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Abstract

In this paper, we consider a certain type of nonlinear functions acting on a finite-dimensional vector space IH™ over the
ring H of all quaternions, for n € IN. Our main results show that: (i) every quaternion q € H is classified by its spectrum of
the realization under a canonical representation on C?; (i) each vector of H™ is classified by C™ in an extended set-up of (i);
and (iii) the (usual linear) spectral analysis on the matricial ring My, (C) of all (n x n)-matrices (over C) affects some fixed point
theorems for our nonlinear functions on IH™. In conclusion, we study the connections between the “linear” spectral theory over
the complex numbers C, and fixed point theorems for “nonlinear” functions over IH.
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1. Introduction

In this paper, we consider finite-dimensional vector spaces IH™ over the ring H of the quaternions, for
n € IN. In particular, we are interested in certain nonlinear functions acting on H™. Let

C={x+vyi:x,y€eR,and i =+/—1}

be the set of all complex numbers, where R denotes the real numbers. Then the set,

X/y/quEIR
H=<{x+yi+uj+vk| i2=j2=k=-1, ,,
and ijk = —1

of all quaternions (or quaternion numbers) is defined.
A representation of [19] lets us understand every quaternion q € H as a matrix [q] € M3(C) on the
2-dimensional complex vector space C2 = C x C. For instance,

=5 &) =] 5 ) mam=( 5 ),

in My (C). The spectral properties of [q] € M2(C) is considered in [1]. And, by using the main results of
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[1], we formularized the solutions of monomial equations, and characterize how to solve some quadratic
equations on H, in [2]. For the self-contained-ness of the paper, we briefly introduce the main concepts
and results of these preprints [1, 2] in Sections 2, 3, and 4.

1.1. Motivation

The quaternions H is an important object not only in mathematics (e.g., [1, 2, 9, 10, 17]), but also in
scientific fields (e.g., [3, 13]). Algebra on H is considered in e.g., [20]; analysis on H is studied in e.g.,
[11, 18]; and physics on H is investigated-and-applied in e.g., [6]. Also, the matrices over the quaternions
H, and the corresponding quaternionic-eigenvalue problems have been studied in linear, or multi-linear
analysis (e.g., see [4, 5, 12, 14-16, 18]).

We here emphasize that, even though our works are motivated by the recent studies, the purposes,
approaches, results and applications are different from the earlier works. In this paper, we study finite-
dimensional vector spaces IH™ over the quaternions IH, for n € IN, and certain types of nonlinear functions
on H™. Our results may/can be applicable to geometry on H.

1.2. Overview

In Sections 2 and 3, the spectral analysis of the realizations of quaternions is re-considered (also, see
[1, 2]). And, in Section 4, we classify the quaternions H by their representatives, the complex numbers C
by the spectral properties of Sections 2 and 3.

In Section 5, finite-dimensional vector spaces IH™ are constructed-and-studied over H, for n € IN.
The vectors of IH™ are classified by their representatives, the complex vectors of C™ under our spectral
classifications of Section 4. In Sections 6 and 7, we study nonlinear functions acting on IH™, and consider a
certain type of them. By collecting these nonlinear functions, we construct an algebraic structure ), (IH)
of such nonlinear functions, and it is shown that } |, (H) forms a noncommutative ring over the real
numbers RR. Basic functional properties of the ring-elements of ) |, (IH) are considered there.

By using the results of Sections 5, 6, and 7, the relations between the usual spectral theory on the
matricial ring My (C) and basic fixed-point theorems on ) ,, (IH) are studied in Section 8. The results of
Section 8 provide connections between “linear” analysis on C™ and “nonlinear” analysis on H™ via the
spectral classification on the quaternions H.

2. A representation (C?, ) of H

In this section, we review a representation of the quaternions H. In particular, we understand each
quaternion q € H as a (2 x 2)-matrix [q] € M(C) acting on the 2-dimensional space C? (e.g., see [1, 16, 20]).

2.1. Quaternions H

Let a and b be complex numbers,
a=x+yiand b=u+viinC,

where x, y, u, v € R, and i = v/—1 in C. For the complex numbers a, b € C, the corresponding quaternion
q € H is defined by

g=a+bj=(x+yi)+ (u+vi)j =x+yi+uj+vij =x+yi+uj+vk, (2.1)

in H,
2= =K’ =ik =—1.

The quaternions H has a well-defined addition (4), and multiplication (-); for any

qu=a1+bijjeH, with a, by € C,
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in the sense of (2.1) for 1 =1, 2, one has
g1+ 92 = (a1 +a2) + (b1 +b2)j, qiq2 = (ajaz —byba) + (arba + azby)j, (2.2)
in H, where Zz are the conjugates of z € C. By (2.2),
q192 # q2q1 in H, in general.

Under the operations of (2.2), the quaternions IH form a ring algebraically, moreover it is a “noncommu-

tative field” (in the sense of [20]). A noncommutative field (F, +, -) is an algebraic structure satisfying that:

the algebraic pair (F, 4+) forms an abelian group; and the pair (F*, ) forms a “noncommutative” group,

where F* = F \ {Of}, where Or is the (+)-identity of (F, +); and (+) and (-) are left-and-right distributive.
If g € H is a quaternion (2.1), then one can define the quaternion-conjugate q € H by

q=x—yi—ui—vi (2.3)
So, one has that
qq = qq = la’ + b =x* + > +u> +?, (2.4)
by (2.3). Thus, by (2.4),
qq=qq>0inR C H, Vqe H. (2.5)

By (2.5), one can define the quaternion-modulus ||.|| on H by

llqll = +/qq, for all q € H. (2.6)

This quaternion-modulus |.|| of (2.6) is a well-defined norm on H. If q # 0 in H, then the quaternion-

reciprocal q ! of g,
lal® + b laf® + b

is well-defined in H, by (2.4) and (2.6).

2.2. A Representation (C?, m) of H
In this section, we consider a representation of the quaternions IH, introduced in [20], realized on the
2-dimensional space C? over the complex numbers C. As in (2.1), let’s understand each quaternion q € H
as
q=a+bjinH, with a,€ C,

where
a=x+yi, and b=u-+viin C.
Define an injective representation, 7w : IH — M5 (C), by

n(q) =7n(a+bj) = (1(31 :b ), (2.7)

a

where @ = x —yi and b = u—vi are the complex-conjugates of a and b in C, respectively, and M;(C) is
the matricial ring of all (2 x 2)-matrices over C. This morphism 7 of (2.7) satisfies that

7(q1+q2) =7(q1) +7(q2), and m(qiq2) = 7(q1)7(q2), (2.8)
for all qi, g2 € H, by (2.8). Then the quaternion-conjugate q of q € H satisfies that
_ . a b a b\
w@ =na-v) = (S 0 ) = (g ) —ntar 29)

in My(C) by (2.10), where A* are the adjoints (or, the conjugate-transposes) of A € M, (C). Furthermore,
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det (1(q)) :det< —° > = laf +bl*,

a
b
and hence, one can have
qll = /det (nt(q)), for all q € H, (2.10)
by (2.12) and (2.13).
Proposition 2.1. Let 7t be in the sense of (2.7). Then
(C2, m) is a topological representation of H. (2.11)

Proof. The morphism 7 of (2.7) is a well-defined injective ring-homomorphism from H into M,(C), by
(2.8) and (2.9). Moreover, the relation (2.10) shows that the usual topology for H, determined by the
quaternion-modulus |.| is preserved by the norm ||.|| on M, (C), and hence, this representation is topolog-
ical. -

Notation: Let q € H, and 7(q), the realization of q in M,(C). For convenience, we denote 7t(q) by [q].
Let’s define a subset 3{; of M>(C) by the set of all realizations of H, i.e.,

50, € {[q] € Ma(C) : q € H} = 7t (H). (2.12)

Theorem 2.2. The quaternions H and the set H, of (2.12) are isomorphic noncommutative fields, i.e.,
H X ¢, (2.13)

NF . P .
where “=" means “being noncommutative-field-isomorphic.”

Proof. Take the action 7 of (2.7) acting on C2. By the injectivity of 7, and by the definition (2.12), two
sets H and J(, are bijective (or equipotent), i.e., 7t : H — I, is a bijection. Moreover, 7 is a well-defined
topological-ring-homomorphism from H onto 3, by (2.11), i.e., 7t is a continuous ring-isomorphism from
H onto Hy. Thus the relation (2.13) holds. O

3. Spectral analysis on H

Let H; be the noncommutative field (2.12), isomorphic to the quaternions IH. In this section, we regard
each quaternion q € H as a (2 x 2)-matrix [q] € H, in M; (C) by (2.13), and study spectral analysis on
(and hence, that on H).

3.1. Quaternion-spectral forms of H

In this section, we consider the spectra spec ([q]) of the realizations [q] € H, of quaternions q € H
canonically, by regarding [q] as the usual (2 x 2)-matrices of M; (C). Let ¢ = a+ bj € H be a quaternion
with

a=x+yi, b=u+vie(,

and

lq] = ( g ;b ) _ < x+yi —u—vi > € 70, 3.1)

u—vi x—yi
the realization of q. The realization [q] € 3, C M, (C) of (3.1) has its characteristic polynomial,

def ([q] —zI2) € Clz],
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in the polynomial ring C[z] in a variable z € C, and the corresponding equation,
det([q] —zL) =0 <= 2*2—2xz+ (*+y>+u?+V?) =0,

has its solutions,

z=x+ivVy2+ 12 +v2in C. (3.2)
(See [1, 2] for details).
Theorem 3.1. Let q = a+ bj € IH be a quaternion, realized to be [q] € H(5. Then the spectrum spec ([q]) of [q] is
the subset,

spec ([q]) = {A, A} of C,

where

A=x+1ivVy?+u2++v2inC. (3.3)

Proof. The spectrum (3.3) is obtained by (3.2). O

Motivated by (3.3), we define the following concept.

Definition 3.2. Let ¢ =x+yi+uj+ vk € H be a quaternion, realized to be [q] € H,. f u=0=vin R,
equivalently, if ¢ = x +yi+ 0j + Ok in H, equivalently, if ¢ € C C H, then the matrix,

denote ( X +Yi 0 ~(q 0\
a2 (00 ) = (8 ¢ ) e

is called the quaternion-spectral form (in short, the g-spectral form) of q. Meanwhile, if either u # 0, or
v # 0in R, equivalently, if ¢ € (H\ C) C H, then the matrix,

denote A0
19 = (0 7\)6%2’

with
A=x+iVy2+u2+v2 e,
is called the quaternion-spectral form (in short, the g-spectral form) of q.

By definition, the g-spectral form q € 3, of a quaternion q € H is the diagonal matrix of M, (C)
whose diagonal entries are the eigenvalues of the realization [q] € H;, which is “contained in H,,” by
(3.3). Note that if ¢ = x+yi+0j+ 0k € C in H, then the realization [q] € H; has its spectrum,

{» A}
A=x+1ivVy2+02+02 =x+yi,

and the corresponding g-spectral form becomes

[ x+vyi 0 _
q_< 0 x—yi>_[q]

is well-determined in H,. However, if q = x +yi +uj + vk € H, with either u # 0, or v # 0 in R, then

x+1ivy? +u? +v2 0
q= /
0 x —iy/y? +u? +12

with

by Definition 3.2.
For example, if q; =2—1i+j—2k and q» =2 -1+ 0j 4 0k in IH, then their g-spectral forms are

[ 2+V6L 0 (2= 0 L
= 0 2-v6i ) PTU 0 241 )T

respectively, in H,, where [q;] € (; is the realization of q, by Definition 3.2.
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3.2. Similarity on H,
Throughout this section, we let

a=x+yi,b=u+vieC, withx,yu,veR, and q=a+bj=x+yi+uj+vk € H. (3.4)

We showed in Section 3.1 that each quaternion q € H of (3.4) is realized to be [q] in H, having its
g-spectral form,

q:<g g),with)\:x—i—i\/yz—l—lﬂ—l—vz, (3.5)

if either u # 0, or v #2 0 in R, and

q=ML=<X%m ° >, (3.6)

x—yi

inHp,ifu=0=vinR.
Suppose b € C* in (3.4). For t € C*, define a (2 x 2)-matrix Q¢(q) by

_t (a=A)
Qt(q) = ( t(atA ) > (3.7)

in M;(C), where q € H is in the sense of (3.4).
By the assumption that t, b € C*, the nonzero matrix Q+(q) of (3.7) is well-defined in M;(C). Note
that this matrix Q¢(q) is invertible, since

a—A
b

det (Q¢(q)) = It/* (1 +

2
)%omc. (3.8)

By the straightforward computations, one can get that

[q]Q+(q) = Qt(q)q, whenever t,b € C*, (3.9)

in M;(C) (e.g., see [1, 2] for details). Note here that the (2 x 2)-matrix Q¢(q) of (3.7) is contained in
the noncommutative field H, by (2.12)) (which implies the invertibility (3.8) in M>(C) automatically),
whenever t, b € C*.

Theorem 3.3. Let q = a + bj € H be a quaternion (3.4), realized to be [q] in H,, and let q € H be the g-spectral
formof q.If b # 0in C, then

q= Qt(q)’l[q]Qt(q) —[q] = Qt(q)th(q)fl

"in Ho,” where

B t —(22)t
qu)_'<(“gx)t f ) € Ho, (3.10)
forall t € C*. Meanwhile, if b =0 in C, then
q = Wl 1qw] = w1 qlwl, in 3G, (3.11)

where

w=w+0j+0k € C* in H. (3.12)
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Proof. First, suppose that b = 0in C as in (3.12), and hence, q = a + 0j in H. Then, by (3.5), the quaternion

q has its g-spectral form,
a 0 .
q= ( 0 @ ) = [qlin 305,

by (3.6). Suppose w € C*, and w = w + 0j + 0k € H, realized to be [w] € H,. Then

o (33) (T ) -0 5) G0 )

= wllqlw 1] = wiqw] !

7

in 3. Therefore, the relation (3.11) holds true under (3.12) ’.
Assume now that b # 0 in C. Then, for any t € C*, the corresponding matrices Q(q) of (3.7) satisfy

Qt(q)q = [q]Qx(q),
by (3.5) and (3.9). Thus, by the invertibility (3.8) of Q+(q),

Q+(q) ' (Qe(q)q) = Qt(q) *qlQ+(q) in Hy,

if and only if
q=Qu(a)"'alQ¢(q) in I,
implying the relation (3.10). O

The importance of (3.10) and (3.11) is that these formulas hold not only in M, (C), but also in >, i.e.,
Theorem 5 shows that, for a quaternion q € H with its g-spectral form q € 3, there exists at least one
nonzero matrix A € H,, such that

q= A_l[q]A, or [q] = AqA_l,
in j‘fz.
Corollary 3.4. Let q = a+ bj € H be a quaternion (3.4) with b # 0 in C, and let

A=x+1V/y?+u?+v? e Cin H.

—A
Yy =t+ <—t <ab>> ] eH,

q = yiAy; Lin H. (3.13)

Then there exist

for any t € C*, such that

Meanwhile, if b = 0 in C, then there exists non-zero h € C C H, such that
q =hqh !in H. (3.14)
Proof. The relations (3.13) and (3.14) hold by (3.10) and (3.11), respectively, by (2.13). See [2] for details. O

Corollary 3.4 shows that, for any q € IH with its realization [q] € H>, there exists at least one nonzero
qo € H, such that

q=qoAq, ' inH, (3.15)

where spec ([q]) = {A, A} in C, by (3.13) and (3.14).
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Definition 3.5. Let q € H be a quaternion with its realization [q] € H(,, and let

A0
a=(§ 3 )-Wesw

be the g-spectral form. Then the (1, 1)-entry A € C of q is called the quaternion-spectral value (in short,
g-spectral value) of q.

For example, if q; =2 —1i—j + k € H, then the g-spectral value is

2414/ (12 4+ (-1)2 412 =24 V3i;
while if go =2 -1+ 0j 4 0k € IH, then the g-spectral value is
2—i=qinC,
by Definitions 3.2 and 3.5.

3.3. Equivalence on IH
In this section, we let q € H be in the sense of (3.4). Define a relation R on IH by
def .
ququ < A =AinC(C, (316)

where A are the g-spectral values of qi, for 1 =1, 2. It is not hard to check that this relation R of (3.16) is
an equivalence relation on H (e.g., [2] ).

Definition 3.6. The equivalence relation R of (3.16) is called the quaternion-spectral equivalence relation
(in short, the g-spectral relation) on H. If the relation (3.16) holds, then the two g-spectral equivalent
quaternions q; and q are said to be g-spectral related in H.

Let qi = ai + byj be g-spectral related quaternions in IH, and let A € C be the identical g-spectral value
of qi, for 1 =1, 2. Then there exists y, € H such that

qu=y\y; inH, 1=12, (3.17)
by (3.15). In particular, if by # 0 in C, then

~A
yr=t+ (—t(a‘b >>jelH, Vi=1,2,
1

by (3.13); meanwhile, if by = 0 in C, then y; € C* in H, by (3.14). So, one can have that

92 =Y2My; L =2 (Y7 Y1) A (yy tyn) yg

- (3.18)
= (yaur ") (wiMur ) (iyy 1) by (317) = (yay; ) a1 (wayy ) by (2.13),

in H.
Recall that two matrices A; and A; are similar in a matricial ring M (C), for n € IN, if there exists an
invertible matrix U € M, (C), such that

A, = UAJUTY, in My, (C). (3.19)
It is also well-know that if two matrices A; and A; are similar in the sense of (3.19), then
spec (A1) =spec (Az) inC, (3.20)

and vice versa (e.g., [7, 8]).
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Definition 3.7. Let q; € H be quaternions realized to be [q] € H», for 1 =1, 2. The realizations [q;] and
[qz] are said to be similar “in H,,” if there exists a nonzero matrix U “in Hj,” such that

[q2] = U[ga]U ™" in 30,.” (3.21)

Also, two quaternions q; and ; are said to be similar in H, if their realizations [q1] and [q;] are similar
in the sense of (3.21).

Note that the similarity on 7, (and hence, that on IH) is an equivalence relation, because the similarity
(3.19), or (3.20), is a well-defined equivalence relation on M, (C).

Theorem 3.8. Two quaternions qi and qy are g-spectral related, if and only if they are similar in H, i.e., as
equivalence relations,

the g-spectral relation on IH = the similarity on H. (3.22)

Proof.
(=) If q1 and qp are g-spectral related in H, then they are similar in H by (3.18), (3.19), and (3.21).

(<) Suppose q; and q; are similar in IH, equivalently, their realizations [q;] and [q,] are similar in H; by
(3.22). If Ay are the g-spectral values of qy, then [qi] and [A{] are similar in the sense of (3.21) in J(,, too,
for all 1 =1, 2. Since the similarity on 3, is an equivalence relation, the g-spectral forms [A;] and [A;] are
similar in H> by (3.20). Because

(A0 -
[M]—( 0 M)Eﬂ{z, forl=1,2,

we have
(M O (A 0 B
[}\1]—(0 )\1>—<0 7\2>—D\2]/
by (3.21), and hence,
7\1 =A= 7\2 in C.
Therefore, if q; and g are similar in IH, then they are g-spectral related in IH. O

3.4. Quaternion-spectral mapping theorem

Throughout this section, we let
q=x+yi+uj+vkeH

be a quaternion with its g-spectral value,
A =x+1ivVy2+u2+42,

if eitheru #0o0orv #0in R, or
A=x+1Ui,

if u =0 =vin R. Now, let C[z] be the polynomial ring over a field C in a variable z,
Clz] ={f(z) : f is a polynomial in z over C},
ie., f(z) € C[z], if and only if

Kk
Z anz", fora, €C, ¥vn=1,...,k, (3.23)

n=0
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for all k € Ny = N U{0}. It is well-known that if A is a matrix in M (C) forn € N, and if f € C[z] is a
polynomial (3.23), then

spec (f(A)) = f (spec(A)) in C, (3.24)
by the spectral mapping theorem, where the right-hand side of (3.24) means that
f (spec(A)) = {f(t) : t € spec(A)},
set-theoretically, and in the left-hand side of (3.24), a new matrix f(A) € M, (C) is
A AR+ ar AR 4 A%+ @A+ agly,

where I, is the identity (n x n)-matrix of M, (C), whenever f(z) is in the sense of (3.23). By (3.24), one
can get that

spec (f ([q])) = f (spec ([q])), Vf € C[z],

“in M, (C),” for all q € H, realized to be [q] € H; in M, (C).
Now, define the subset C.[z] of C[z] by

N
C.lz] = NLiO{ZOanz” € Clzl : ag,ay,...,an € R} (3.25)
n=

Theorem 3.9. Let q € H be a quaternion (3.4) with its g-spectral value A € C. If

N
f(z) = ZanzTL e C,lz],
n=0

then
f(A) € C is the g-spectral value of f(q) € H, (3.26)

N
where Cy[z] is the subset (3.25) of C[z], and f(q) = }_ anq™ in H.
n=0

Proof. Let q € H be a quaternion (3.4) with its g-spectral value A € C, and let h(z) € Cl[z]. If [q] € 3, is
the realization of g, then B

spec (h([q])) = {h(A), h(A)}, inC,
by (3.24). Note however that, for h(z) € Clz],

h (X) # h(A) in C, in general.

o N

For instance, if h(z) =izin Cz], then h(14+1) =—-1—1#14+1i=h (1 + i) . However, if f(z) = ) anz™ €
n=0

C,[z] with ag, a1, ..., an € R, then

N N N ~
FA) =) an M) =2 an (A%) =} (anAV) = ) ank™=f(A),
n=0 n=0 n=0 n=0

in C. It shows that, if f(z) € C;[z], then

spec (f([q))) = {f(), f (X)} = {f(\), TN},
in C, satisfying that
the g-spectral form of f ([q]) = f(q)

in H, if and only if the g-spectral value of f (q) is identified with f (A) in C C IH, where q is the g-spectral
form of [q] in ;. Therefore, the statement (3.26) holds. O
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Remark that Theorem 3.9 holds for the polynomials of C.[z], not for those of C[z] (in general). Now,
let R[x] be the polynomial ring over R in a variable x, i.e.,

N
Rix] = U n R}. 27
[X] NLiO{nZ_OanX Qp, ai, , AN € } (3 )

Then, the above theorem can be re-stated as follows.

Corollary 3.10. Let f(x) € R[x], where R[X] is the polynomial ring (3.27). If q € H is a quaternion with its
g-spectral value A € C, realized to be [q] € JHy, then

spec (f ([q])) = {f(A), f(A)} in C. (3.28)
Proof. The set-equality (3.28) holds by (3.26) and (3.27). O
The relation (3.28) is called the quaternion-spectral mapping theorem.

Theorem 3.11. Let qq and qp be g-spectral related in IH, with their g-spectral value A € C. If f(x) € R[x], then
f(q1) and f(qz) are g-spectral related in H, too, with their identical g-spectral value f(A) € C. Equivalently, if q;
and qg are similar in H, then f(q1) and f(qy) are similar in H, for all f(x) € R[x].

Proof. Let q; and q; be g-spectral related quaternions in H. Assume that A € C is the g-spectral value of
both q; and q,. Then, for any f(x) € R[x], the quantity f(A) € C is the g-spectral value of both f(q;) and
f(q2) by (3.26) and (3.28). Therefore, two quaternions f(q;) and f(qy) are g-spectral related in H. By (3.22),
the g-spectral relation and the similarity are equivalent on H. So, if q; and q; are similar, then f(q;) and
f(q2) are similar in H, for all f(x) € R[x]. O]

3.5. Quaternion-Spectralization o
Define now a function o : H — H by

o(q) 2 the g-spectral value of q, Vq € H. (3.29)

0(1+0i42j—3k) =1+1i1/02+22+ (=3)2 =1+ V134,

0(—2—i40j+0k) = —2—1,

For instance,

and

etc.

Definition 3.12. We call the function o of (3.29), the quaternion-spectralization (in short, the g-spectraliz-
ation).

Let’s consider the range of the g-spectralization o.
Proposition 3.13. If o is the g-spectralization (3.29), then
o(H) =C. (3.30)

Proof. Let q =x +yi+uj+vke H be an arbitrary quaternion. If o is the g-spectralization (3.29), then

o(q) =x+ivy2+uz++v2 eC,

(if either u # 0, or v # 0), or
o(q)=x+yieC,
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(if wu=0=v)in H. So, one has
o(H) CC.

Now, let t +si € C, with t,s € R. If s > 0 in IR, then there exists
h=t+yi+uj+vk € H, witht,y,u,veR,
such that

o(h) =t+ivVy?2+u2+v2 eC,
VyZ+u2+v2 =sin R,

by (3.29). Meanwhile, if s < 0 in R, then there exists

satisfying

h=t+si+0j+0keH,

such that
o(h)=t+siinC,
and hence,
CCo(H).
Therefore, the set-equality (3.30) holds. O

4. Classification of IH
Let o be the g-spectralization (3.29). For a fixed quaternion q € H, define the subset,
q° ={hcH:o(h)=0(q)}, (4.1)

in H. Then

set-theoretically. Thus,
o(qg)eCcH

becomes a representative of all quaternions of q° in H, by (3.22) and (3.30), i.e., the subset q° of (4.1)
forms an equivalence class of q in H for the g-spectral relation, or the similarity. Define now the quotient
set IH® by

He % (q°: q e HI, (4.2)
where q° are the equivalence classes (4.1).
Theorem 4.1. The following set-equality holds;
H° =C. (4.3)
Proof. Note first that q° = (0(q))° in H® by (4.1), for all q € H. Therefore, by (3.30) and (4.2),
H° ={A°:AeC,3q e H, s.t, o(q) =},
and hence,

H° ={A\°: A e C}. (4.4)
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Define a function ¢ : H® — C by
@ (A°) = A, forall \° € H®,

where A° are in the sense of (4.4) for A € C. Then, by (3.30), (4.1), (4.3), and (4.4), the function ¢ is
surjective from IH® onto C.
Also, for A?,A3 € H (in the sense of (4.4)), if

eA) =M =X =0¢(77) inC,

then AY = A9 in H®, by (3.28), (4.2) and (4.4), i.e., @ is injective, too. Therefore, the function ¢ is a bijection,
implying the set-equality (4.3). O

Theorem 4.1 shows that the quaternions H is classified by the g-spectral relation (or, the similarity, or
the action of the g-spectralization o). And the corresponding classification is characterized by the set C in
the sense that: every quantity A € C represents all quaternions q € IH satisfying o (q) = A.

5. Quaternionic vector spaces

In this section, we consider a vector space H™ over the quaternions H, for n € IN. Since H is a a
noncommutative field (and hence, a ring), vector spaces over H are well-determined algebraically.

5.1. Vector spaces H™ over H
For n € IN, define a Cartesian product set H™ of the n-copies of the quaternions IH by

H™ % {(q1,..., qn) 1 q1, ..., qn € HJ, (6.1)

consisting of n-tuples of quaternions. Define now a binary operation (+) on H™ by

(ql, ceey, qn) -+ (hlr---/hn) = ((h +h1, vy qn+hn)/ (52)
forall (q1,..., qn), (hy, ..., hn) € H™, where (+) in the right-hand side of (5.2) is the quaternion-addition
of (2.2). Define now the left scalar product, and the right scalar product on H™ by

q(q1, .-, qn) =(4q1,-.-,qqn), and (q1,...,qn) 4= (q19,...,qnq), (5.3)

respectively, for all g € H, (q1, ..., qn) € H™, where (-) in the right-hand sides of (5.3) is the quaternion-
multiplication of (2.2). From below, if there is no confusion, it is said that “(-) is the scalar product (5.3)”,
which means the scalar products from both left and right as in (5.3).

Definition 5.1. The mathematical triple (IH", +, -) is called the n-dimensional quaternion-vector space
over H (in short, the n-dimensional H-vector space), where H™ is the set (5.1), (+) is the addition (5.2),
and (-) is the scalar product (5.3). For convenience, we denote the triple (H™, +, -) simply by H™ from
below.

It is clear that the algebraic structure H™ of Definition 17 is indeed a vector space over a ring IH.

Definition 5.2. Let V be a set containing its subset H. Assume that V is equipped with a well-defined
addition (+), and a scalar product (-) over H, in the sense that:

vit+va eV, Y, ey,

respectively,
qv,vqeV,VqeH, andv e V.

Then the triple (V, +, -) is called a vector space over the quaternions H (in short, a H-vector space). All
elements of (V, +, -) are said to be H-vectors.
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By Definitions 5.1 and 5.2, all n-dimensional H-vector spaces H™ are H-vector spaces, for all n € IN.

Definition 5.3. Let V; and V; be H-vector spaces. A function T : V; — V; is said to be a linear transfor-
mation over the quaternions H (or, in short, H-linear transformation), if

Tvi4v2) =Tv1)+T(v2) and T(qv) =qT(v)and T(vq) =T(v)q, (5.4)

for all ¢ € H, and v, v1, v» € V. A bijective H-linear transformation T of (5.4) is called a H-vector-space-
isomorphism (or, in short, a H-isomorphism). In particular, if T is a H-isomorphism, then the H-vector
spaces V; and V; are said to be H-isomorphic.

Let I, be the isomorphic noncommutative field (2.12) of the quaternions IH for the representation (C?,
1) by (2.13). Define now a set (7' by the Cartesian product set of the n-copies of H(,

Hy ={lq1), ..., [qn]) s [q1], ..., [qn] € 3o}, (5.5)
Define a binary operation (+), and a (left-and-right) scalar-product(s) (-) on the set H3* of (5.5) by

(e, -, [qn) + (T, -, Thd) % (1qu] + hal, - ., [qn] + nd) = ([q1 + hal, -, [qn + hnl),

q(al, -, [an)) = ((qllaal, -, [qllan]) = (lqail, ---, [aqn]),
([qﬂ,...,[qn])q = (lq1q],...,[gnql),

(5.6)

forallq,q1,...,qn, h1, ..., hy € H.

Lemma 5.4. The triple 3 ‘2 (KT, +, ) of the set H}* of (5.5) and the operations (+) and (-) of (5.6) is a
H-vector space.

Proof. Since the operations of (5.6) are well-defined on the set (7' by (2.13) and (5.5), the triple H}* forms
a H-vector space in the sense of Definition 5.2. O

Furthermore, one can verify that two IH-vector spaces IH™ and H}' are related as follows by (2.13).

Theorem 5.5. For any n € IN, we have

H™ = 93, (5.7)
where “"=°" means “being H-isomorphic.”
Proof. Define a function,
IM:H" — 33
by
(a1, -, an)) € (nlar), -, wldn)) = (4], -, [an)), (5.8)

forall q1, ..., qn € H, where (CZ, 71) is the representation (2.11) of IH. Since the action : IH — H; is a
bijection, the function IT is bijective from H™ onto H}" by (5.8), and,

Mg, qn) + (hy,..., ) =TT ((q1 + N1, .., qn + 1))
= ([q1 +Thil, ..., [qn+hnl) by (5.2)
= ([qu] + ), -, [qn] + [hn]) by (5.8)
= At s lgnl) + ({8, .., Ihn]) by 28)
(1, -, Gu) +T1 (s -y ) by .6
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forall (q1, ..., qn), (h1, ..., hy) € H™. Also, one can get that

M(q(q1, ---, qn)) =T1((qq1, ---, 9qn))
= ([qqu], ..., [qqn]) by (5.3)
= (lqllg1], ..., [qllqn]) by (5.8)
=q(lqul, ..., [qn]) by (2.8)
=qIT((q1, ..., gn)) by (5.6),

and similarly,
M((q1,...,9n) q) =T1((q1,...,9n)) q,

forallq € H,and (qy, ..., qn) € H™.
Therefore, the isomorphic relation (5.7) holds. O]

By (5.7), one can use two H-isomorphic H™ and J{}* alternatively as the n-dimensional H-vector space
from below.

Definition 5.6. Let V be a H-vector space, and let W be a R-vector space (i.e., a vector space over a ring
R), where R is a subring of H. If a function T : V — W satisfies

Twv4+w)=T(v)+T(w), and T(v)=rT(v), and T(vr)=T(v)r,

in W, for allv,w € V and r € R, then this function T is called a linear transformation over R (or, in short, a
R-linear transformation). If a R-linear transformation T is bijective, then it is said to be an R-isomorphism;
and, in such a case, V and W are said to be R-isomorphic.

We are interested in the cases where a subring R of H in Definition 22 is C, or IR.

Theorem 5.7. The n-dimensional H-vector space H™ is R-isomorphic to C*™, and it is also R-isomorphic to R,
ie.,

H™ "2 €2 and H™ "2 R4™, (5.9)

/ﬂ’-ljo ”

where means “being R-isomorphic.”

Proof. Define a function T: H™ — C>™ by
T (qll qZ cecy qn) - (al/ bl/ aZ/bZI cecy an/bn) 7

forall (q1,...,qn) € H™, where q; = a; + byj, with a;, by € C, forall 1 = 1,...,n. Then it is not difficult to
show this function T is a R-isomorphism, i.e., the first R-isomorphic relation of (5.9) holds. Now, define
a function S : H™ — R*" by

S (qll' cy qn) - (Xllyllullvll" -/Xn/Un/un/Vn) 7
forall (q1,...,qn) € H™, with
g =x1 +yi+uwj+vik € H, with x,y,u,vi € R,

forall 1 =1,...,n. Then, similarly, it is shown that it is a IR-isomorphism, i.e., the second R-isomorphic
relation of (5.9) holds, too. O
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5.2. The function ) ™ : H™ — H}
In Section 5.1, we considered H-vector spaces H* and H-isomorphic vector spaces H¥, for k € IN.
Here, motivated by the classification of Section 4, we study a certain function,

IMHM - Y,

implying our spectral analysis of Sections 2 and 3 on the quaternions IH.
Let o : H — HH be the g-spectralization (3.29), i.e., for all ¢ = x+vyi+uj+vk € H,

o(x+yl+uj+vk) =x+ivVy2+u2 ++2,

if either u # 0, or v # 0; and
o(x+yi+0j+0k) =x+yi,

if u=0=vin R. Then it induces the g-spectral forms of quaternions, i.e., the following diagram assigns
a function;

q@G(q)@q=<Géq) G(()q)>

in 3. Define a function ) : H — H; by

ie.,

Sa=( Y o ) =lotal, 610

for all q € H. Since o : H — H is a well-defined function whose range is C by (3.30), and the action 7 : [H
— 3 is a well-defined bijection, the function ) of (5.10) is well-defined.
Consider now that: if g1 =2+1—j+k and q» =2 —1+j+ k are distinct quaternions, then

D (a1) = ( 2+0\/§i 2—0\@i > =) (q),

in H;. It shows that the function }_ is not injective. Moreover, since o (IH) = C in H, this function ) _is
not surjective either. Also, observe that: if

q1 =1+ 0i+j + 0k,

and
q2 :2—i+j +Ok,
in H, then

Y= (gt ), and Z(om:(“fi 2_0@) G.11)

respectivelt, in 3. If q; and q; are as above, then
q1 +q2 =3—-1+2j 4+ 0k,
satisfying

[ 3+V5L 0
Stara = (2 08 ). 612
The formulas (5.11) and (5.12) show that

Y (m+a)#) (@)+) (q2),

in H,, implying that the function ) _is not linear either.
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Lemma 5.8. The nonlinear function ) of (5.10) is a function from H into H, “over R,” in the sense that: it is a
well-defined function from H into H, satisfying

Y (tg)=t) (@=) (@t=) (qt), (5.13)
forall q € H, and “t € R,” where zZA € 3, means
(zI) (A) inH, € M2 (C),
forallz e Cand A € M3 (C).

Proof. We discussed that ) = oo : H — H; is a well-defined nonlinear function. But this function is
over R in the sense of (5.13). Indeed, if t € R and q € H, then

o(tq) =to(q)=o(q)t=0(qt) inH,
by the g-spectral mapping theorem (3.28). O
The above lemma shows that the function )_ is a nonlinear function over R from H into 3.
Definition 5.9. Let V; and V, be H-vector spaces. A function f: Vi — V; is said to be over R, if
f (tw) = tf(w), and f (wt) = f (w) t,

in Vy, for all w € Vj and t € R. Similarly, f is said to be over C, or, over H, if the above equalities hold for
all t € C, respectively, for all t € H.

Now, let H™ be the n-dimensional H-vector space, and let {3 be an isomorphic IH-vector space of
H™. Define a function, " : H™ — HI', by

n

> (e, - an)) = (X (a1, -y Y (an)) in 363, (5.14)

for all (g1, ..., qn) € H™. By Lemma 5.8, one can verify that the function }_" of (5.14) is over R, too, in
the sense of Definition 5.9, i.e.,

I"(tw) =t (w) =2 (w)t=L1L" (wt),
in H}', forallw € H™, and t € R.
Proposition 5.10. The function ) ™ : H™ — K} of (5.14) is a nonlinear function over R.

Proof. Since a function Y~ : H — 3, of (5.10) is a well-defined nonlinear function, the morphism > ™ is
nonlinear from H™ to H3' by (5.14). Now, lett € R, and w = (q1,...,qn) € H™. Then

Z (tW) = Z ((tqll ey tqn))
(>_tar), ..., Y (tan) by 53)
(£ (@), st (an) by G14)

=t (Y (@), o, Y (an) by GBI =t (a1, qn) =t (w),

(5.15)

and similar to (5.15),
Tawt)=Z, (w)t.

So, the function }_ ™ is a nonlinear function over RR. O
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5.3. The n-quaternion-spectralization on H™

Throughout this section, we fix n € IN. Motivated by the main results of Section 5.2, define here a
function, o™ : H™ — H™, by

0" ((q1,---,qn)) = (o(q1), ..., 0(qn)) in C™ C H™, (5.16)

for all (q1, ..., qn) € H™. The well-definedness of this function o™ of (5.16) is guaranteed by that of > ™
by (5.14). By (4.3), we have
o" (H™) =C™in H™.

Note that, since the g-spectralization o is nonlinear, the function ¢™ on H™ is not linear either by (5.16).
But it is over R in the sense of Definition 5.9 because Y " is.

Proposition 5.11. The function o™ : H™ — H™ of (5.16) is nonlinear over R.

Proof. The function o™ is nonlinear over R, since the function ) " of (5.14) is nonlinear over R by Propo-
sition 5.10. 0

For example, if
G =2+0i+j—1k q=1-1+0j+0k q3=4+i-]j-2k

in H, inducing ( X
qll q2/ q3) € H ’

then
o ((q1, 92, q3)) = (2+\f21, 1—1, 4+f61),

in C3 c H3.

Definition 5.12. For any n € N, the function o™ : H"™ — H™ of (5.16) is called the n-quaternion-
spectralization (in short, the g-spectralization) on H™. Our g-spectralization o of (3.29) is redefined
by this general definition, i.e., 0 = o' on H = H'.
6. Noncommutative unital rings )  (IH) over R

In Section 5, we introduced two types of functions acting on the H-vector space H™, for n € IN. The
first one is the function,

q-iso

I H" > HY = HTY,
of (5.14), and the second one is the g-spectralization,
o :H" — H™
These functions are nonlinear, but they are over R. Also, by (4.3), one has
ot (H™) =C",
set-theoretically, i.e., all H-vectors (qy, ..., qn) of H™ are classified by the C-vectors,
(0(q1),...,0(qn)) € C™.
Theorem 6.1. The g-spectralization o™ is idempotent in the sense that:

octoo™ =0c"on H™ (6.1)



I. Cho, J. Nonlinear Sci. Appl., 15 (2022), 14-40 32

Proof. For an H-vector w = (q1,...,qn),
(0" o0™) (W) =0" (0™ ((q1,...,qn))) = 0" ((0(q1),...,0(qn))) = (o (a(q1),..., 0 (o(qn)))).  (6.2)
Since the g-spectral values o (qy) of q; are C-quantities in H, forall1=1,...,n,
ocoo(q) =o(o(q))=o(q)inCCH,
forall L =1,...,n. Thus the equality (6.2) is identified with
"(w)) = (a(q1),...,0(qn)) = o™ (W),

inC™ Cc H", i.e., the idempotence (6.1) holds on IH™ by o™. O

o™ (o

k

The above theorem shows our g-spectralizations o* are nonlinear, idempotent on H* over R, for all

k € N, by (6.1).
Now, let My, (C) be the matricial ring acting on C™. Define now a set ), (IH) by

3 (H) E{aoo™:a € Mu(C)). (6.3)

n
By (6.3), all elements oco o™ are well-defined nonlinear functions on H™ over R. Remark that, if
w1 = (ql, ceey qn),Wz = (hl, ...,hn) S H—In, andt € R,
then

oo™ (Wl -I-Wz) :O((O'n((ql +h1,...,qn+hn)))
=«x((o (q1+h1)/ ceey G(qn+hn))) (6.4)
# o (o™ ((qr,.--,qn))) +oc (6™ ((hy,..., hn))) = xo o™ (W) + xo o™ (Wa),

in general, because of the nonlinearity of o™. However,

oo™ (twy) = a (0™ ((tqy, ..., tqn))) = «x((to(q1), ..., to(qn)))
o (to™ ((q1, -+, qn))) (6.5)
oo (to™) (wy) = (ta) o 0™ (wy) = t(xo0™) ((q1,.--,qn)),

for all t € R, since @ € My, (C) is (linear, and hence, it is) over IR, too.
Proposition 6.2. Every element x o o™ € L, (H) is a nonlinear function over R.
Proof. Each element x o 6™ € ) |, (H) is not linear by (6.4), but it is over R by (6.5). O

Notation: From below, we denote xco o™ € 3 (H) by «(™
For instance, if
g1 =24+0i—j+k q=1—-1, gqgz3=-1,
inducing
w = (qll q2, q3) € H3/

1 0 1
x = 1 -1 0 S M3(C),
01 O

and if
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then, for the corresponding al®) e > 3(H), one has
a® (w) = a(2+\@i, 1—1, —1) - (2+ (V2—1)i, 1+ (V2—1)i, 1+i>,

in H3. On the set }_,, (H) of (6.3), define the operations (+) and (-) by

oq™ + g™ E (o + ) 0 0™ = (o + )™,
o) o () def (n) (n) (66)
™oy E (o an) 0 = (o)™,
for all oc1 , ocz ) e > . (H), respectively, where the addition (+) and the multiplication (-) on the far right-

hand sides of (6.6) are the usual matricial addition, and matricial multiplication on M, (C), respectively.
These operations of (6.6) are well-defined on } ,, (IH) by (4.3) and (6.1). So, the triple,

3 () fe (Z(H), +, > 6.7)

n n

forms an algebraic structure, where (4) and (-) of (6.7) are in the sense of (6.6). Observe that if

w = (qlr---/qn) EHTI’

then
(ad™ad™) (W) = o« (2 (o), -, o(qn))) = 01 (0™ (21, z0)),

where

(er---zzn) = X2 (U(ql)/---/g(qn)) € Cn (11'1 Hn) (le "/ZTI) = (“10(2) (G(ql)/---/c(qn))/

by (6.1)
= (2 00™) (W) = (arxa) ™ (W),

in H™. Since w € H™ is arbitrary,

ocin]oén) = (aqo)™ in L, (H).
It shows that the multiplication (-) of (6.6) is indeed well- defined on) . (H
Moreover, one can define a R-scalar product on ), (H) by

toa™ =t. (oco G(“)> oo™ = aoto™ = al™ -, (6.8)

forallt € R, and &™) e > . (H). The last two equalities of (6.8) say that the definition (6.8) covers both
left and right scalar products. Also, they demonstrates that this IR-scalar product is well-defined by (6.5).

Theorem 6.3. The triple Y (H) of (6.7) is a noncommutative unital ring over R, in the sense that: (i) it is a
noncommutative ring with its unity, and (ii) there is a well-defined R-scalar product on ) (H

Proof. Let ) ,, (H) be the algebraic triple (6.7). For the addition (+) of (6.6),

(n)

(ocgn) + océn)> + o5 (n)

= (061—1-062)(“) + o3 (n)

= ((ot1 + x2) + o3)

= (o1 + (a2 + 3)) ™)

(n) (m)

=0 + (o + oz) (™ = oy (n)

+ (oc2 + chm) ,
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for ocl ) e > o(H), forall 1 =1, 2, 3. Also, there exists the zero matrix O, of M (C) inducing

0, % 6 oot ez, (H),

such that
n) +O(n) = (o + On)(n) _ oc(n) = (On + Cx)(n) _ O(n) + oc(n),

for all (™) e > . (H). For the (+)-identity 0m) and arbitrary alm) e > . (IH), there exists a unique (—o) (n)
€ > ,(H), such that

o™ (—oc)(“) = (ax— (X)(n) — o — ( oc+cx)( ) _ (—cx)(“) + oc(“),
in ) (H). Also,
(n) + o‘én) = (o 4 x2) ™ = (o + )™ = “én] + “{n),
for all ocl !, oc2 N > o (H). So, the algebraic pair () _,,(IH), +) is an abelian. For the multiplication (-),

one has that
(oci“)océ“)) o™ = (o)) ™ = (oa (o)™ = o™ (™ ™),

forcxl ey .l =3 (H)\{oM™}, foralll=1,2,3.

Since the matr1c1al ring M (C) is noncommutatlve the above associative multiplication is noncom-
mutative. So, the algebraic pair ()~ , +) forms a noncommutative semigroup. Moreover, it has its
multiplication-identity,

T1.

1) dente p o on e 1, (H),

where I, is the identity matrix of M, (C), satisfying
o™ 1) — (o1, )™ =« = (1, 0 o)™ = 1(W) . x(M),

for all «™ € 3 (H)*.

It is not hard to check the left-and-right distributiveness of the operations (+) and (-) of (6.6) on
> . (H), by those of matricial addition and multiplication on M;(C). So, the algebraic triple ), (H) of
(6.7) is a unital ring with its unity 1(™)

Finally, the R-scalar product (6.8) is well-defined on ), (H), because all matrices of M, (C) and our

g-spectralization o™ are over R. O
Let (™ = xo o™ € > . (H), with « € M, (C). If « is invertible in M, (C) (as a matrix) then o™ is
invertible in Z H) (as a ring- element) in the sense that: there exists a unique element M) =Boo™ e

> . (H), such that
O([n]f)(n] — 1) — B(n)(X(n),

in ) |, (H), where 1) =1, 0 o™ is the unity of ) | (H), i.e., the invertibility of « in My (C) implies the
invertibility of «(™ in }, (H

(oc“”)il = (ocfl)(n) inX, (H), (6.9)

if a1 exists in My, (C).

Remark 6.4. Remark that “a(™) is invertible in > . (H)” does not mean a(™) is invertible “on H™,” as
a function. Indeed, by definition, «(™) is neither injective nor surjective on H™, implying that it cannot
be invertible on H™ “as a function,” i.e., the invertibility (6.9) on } | (H) is the ring-invertibility on the
noncommutative unital ring ) |, (H).
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By the invertibility (6.9) on }_,, (IH), one can define the subring Sy, (IH) by

Sn(H) € {a™ e ¥ (H) : «l™ is invertible}. (6.10)
n

It is not difficult to check that the sub-structure (S, (IH), -) of this subring S, (IH) of (6.10) forms a non-
abelian group, where (-) is the multiplication (6.6).

Definition 6.5. We call the noncommutative unital ring > (IH) of (6.7), the quaternion-spectral matricial
ring acting on H™ (in short, the g-spectral ring). And all elements of } | (IH) are called the quaternion-
matricial functions (in short, g-spectral functions) on H™. The subring S,,(IH) of (6.10) is called the
invertible quaternion-spectral matricial ring (in short, the invertible g-spectral ring). In particular, the
algebraic pair (S, (IH), -) is said to be the invertible q(uaternion)-spectral (matricial) group.

7. Spectral theoretic properties on ) | (H)

In this section, we fix n € IN, and the corresponding g-spectral ring > ,, (H). Let
™ =xoo™ €5, (H), withx e M, (C),

be a g-spectral function on H™. Note-and-recall that the g-spectral ring } ., (IH) is a noncommutative
unital ring over R with the R-scalar product (6.8);

(t ™) € Rx £n (H) — ta™ € £, (H),
where
tal™ = (ta) ™ = too o™ in I, (H). (7.1)
By (7.1), forany t € Rand «!™ € ¥, (H),
o™ —t. 1) = oo™ —t(I,o0m),
where 1) =1, oo™ € 3 (H) is the unity of 3, (H),
=xoo"+ ((—t)I,o0™)
by (7.1),
= (—tly) oo™ = (a—tly) ™ (7.2)
in ) , (H). By (7.2), one can get that
™ —t. 1 =™ jn £, (H),
where 00™) = O, 0 0™ € X, (H) is the zero element, if and only if
o —1tl, = On in My, (C), (7.3)
because the g-spectralization o™ is a nonzero function on H™.
Proposition 7.1. Let am) e 2, (H), and let t € R. Then
™ —t. 1 =™ in £, (H),
if and only if

ox—tly =0, <= a=tl, in M, (C). (7.4)



I. Cho, J. Nonlinear Sci. Appl., 15 (2022), 1440 36

Proof. The relation (7.4) holds by (7.2) and (7.3). O]
Now, consider the equality,
oa—tly =0, in M, (C), (7.5)
in the relation (7.4), both “globally” and “locally” as a function on C™. Note that
t=t+0ie RcCCin (7.5).

Of course, the equality (7.5) holds globally, if and only if the relation (7.4) holds by Proposition 7.1.
Meanwhile, the equality (7.5) holds “locally” on C™ in the sense that: there exists a subspace € of C™ =
o (H™) such that

ox—1tl, =0, "on &,” in C™,

if and only if
a(w) =tw, forallw € &,

if and only if t € R is contained in the spectrum of «,
spec (o) ={A € C: 3w € C™, s.t, ff (W) ="w},

or
spec () ={A € C: « — Al is not invertible on C™},

in C, if and only if t is an eigenvalue of .
Indeed, t € spec(«), if and only if the nonempty eigenspace & of t is well-determined in C™ as a
subspace, if and only if
x (W) =tw <= (ax—tl) (W) =0, YW € &,

if and only if
oax—tl, =05, "on &,” (7.6)
"locally” in C™. So, different from the global relation (7.4), we have the following local result.

Theorem 7.2. Let «'™ € Y (H) be a g-spectral function and t € R. Then there exists non-zero H-vector
w € H™ such that
(oc(“) —t- 1“”) (W) =0, in H™,

if and only if
t € spec(a), and o™ (w) € &, (7.7)
where & is the eigenspace of an eigenvalue t.
Proof.
(<) By (7.4), if 0 = tl,, in My (C), then the identity,
o™ 1M = (q—t1,)™ = o)

holds in the g-spectral ring ) ., (IH) (globally), i.e., for all w € H™, the equality in (7.7) holds. Remark
that if o« = tI;; in M, (C), then
spec (x) ={t}, and & =C™.

It shows that if the relation (7.4) holds, then

t e spec(a), and E¢ =C™ = o™ (H"),
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and hence, the equality of (7.7) holds as a special case. Generally, if t € spec () and o™ (w) € &, then
the equality of (7.7) holds true by (7.6). Therefore, if there exists w € IH™, such that

t € spec(«), and o™ (w) € &,

then the equality of (7.7) holds.

(=) Now, assume that either
t ¢ spec (o), or o™ (W) & E4.

First, assume that t ¢ spec (). Then there does not exist w € C™, such that

o (w) =tw < (ax—1tl) (W) =0n,

implying that
(00— tI) ™ (w) # 0, forallw € H",

by (7.2), since o™ (w) € C™ in H™, for all w € H™, i.e,, if t ¢ spec(«), then the equality of (7.7) does not
hold. Suppose now that w denote o™ (w) ¢ &, for w € H™. Then

a (W) #tw <= (a—tly) (W) # 0p,
in C™, if and only if

(00— tIn)™ (w) = (cx(“) ¢ 1(“)) (W) # 0On,

in C™, because w € H™ is assumed to be non-zero, i.e., if 6™ (w) ¢ &, then the equality of (7.7) does not
hold. Thus, if the equality of (7.7) holds for non-zero w € H™, then

t € spec(a), and o™ (w) € E;.

The above theorem characterizes the existence of nonzero H-vectors w € H™ satisfying
(oc(“) —t- 1(“)> (w) =0, on H",

by the spectral property of « on C™, by (7.7).

8. Fixed-point theorems in ) , (H)

In this section, motivated by the main results of Section 7, we study fundamental fixed-point theorems
on the n-dimensional vector space IH™ over the quaternions IH induced by g-spectral functions of the g-
spectral ring ) ., (IH), and characterize them in terms of the usual spectral theory on M, (C). Throughout
this section, we fix n € IN, and the corresponding g-spectral ring ) |, (IH). Recall that, in a usual (Hilbert-
space-operator) spectral theory, a matrix « €My, (C) is self-adjoint, if

o = oin My (C),

where «* is the adjoint (or, the conjugate transpose) of «; and it is said to be a projection, if it is both
self-adjoint and idempotent, i.e.,
of =a=o?in My (C);
and a matrix « is normal, if
of o= ™ in My, (C);
and « is an isometry, if
oo = I in My (C),

etc. And the corresponding spectral properties are well-characterized (e.g., [7, 8]).
Here, we focus on the cases where the matrix parts « € My, (C) of g-spectral functions a(™) = oo™ €
>, (H) are self-adjoint, or projections on C™.
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Definition 8.1. A g-spectral function oa) = oo™ € >, (H) is said to be self-adjoint (or, a projection),
if the matrix part « € M, (C) is self-adjoint (resp., a projection) on C™.

Similar to Definition 8.1, one can define normal elements, or isometries on the g-spectral ring } ,, (H)
by the (usual) spectral properties of the matrix parts of g-spectral functions of ) ., (H).

For instance, the unity 1) = I,, 0 6™, and the zero element 0(™) = O,, 0 6™ of Y, (H) are not only
self-adjoint, but also projections in ), (IH), because the identity matrix I, and the zero matrix O, of the
matricial ring M, (C) are both self-adjoint and projections on C™.

Proposition 8.2. Let oc{n) =xoote) (H) forl=1,2

(1) If 1 € My, (C) are self-adjoint and t1 € R, for 1 = 1,2, then tlocin) + t20c£n) is self-adjoint in ), (H).
(2) If ;1 € My, (C) are self-adjoint for 1 = 1,2, satisfying

o = g in My (C),

and if t € R, then tol™ o™ is self-adjoint in 3" (H).
(3) If x1 € My, (C) are projections for all | = 1,2, and if

oo = Op = g in My, (C),

then oc{n) + océn) is a projection in Y, (H).
(4) If ;1 € My, (C) are projections for all | = 1,2, and if
ooy = oy in My, (C),

then oc{n) océn) and océn) ocin) are projections in ) (H).

Proof. Under the conditions of (1), the matrix o« = tj0; + tax2 is self-adjoint, i.e.,
o =tod + oy =tog +thon =«
in M, (C), implying the self-adjointness of «. Therefore, the g-spectral function,

(n)

o™ = (t1q +thoxp) oo™ = tiog (n)

+ tz(xz ,

is self-adjoint in ) ,, (IH) by (6.6) and (6.8). So, the statement (1) holds.
If the conditions of (2) hold in M, (C), then the matrix 3 = tx; «, is self-adjoint, i.e.,

B* =t =t =t =B,
in My, (C), implying the self-adjointness of 3. So, the corresponding g-spectral function,

B = (togog) o o™ =t ey,

is self-adjoint in ), (H) by (6.6) and (6.8). Thus, the statement (2) holds.
Under the condition of (3), the matrix y = &1 + a2 € My, (C) is a projection, since

Y'=al+o;=01+x=Y,

and
v? :oc%—i—oqocz—l—oczoq—i—oc; =0+ =,

on C™. So, the corresponding element,
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is a projection in ) |, (IH) by (6.6) and (6.8). It shows that the statement (3) holds.
Finally, if the conditions of (4) hold, then the matrix 8 = o;x; € My, (C) is a projection because
0* =] = gy = oy = 6,
and
0% = 00X 0y = oc%oc% =0 =6,
on C™. So, the ring element,
e(n) = (o) oo n_ OCin)Oién),
is a projection in ) ., (IH) by (6.6) and (6.8). Therefore, the statement (4) holds. O]
Recall now that every matrix of My, (C) has its nonempty spectrum as a subset of C (e.g., [7, 8]). Note
that, in particular, a self-adjoint matrix o € My, (C) has its nonempty spectrum,
spec(a) C R, in C.
Note also that a projection 3 € M, (C) has its spectrum satisfying
spec () €{0,1}, inC,
(e.g., see [7, 8]). So, by (7.7), we obtain the following fixed-point theorem.

Theorem 8.3. For any arbitrary “self-adjoint” g-spectral function «™ € 5 (H), there always exist t € R, and
w € H™ such that

o™ (w) = to™ (w) in C™. (8.1)

Proof. Suppose a g-spectral function (™) = oo™ is self-adjoint in §_(H), i.e., the matrix part « € M, (C)
is self-adjoint. Then it has its spectrum spec («), contained in R. Suppose t € spec (). Then, as a C-
quantity, this R-quantity t has its eigenspace £; in C™. For an eigenvector v € £, one can have H-vector
w € H", satisfying
o™t (w) =,
by (4.3). Therefore, by (7.7),
(oc(“) —t- 1(“)) (W) =0n,

if and only if
o™ (w) =110 (w) = to™ (w),
in C™. Therefore, the equality (8.1) holds. O
Theorem 8.3 shows that the self-adjointness of a g-spectral function o™ € Y . (H) guarantees the
fixed-point formula (8.1).
Theorem 8.4. Let «!™) = oo™ € 3 (H) be a “nonzero” projection. Then there exists w € TH™ such that
™ (w) = o™ (w) inC™ (8.2)

Proof. Let o™ € 3 (H) be a nonzero projection, i.e., the matrix part o« € My, (C) is a nonzero projection
on C", satisfying
spec (x) C{0,1} inC™.
In particular, the nonzero-ness of « implies that
1 € spec (o).
So, by (8.1), there exists w € IH™, such that
«™(w)=1-0"(w) inC",

showing the relation (8.2). O
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Theorem 8.4 provides a special example of the fixed-point theorem (8.1) under self-adjointness on
> (H). However, it also fully characterizes the nonzero-projection-property on ) ., (H) in terms of the
fixed-point formula (8.2).
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