et§2,e,d[wﬂf(z)> 1= 118 (3.2)

where

- o(L(p+Az(k—p))+d) —_m "’
L+ Sy ratkpyra) T pon A% (B=0)

_ (4 A2 (k— d
ﬁﬂ{g+aQﬂuBmlﬁwLL“W+&Mm“)+L£g) (B #0)
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and q(z) is the best dominant. Furthermore

Re zP ? -
DR alo, Bslf(2) :

where
_ . o(€(p+Ar(k—p))+d)
Sl Era-a-m 1oFy (1,1, SRRl d) g B ) (B £ 0) 63)
B o(£(p+Az(k—p))+d) _ ) )
1= St T pon (B=0)
This result is sharp.
Proof. Set
o
P
p(z) = | =mp : , (3.4)
'D7\1 AL, d[“ir B]]f(Z)
then p(z) is of the form (2.1) and is analytic in U. Using (1.7), (3.1) and (3.4) we get
BeA; , 1+Az
+ =< :
P S nate—pn+ an ™ P T 1B

Thus, by Lemma 2.1 for y = G(e(p”‘é(e];;p)HdJ , we obtain

2 0 (o(Up + Malk—p)) + )
(D;\Tlﬁz,f,d[(xi’ Bj]f(z)> B q(Z) B < LA )

o(L(p+Ay(k—p))+d) z o(L(p+Ay(k—p))+d)
xz(M)J (R )1 (LEALY
0 1+Bt

+(1—4) (14 B2) 1 oFy (1,1; SUPEAIePIEd) g B2 ) (B o2 )

(L(p 2 (k—p)) + T
1+c(€(p+7\2(kip))+d)+6(’,7\1AZ’ (B=0)

by change of variables followed by the use of the identities (2.3),(2.4) and (2.5) from Lemma 2.1 with

o1 =1,B1=00+1,0 = (up+>‘é(k p)+d) Thig proves the assertion (3.2). Following the same lines as in
Theorem 4 [12], we can prove that mf{i)‘{e( (z))} = q(—1). The proof of Theorem 3.1 is thus completed. [

Theorem 3.2. Let f € Ay, satisfy the following subordination

¢ (DR loeg +1, Bs1f
(1B | Hro — Matd T PITE 1Az o
DX A alo B Diroealovis Bylf(z) DR o aloci, Bylf(2) 1+ Bz
then )
1+ Az
, 3.6
< )\2€ d (Xl/ )]f(2)> = q(Z) = 1+BZ ( )
where

q(Z):{ B4+01-4)(1+B2) R (L1 +1585), (B#£0)

1+ saipAz, (B=0)

and q(z) is the best dominant. Furthermore

DA zr )
V\DIT e Bl ) [T
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where
B { 0 8)a-8an (1 Lt + g 1) (B#0) (3.7)
1 oA, a0
This result is sharp.
Proof. Set
ZP
P (92 Raaloci Bs ]f(z)> ’ (3.8)

then p(z) is of the form (2.1) and is analytic in U. Differentiating both sides of (3.8), and using (1.8), we

have B .
, + Az
Gocin (2) < 1+ Bz’

plz) +

Now the remaining part of the proof follows by employing the techniques that we used in proof of
Theorem 3.1. O

Theorem 3.3. Let f € A, satisfy the following subordination

o o+1 —
zP zP zP 1+ Az
1 — 3.9
(1+f) (D;\?]}j\z I3 d[“ir E’j]Iu,p (Z)> P <D;\?K2 I3 d[“ir Bj]lu,p(z)> (9)\1 1}12 ¢ d[(xl’ B]]f(2)> S 148z 1+Bz’ » 39

then

(o}
zP 1+Az
< q(z) < , 3.10
(Dmszd[‘xlfﬁi]lwp(z)> q(z) 1+ Bz ( )

where 1, , is defined by (1.9) and q(z) is given by

q(2) F+(01-%)1+B2) 1R <1,1; G(”ﬁﬂ)) +1; BEil>, (B #0)
N +p) B
L+ s (B=0)

and q(z) is the best dominant. Furthermore

R Gl G
¢ ®;: ];2 e, d[cxi/ B]]qu(l) ~ E”

where
i §+(1——)(1—B)*12F1(LLWH%), (B#0) a11)
= ) PN .
1- uip)vaBA (B =0)
This result is sharp.
Proof. Set
(z) = Gl ) (3.12)
z , .
P 9;\1} AL, d[ai/ Bj]Iu,p (Z)

then p(z) is of the form (2.1) and is analytic in U. Differentiating both sides of (3.12), and using (1.10), we
have
B

o(p+p))

1+ Az

zp(z) < 1+ Bz’

plz) +
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Using Lemma 2.2 for y = w, we obtain

o(2) < q(z) = <0'(H+P)> Zi(c(ugp)> Jzt(a(uﬁﬂﬂ)>1 <1+At> dt

B 0 1+ Bt
% +(1—f) (14+B2) 71 oF (1,1, 28520 4 1, 582) (B #£0)
u+v —_0)
The remaining part of the proof in Theorem 3.3 is similar to that of Theorem 3.1 and so we omit it. O

Now we prove the partial converse of Theorem 3.3, for A=1—-2p,0 < p<1land B =—1.

Theorem 3.4. If f € A, satisfies

o
zP
Re >p, 0<p<l, (3.13)
{ <‘D;11- AL, d[o‘i/ Bj]lp,p (Z)) }

then

zP ’
i)%e{(lJrB) 3211;2“[0%,[3]1”]9(2) _

o+1 —1
B gl cl } >, 2> R
P, 1Z y
Dy Re talois BT Tp () DR Lalei, Bslf(2)

where
R VB +Iolutp)2—p (314)
o(r+p) ' '
The bound R is the best possible.
Proof. From (3.13), we have
Gl ) 1 3.15

We see that p(z) of the form (2.1) is analytic in U and Re{p(z)} > 0, z € U. Differentiating both sides of
(3.15), and using (1.10), we get

Red (1 zr )
e{( TR D o Byl (2

2P o+1 P —1 }
P\ DI o Byl (2) DI o Byl )P (3.16)

_ 5 ,

= (1—p)Re {p(Z)JrU(uJFp)ZP (Z)}
B /

G(u+p)|2p (Z”] '

> (1—p) [me(p(z)) _

Now, by applying the well-known estimate (see [10])

zp’(z)| 2r
Re(p(z) S 112

(2 =r<1)
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in (3.16), we deduce that

zP )
PRel (1
e{( +B) (ZD;:,,KZ,E,d[Cxi, Bj]IM/‘P(Z)>

o+1 -1
P i - }
_ —P
(3;\?%,@,(1[0%, Billyp(2) ) <‘D;\TI:§2,€,d[(Xi’ B;1f(z) )

B
> (1—p)Re(p(z)) (1— ZTBG(HJFP)(l_rz)) /

which is positive if r < R, where R is given by (3.14).
In order to show that the bound R is the best possible, we consider the function f € A, defined by

Noting that

o
zP 14z
=p+(l=p)l— (3.17)
(Dxﬁz,e,d[“b BJ'HH,]) (Z)> 1—2z

zP °
R 1
e{( o) <®;}§2,e,d[°‘if Billp (Z)>

o+1 —1
5 zP zP }
_ —p
(ﬂxigz,ﬁd[ai’ Bj]lu,p (Z) ) <'D;\T1L:]):izle,d[ocil B)]f(z) )

B 14z Bz 2 -
= (1—pte <1—z+ ot p) (1—z)2> =0

for z = R, we complete the proof of Theorem 3.4. O
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