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Abstract

Abel et al. [U. Abel, M. Ivan, R. Păltănea, Appl. Math. Comput., 259 (2015), 116–123] introduced a Durrmeyer type integral
variant of the Bernstein type operators based on two parameters defined by Stancu [D. D. Stancu, Calcolo, 35 (1998), 53–62].
Kajla [A. Kajla, Appl. Math. Comput., 316 (2018), 400–408] considered a Kantorovich modification of the Stancu operators
wherein he studied some basic convergence theorems and also the rate of A-statistical convergence. In the present paper, we
define a bivariate case of the operators proposed in [A. Kajla, Appl. Math. Comput., 316 (2018), 400–408] to study the degree
of approximation for functions of two variables. We obtain the rate of convergence of these bivariate operators by means of
the complete modulus of continuity, the partial moduli of continuity and the Peetre’s K-functional. Voronovskaya and Grüss
Voronovskaya type theorems are also established. We introduce the associated GBS (Generalized Boolean Sum) operators of the
bivariate operators and discuss the approximation degree of these operators with the aid of the mixed modulus of smoothness
for Bögel continuous and Bögel differentiable functions.
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1. Introduction

For z ∈ C(J), the Banach space of continuous functions on J = [0, 1], Stancu [16] defined Bernstein type
operators, based on two parameters i, j ∈N∪ {0} and n ∈N, as follows:

Sn,i,j (z; x) =
n−ij∑
α=0

bn−ij,α (x)

j∑
β=0

bj,β (x) z

(
α+βi

n

)
, (1.1)
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where bn,k (x) =

(
n

k

)
xk(1 − x)n−k, 0 6 x 6 1 is the Bernstein basis. Evidently for i = j = 0, the

operators (1.1) include the Bernstein operators Bn (z; x) given by

Bn (z; x) =
n∑
k=0

bn,k (x) z

(
k

n

)
.

Abel et al. [1] gave the Durrmeyer type modification of the operators (1.1) defined by

Dn,i,j (z; x) =
n−ij∑
α=0

bn−ij,α (x)

j∑
β=0

bj,β (x) (n+ 1)
∫ 1

0
bn,α+βi (r)z (r)dr

and derived a complete asymptotic expansion for these operators besides some approximation properties.
Kajla [13] considered the Kantorovich type modification of the Stancu operators defined by (1.1) as:

Vn,i,j (z; x) =
n−ij∑
α=0

bn−ij,α (x)

j∑
β=0

bj,β (x)

∫ 1

0
z

(
α+βi+ r

n

)
dr (1.2)

and studied the Korovkin type theorems for these operators (1.2) and also their A-statistical convergence.
Stancu [15] introduced two dimensional Bernstein polynomials B∗n (z; x,y) on the triangle S := {(x,y) :
x+ y 6 1, 0 6 x,y 6 1} as follows:

B∗n (z; x,y) =
n∑
k=0

n−k∑
l=0

pn,k,l (x,y) z
(
k

n
,
l

n

)
, (x,y) ∈ S, (1.3)

where pn,k,l (x,y) =
(
n

k

)(
n− k
l

)
xkyl(1 − x− y)n−k−l and z (x,y) ∈ C(S), the space of continuous

functions on S. Deo and Bhardwaj [11], characterized the rate of approximation by means of K-functional
and estimated the order of convergence for the operators (1.3) and its Durrmeyer variant proposed by
Zhou [18]. For q-Bernstein-Schurer-Durrmeyer type operators for functions of one and two variables,
Kajla et al. [14] studied some approximation properties.

Let C
(
J2
)
, the space of continuous functions on J2 = J × J, be endowed with the norm given by

‖z‖ = sup
(x,y)∈J2

|z (x,y)|, for z ∈ C
(
J2
)
.

Motivated by the above work, for z ∈ C
(
J2
)
, we define a bivariate case of the operators (1.2) as

follows:

Vi1,j1,i2,j2
m,n (z; x,y) =

m−i1j1∑
α1=0

bm−i1j1,α1 (x)

i1∑
β1=0

bi1,β1 (x)

n−i2j2∑
α2=0

bn−i2j2,α2 (y)

×
i2∑
β2=0

bi2,β2 (y)

∫ 1

0

∫ 1

0
z

(
α1 +β1i1 + r

m
,
α2 +β2i2 + s

n

)
drds, (x,y) ∈ J2.

(1.4)

The purpose of the present paper is to study some approximation properties of the bivariate opera-
tors (1.4) such as uniform convergence theorem, rate of convergence in terms of modulus of continuity,
Voronovskaja type asymptotic theorem and Grüss-Voronovskaja type theorem. We also construct the
associated GBS operator and obtain its convergence estimates using mixed modulus of smoothness.

Throughout the paper, M denotes a positive constant which may have different values for different
cases.



P. N. Agrawal, N. Bhardwaj, J. K. Singh, J. Nonlinear Sci. Appl., 14 (2021), 423–439 425

2. Auxiliary results

We observe that the operators (1.4), is the tensorial product of the operators Vxm,i1,j1 and Vyn,i2,j2 , i.e.,

Vi1,j1,i2,j2
m,n = Vxm,i1,j1 ◦V

y
n,i2,j2 , where

Vxm,i1,j1 (z; x,y) =
m−i1j1∑
α1=0

bm−i1j1,α1 (x)

j1∑
β1=0

bj1,β1 (x)

∫ 1

0
z

(
α1 +β1i1 + r

m
, s
)
dr

and

Vyn,i2,j2
(z; x,y) =

n−i2j2∑
α2=0

bn−i2j2,α2 (y)

j2∑
β2=0

bj2,β2 (y)

∫ 1

0
z

(
t,
α2 +β2i2 + s

n

)
ds.

We present some lemmas which will be useful in the sequel. Let eh (r) = rh,h ∈ {0, 1, 2, 3, 4}.

Lemma 2.1 ([13]). For the operators Vn,i,j (f; x), we have

(i) Vn,i,j (e0; x) = 1;
(ii) Vn,i,j (e1; x) = x+ 1

2n ;
(iii) Vn,i,j (e2; x) = x2 + 1

n

(
2x− x2

)
+ 1
n2 (i

2jx− ijx− i2jx2 + ijx2 + 1
3);

(iv)

Vn,i,j (e3; x) = x3 +
1

2n
3x
(
3x− 2x2)+ 1

2n2 [6ijx
3 − 6ijx2 + 7x− 7x2 + 4x3 + 6i2jx2 − 3i2jx3]

+
1

4n3 [−8ijx3 + 18ijx2 − 10ijx− 12i2jx2 + 4i3jx+ 6i2jx+ 1];

(v)

Vn,i,j (e4; x) = x4 +
1
n
[8x3 − 6x4] +

1
n2 [11x4 − 24x3 + 15x2 + 6i2j2x4 + 18ijx4 − 18ijx3]

+
1
n3 [−4i3j3x4 − 18i2j2x4 − 22ijx4 − 6x4 + 42ijx3 + 18i2j2x3 + 16x3 − 20ijx2

− 15x2 + 6i2jx2 − 6i2jx3 + 6x] +
1
n4 [i

4j4x4 − 6i3j3x4 + 11i2j2x4 + 6ijx4 + 6i3j3x3

− 18i2j2x3 − 16ijx3 + 7i2j2x2 + 15ijx2 − 8i2jx2 − 5ijx+ 2i2jx+
1
5
].

Consequently, let exh (r) = (r− x)h,h ∈ {1, 2, 3, 4}.

Lemma 2.2 ([13]). For the operators Vn,i,j (f; x), we get

(i) Vn,i,j
(
ex1 (r) ; x

)
=

1
2n

;

(ii) Vn,i,j
(
ex2 (r) ; x

)
=

1
n

(
x− x2)+ 1

n2 (i
2jx− ijx− i2jx2 + ijx2 +

1
3
);

(iii) Vn,i,j
(
ex3 (r) ; x

)
= 1

2n2 [2 + 7x− 9x2 + 4x3] + 1
2n3 [−4ijx3 + 9ijx2 − 5ijx− 6i2jx2 + 2i3jx+ 3i2jx];

(iv) Vn,i,j
(
ex4 (r) ; x

)
=

1
n2 [3x

4 − 6x3 + 3x2 + 6i2j2x4 + 12ijx4 − 12ijx3 − 6i2jx3 − 6i2jx4].

Let eh,k(r, s) = rhsk, h,k ∈ {0, 1, 2, 3, 4} and (r, s) ∈ J2. From Lemma 2.1 and the definition (1.4), by
simple calculations, we obtain:

Lemma 2.3. The bivariate operators defined by (1.4) satisfy the following equalities:

(i) Vi1,j1,i2,j2
m,n (e0,0; x,y) = 1;
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(ii) Vi1,j1,i2,j2
m,n (e1,0; x,y) = x+ 1

2m ;

(iii) Vi1,j1,i2,j2
m,n (e0,1; x,y) = y+ 1

2n ;

(iv) Vi1,j1,i2,j2
m,n (e1,1; x,y) =

(
x+ 1

2m

) (
y+ 1

2n

)
;

(v) Vi1,j1,i2,j2
m,n (e2,0; x,y) = x2 +

1
m

(
2x− x2

)
+

1
m2 (i

2
1j1x− i1j1x− i

2
1j1x

2 + i1j1x
2 + 1

3);

(vi) Vi1,j1,i2,j2
m,n (e0,2; x,y) = y2 +

1
n

(
2y− y2

)
+ 1
n2 (i

2
2j2y− i2j2y− i

2
2j2y

2 + i2j2y
2 + 1

3);

(vii)

Vi1,j1,i2,j2
m,n (e3,0; x,y) = x3 +

1
2m

3x
(
3x− 2x2)+ 1

2m2 [6i1j1x
3 − 6i1j1x2 + 7x− 7x2

+ 4x3 + 6i21j1x
2 − 3i21j1x

3] +
1

4m3 [−8i1j1x3 + 18i1j1x2 − 10i1j1x

− 12i21j1x
2 + 4i31j1x+ 6i21j1x+ 1];

(viii)

Vi1,j1,i2,j2
m,n (e0,3; x,y) = y3 +

1
2n

3y
(
3y− 2y2)+ 1

2n2 [6i2j2y
3 − 6i2j2y2 + 7y− 7y2 + 4y3

+ 6i22j2y
2 − 3i22j2y

3] +
1

4n3 [−8i2j2y3 + 18i2j2y2 − 10i2j2y− 12i22j2y
2

+ 4i32j2y+ 6i22j2y+ 1];

(ix)

Vi1,j1,i2,j2
m,n (e4,0; x,y) = x4 +

1
m

[8x3 − 6x4] +
1
m2 [11x4 − 24x3 + 15x2 + 6i21j

2
1x

4 + 18i1j1x4

− 18i1j1x3] +
1
m3 [−4i31j

3
1x

4 − 18i21j
2
1x

4 − 22i1j1x4 − 6x4 + 42i1j1x3

+ 18i21j
2
1x

3 + 16x3 − 20i1j1x2 − 15x2 + 6i21j1x
2 − 6i21j1x

3 + 6x]

+
1
m4 [i

4
1j

4
1x

4 − 6i31j
3
1x

4 + 11i21j
2
1x

4 + 6i1j1x4 + 6i31j
3
1x

3 − 18i21j
2
1x

3

− 16i1j1x3 + 7i21j
2
1x

2 + 15i1j1x2 − 8i21j1x
2 − 5i1j1x+ 2i21j1x+

1
5
];

(x)

Vi1,j1,i2,j2
m,n (e0,4; x,y) = y4 +

1
n
[8y3 − 6y4] +

1
n2 [11y4 − 24y3 + 15y2 + 6i22j

2
2y

4 + 18i2j2y4

− 18i2j2y3] +
1
n3 [−4i32j

3
2y

4 − 18i22j
2
2y

4 − 22i2j2y4 − 6y4 + 42i2j2y3

+ 18i22j
2
2y

3 + 16y3 − 20i2j2y2 − 15y2 + 6i22j2y
2 − 6i22j2y

3 + 6y]

+
1
n4 [i

4
2j

4
2y

4 − 6i32j
3
2y

4 + 11i22j
2
2y

4 + 6i2j2y4 + 6i32j
3
2y

3 − 18i22j
2
2y

3

− 16i2j2y3 + 7i22j
2
2y

2 + 15i2j2y2 − 8i22j2y
2 − 5i2j2y+ 2i22j2y+

1
5
].

Let φi1,j1,i2,j2
m,n,h,k (x,y) = Vi1,j1,i2,j2

m,n
(
(r− x)h(s− y)k; x,y

)
, h,k ∈ {0, 1, 2, 3, 4} and (r, s), (x,y) ∈ J2. As a

consequence of the proceeding lemma, we have following.

Lemma 2.4. The central moments for the operators (1.4) are obtained as follows:

(i) φi1,j1,i2,j2
m,n,1,0 (x,y) =

1
2m

;
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(ii) φi1,j1,i2,j2
m,n,0,1 (x,y) =

1
2n

;

(iii) φi1,j1,i2,j2
m,n,1,1 (x,y) =

1
4mn

;

(iv) φi1,j1,i2,j2
m,n,2,0 (x,y) =

1
m

(
x− x2

)
+

1
m2

{
i21j1x− i1j1x− i

2
1j1x

2 + i1j1x
2 +

1
3

}
;

(v) φi1,j1,i2,j2
m,n,0,2 (x,y) =

1
n

(
y− y2

)
+

1
n2

{
i22j2y− i2j2y− i

2
2j2y

2 + i2j2y
2 +

1
3

}
;

(vi)

φ
i1,j1,i2,j2
m,n,2,2 (x,y) =

1
mn

(xy− xy2 − x2y+ x2y2) +
1
mn2 (x− x

2)(i22j2y− i2j2y− i
2
2j2y

2

+ i2j2y
2 +

1
3
) +

1
m2n

(y− y2)(i21j1x− i1j1x− i
2
1j1x

2 + i1j1x
2 +

1
3
)

+
1

m2n2 {(i
2
1j1x− i1j1x− i

2
1j1x

2 + i1j1x
2 +

1
3
)(i22j2y− i2j2y− i

2
2j2y

2

+ i2j2y
2 +

1
3
)};

(vii)

φ
i1,j1,i2,j2
m,n,3,0 (x,y) =

1
2m2 [2 + 7x− 9x2 + 4x3] +

1
2m3 [−4i1j1x3 + 9i1j1x2 − 5i1j1x− 6i21j1x

2

+ 2i31j1x+ 3i21j1x];

(viii)

φ
i1,j1,i2,j2
m,n,0,3 (x,y) =

1
2n2 [2 + 7y− 9y2 + 4y3] +

1
2n3 [−4i2j2y3 + 9i2j2y2 − 5i2j2y− 6i22j2y

2

+ 2i32j2y+ 3i22j2y];

(ix)

φ
i1,j1,i2,j2
m,n,4,0 (x,y) =

1
m2 [3x

4 − 6x3 + 3x2 + 6i21j
2
1x

4 + 12i1j1x4 − 12i1j1x3 − 6i21j1x
3 − 6i21j1x

4]

+
1
m3 [−4i31j

3
1x

4 − 18i21j
2
1x

4 − 14i1j1x4 − 6x4 + 24i1j1x3 + 18i21j
2
1x

3 + 16x3

− 10i1j1x2 − 15x2 + 6i21j1x
3 + 6x+ 4i31j1x

2] +
1
m4 [i

4
1j

4
1x

4 − 6i31j
3
1x

4 + 11i21j
2
1x

4

+ 6i1j1x4 + 6i31j
3
1x

3 − 18i21j
2
1x

3 − 16i1j1x3 + 7i21j
2
1x

2 + 15i1j1x2 − 8i21j1x
2

− 5i1j1x+ 2i21j1x+
1
5
];

(x)

φ
i1,j1,i2,j2
m,n,0,4 (x,y) =

1
n2 [3y

4 − 6y3 + 3y2 + 6i22j
2
2y

4 + 12i2j2y4 − 12i2j2y3 − 6i22j2y
3 − 6i22j2y

4]

+
1
n3 [−4i32j

3
2y

4 − 18i22j
2
2y

4 − 14i2j2y4 − 6y4 + 24i2j2y3 + 18i22j
2
2y

3 + 16y3

− 10i2j2y2 − 15y2 + 6i22j2y
3 + 6y+ 4i32j2y

2] +
1
n4 [i

4
2j

4
2y

4 − 6i32j
3
2y

4 + 11i22j
2
2y

4

+ 6i2j2y4 + 6i32j
3
2y

3 − 18i22j
2
2y

3 − 16i2j2y3 + 7i22j
2
2y

2 + 15i2j2y2 − 8i22j2y
2

− 5i2j2y+ 2i22j2y+
1
5
].



P. N. Agrawal, N. Bhardwaj, J. K. Singh, J. Nonlinear Sci. Appl., 14 (2021), 423–439 428

Consequently,

Lemma 2.5. We have the following results:

(i) lim
m→∞mφi1,j1,i2,j2

m,n,1,0 (x,y) = 1
2 ;

(ii) lim
m→∞mφi1,j1,i2,j2

m,n,0,1 (x,y) = 1
2 ;

(iii) lim
m→∞mφi1,j1,i2,j2

m,n,2,0 (x,y) = x(1 − x);

(iv) lim
n→∞nφi1,j1,i2,j2

m,n,0,2 (x,y) = y(1 − y);

(v) lim
n→∞nφi1,j1,i2,j2

n,n,1,1 (x,y) = 0;

(vi) lim
m→∞m2φ

i1,j1,i2,j2
m,n,4,0 (x,y) = 3x4 − 6x3 + 3x2 + 6i21j

2
1x

4 + 12i1j1x4 − 12i1j1x3 − 6i21j1x
3 − 6i21j1x

4;

(vii) lim
n→∞n2φ

i1,j1,i2,j2
m,n,0,4 (x,y) = 3y4 − 6y3 + 3y2 + 6i22j

2
2y

4 + 12i2j2y4 − 12i2j2y3 − 6i22j2y
3 − 6i22j2y

4.

Let I1 and I2 be compact intervals of the real line and B (I1 × I2) be the space of functions bounded on
(I1 × I2).

Theorem 2.6 ([17]). Let Dm,n : C (I1 × I2)→ B (I1 × I2) , (m,n) ∈N×N be linear positive operators. If

lim
m,n→∞Dm,n (ets) = (ets) ,∀ (t, s) ∈ {(0, 0) , (1, 0) , (0, 1)}

and
lim

m,n→∞Dm,n (e20 + e02) = e20 + e02,

uniformly on I1 × I2, then the sequence (Dm,nz) converges to z uniformly on I1 × I2, for any z ∈ C (I1 × I2).

3. Approximation properties of the operator Vi1,j1,i2,j2
m,n

First, we show that the operator Vi1,j1,i2,j2
m,n (z) is an approximation process for all z ∈ C(J2).

Theorem 3.1. For z ∈ C(J2), the operators Vi1,j1,i2,j2
m,n (z) converge to f as m,n→∞, uniformly on J2.

Proof. Applying Lemma 2.3 and Theorem 2.6, the proof easily follows. Hence, we skip the details.

Now, we proceed to determine the order of convergence of the operators (1.4). Let us recall some
definitions.

For z ∈ C
(
J2
)
, for the bivariate case, the complete modulus of continuity is defined as follows:

ω̄ (z;σ1,σ2) = sup
{
|z (r, s) − z (x,y)| : (r, s) , (x,y) ∈ J2 and |r− x| 6 σ1, |s− y| 6 σ2

}
,

where σ1 > 0,σ2 > 0. Further, ω̄ (z;σ1,σ2) satisfies following properties:

(i) ω̄ (z;σ1,σ2)→ 0, if σ1 → 0 and σ2 → 0;

(ii) |z (r, s) − z (x,y)| 6 ω̄ (z;σ1,σ2)
(

1 +
|r−x|
σ1

)(
1 +

|s−y|
σ2

)
.

Also, the partial modulii of continuity with respect to x and y are defined as

ω(1) (z;σ) = sup {|z (x1,y) − z (x2,y)| : y ∈ J and |x1 − x2| 6 σ} ,

ω(2) (z;σ) = sup {|z (x,y1) − z (x,y2)| : x ∈ J and |y1 − y2| 6 σ} .

The details of modulus of continuity for the bivariate case has been widely studied by Anastassiou and
Gal in [3]. In what follows, let

σm = sup
(x,y)∈J2

φ
i1,j1,i2,j2
m,n,2,0 (x,y) = sup

x∈J
Vm,i1,j1

(
(r− x)2; x

)
,
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σn = sup
(x,y)∈J2

φ
i1,j1,i2,j2
m,n,0,2 (x,y) = sup

y∈J
Vn,i2,j2

(
(s− y)2;y

)
.

The following theorem yields the rate of approximation in terms of the complete modulus of continuity.

Theorem 3.2. Let z ∈ C
(
J2
)
. Then,∥∥Vi1,j1,i2,j2

m,n (z) − z
∥∥ 6 4ω̄ (z,

√
σm,
√
σn) .

Proof. Using the property (ii) of complete modulus of continuity for the bivariate case as mentioned above,
for linear positive operator Vi1,j1,i2,j2

m,n (; x,y), we have∣∣Vi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 Vi1,j1,i2,j2
m,n (|z (r, s) − z (x,y)|; x,y)

6 ω (z;
√
σm,
√
σn)

(
Vi1,j1,i2,j2
m,n (1; x,y) +

1
√
σm

Vi1,j1,i2,j2
m,n (|r− x| ; x,y)

+
1
√
σn

Vi1,j1,i2,j2
m,n (|s− y| ; x,y) +

1
√
σm
√
σn

Vi1,j1,i2,j2
m,n (|r− x| |s− y| ; x,y)

)
.

Now, using the Cauchy-Schwarz inequality and Lemma 2.3, the desired result is obtained.

Our next result provides the order of approximation for the operators (1.4) by means of the partial
moduli of continuity.

Theorem 3.3. For f ∈ C
(
J2
)
, we have∥∥Vi1,j1,i2,j2
m,n (z) − z

∥∥ 6 2
(
ω(1) (z;

√
σm) +ω(2) (z;

√
σn)

)
.

Proof. From the definition of the partial moduli of continuity and using Cauchy-Schwarz inequality, for
any σ1,σ2 > 0, we have∣∣Vi1,j1,i2,j2

m,n (z; x,y) − z (x,y)
∣∣ 6 Vi1,j1,i2,j2

m,n (|z (r, s) − z (x,y)| ; x,y)

6 Vi1,j1,i2,j2
m,n (|z (r, s) − z (r,y)| ; x,y) +Vi1,j1,i2,j2

m,n (|z (r,y) − z (x,y)| ; x,y)

6 Vi1,j1,i2,j2
m,n

(
ω(2) (z; |s− y|) ; x,y

)
+Vi1,j1,i2,j2

m,n

(
ω(1) (z; |r− x|) ; x,y

)
6 ω(2) (z;σ2)

(
1 +

1
σ2

Vi1,j1,i2,j2
m,n (|s− y| ; x,y)

)
+ω(1) (z;σ1)

(
1 +

1
σ1

Vi1,j1,i2,j2
m,n (|r− x| ; x,y)

)
6 ω(2) (z;σ2)

(
1 +

1
σ2

(
φ
i1,j1,i2,j2
m,n,0,2 (x,y)

)1/2
)

+ω(1) (z;σ1)

(
1 +

1
σ1

(
φ
i1,j1,i2,j2
m,n,2,0 (x,y)

)1/2
)

.

Taking σ2 =
√
σn and σ1 =

√
σm, the proof is completed.

Now, we compute the rate of convergence of the bivariate operators Vi1,j1,i2,j2
m,n by means of the Lipschitz

class. For 0 < γ1,γ2 6 1, Lipschitz class LipM (γ1,γ2) for the bivariate case is defined as:

|z (r, s) − z (x,y)| 6M|r− x|γ1 |s− y|γ2 ,

where M is some positive constant and (x,y) , (r, s) ∈ J2 are arbitrary.
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Theorem 3.4. If z ∈ LipM (γ1,γ2), then we have∥∥Vi1,j1,i2,j2
m,n (z) − z

∥∥ 6M(σm)γ1/2(σn)
γ2/2.

Proof. Since z ∈ LipM (γ1,γ2),∣∣Vi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 Vi1,j1,i2,j2
m,n (|z (r, s) − z (x,y)| ; x,y)

6MVi1,j1,i2,j2
m,n (|r− x|γ1 |s− y|γ2 ; x,y)

=MVi1,j1,i2,j2
m,n (|r− x|γ1 ; x,y)Vi1,j1,i2,j2

m,n (|s− y|γ2 ; x,y) .

Now, using Hölder’s inequality with p1 = 2
γ1

,q1 = 2
2−γ1

and p2 = 2
γ2

,q2 = 2
2−γ2

, respectively, in view of
Lemma 2.3, we have

∣∣Vi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6M((φi1,j1,i2,j2
m,n,2,0 (x,y)

))γ1
2 (

Vi1,j1,i2,j2
m,n (1; x,y)

) 2−γ1
2

×
((
φ
i1,j1,i2,j2
m,n,0,2 (x,y)

))γ2
2 (

Vi1,j1,i2,j2
m,n (1; x,y)

) 2−γ2
2 ,

which leads us to the desired assertion.

Our forthcoming result gives a quantitative estimate in terms of the second order modulus of conti-
nuity with the aid of the Peetre’s K-functional, which is defined as follows.

Let Ck
(
J2
)
=
{
z ∈ C

(
J2
)
: ∂

i+jz
∂xi∂yj

∈ C
(
J2
)

,∀ 0 6 i+ j 6 k
}

. The Peetre’s K-functional for the function

z ∈ C(J2) is defined as

K(z;σ) = inf
w∈C2(J2)

{
‖z−w‖+ σ‖w‖C2(J2)

}
, σ > 0,

with the norm in C2
(
J2
)

given by

‖w‖C2(J2) = ‖w‖+
2∑
i=1

(∥∥∥∥∂iw∂xi
∥∥∥∥+ ∥∥∥∥∂iw∂yi

∥∥∥∥)+

∥∥∥∥ ∂2w

∂x∂y

∥∥∥∥ .

From [10, page 192], it is known that for any σ > 0

K(z;σ) 6M
{
ω̄2(z;

√
σ) + min(1,σ) ‖z‖

}
,

where M > 0 is a constant independent of σ and f and ω̄2 is a second order modulus of continuity for
functions of two variables.

Theorem 3.5. For z ∈ C(J2), there holds the inequality

∥∥Vi1,j1,i2,j2
m,n (z) − z

∥∥ 6

{
Mω̄2

(
z;

√
Cm,n

2

)
+ min

{
1,
Cm,n

4

}
‖z‖
}
+ ω̄

(
z;

1
2m

,
1

2n

)
,

where Cm,n = 1
2

{(√
σm +

√
σn
)2

+ 1
4

( 1
m + 1

n

)2
}

.

Proof. Let us introduce an auxiliary operator as follows:

Ṽi1,j1,i2,j2
m,n (z; x,y) = Vi1,j1,i2,j2

m,n (z; x,y) − z
(
x+

1
2m

,y+
1

2n

)
+ z(x,y). (3.1)
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Then using Lemma 2.3, we can easily see that

Ṽi1,j1,i2,j2
m,n (1; x,y) = 1, Ṽi1,j1,i2,j2

m,n ((r− x); x,y) = 0, and Ṽi1,j1,i2,j2
m,n ((s− y); x,y) = 0. (3.2)

Let w ∈ C2(J2) and (x,y) ∈ J2. Using the Taylor’s theorem, we may write

w(r, s) −w(x,y) = w(r,y) −w(x,y) +w(r, s) −w(r,y)

=
∂w(x,y)
∂x

(r− x) +

∫r
x

(r− u)
∂2w(u,y)
∂u2 du+

∂w(x,y)
∂y

(s− y)

+

∫s
y

(s− v)
∂2w(x, v)
∂v2 dv+

∫r
x

∫s
y

(
∂2w

∂u∂v

)
dudv.

Now applying the operators Ṽi1,j1,i2,j2
m,n on both sides of the above equation and using (3.2), we get

Ṽi1,j1,i2,j2
m,n (w; x,y) −w(x,y) = Vi1,j1,i2,j2

m,n

( ∫r
x

(r− u)
∂2w(u,y)
∂u2 du; x,y

)
−

∫x+ 1
2m

x

(x+
1

2m
− u)

∂2w(u,y)
∂u2 du

+Vi1,j1,i2,j2
m,n

( ∫s
y

(s− v)
∂2w(x, v)
∂v2 dv; x,y

)
−

∫y+ 1
2n

y

(y+
1

2n
− u)

∂2w(x, v)
∂v2 dv

+Vi1,j1,i2,j2
m,n

(∫r
x

∫s
y

(
∂2w

∂u∂v

)
dudv; x,y

)
−

∫x+ 1
2m

x

∫y+ 1
2n

y

(
∂2w

∂u∂v

)
dudv.

Hence using Cauchy-Schwarz inequality and Lemma 2.3,

|Ṽi1,j1,i2,j2
m,n (w; x,y) −w(x,y)|

6 Vi1,j1,i2,j2
m,n

(∣∣∣∣ ∫r
x

|r− u|

∣∣∣∣∂2w(u,y)
∂u2

∣∣∣∣du∣∣∣∣; x,y
)
+

∣∣∣∣ ∫x+ 1
2m

x

|x+
1

2m
− u|

∣∣∣∣∂2w(u,y)
∂u2

∣∣∣∣du∣∣∣∣
+Vi1,j1,i2,j2

m,n

(∣∣∣∣ ∫s
y

|s− v|

∣∣∣∣∂2w(x, v)
∂v2

∣∣∣∣dv∣∣∣∣; x,y
)
+

∣∣∣∣ ∫y+ 1
2n

y

|y+
1

2n
− u|

∣∣∣∣∂2w(x, v)
∂v2

∣∣∣∣dv∣∣∣∣
+Vi1,j1,i2,j2

m,n

(∣∣∣∣∫r
x

∫s
y

∣∣∣∣ ∂2w

∂u∂v

∣∣∣∣dudv; x,y
∣∣∣∣)+

∣∣∣∣∣
∫x+ 1

2m

x

∫y+ 1
2n

y

∣∣∣∣ ∂2w

∂u∂v

∣∣∣∣dudv
∣∣∣∣∣

6
1
2

{
φ
i1,j1,i2,j2
m,n,2,0 (x,y) +

(
x+

1
2m

− x

)2

+φi1,j1,i2,j2
m,n,0,2 (x,y) +

(
y+

1
2n

− y

)2}
‖w‖C2(J2)

+

{√
φ
i1,j1,i2,j2
m,n,2,0 (x,y)

√
φ
i1,j1,i2,j2
m,n,0,2 (x,y) +

1
4mn

}
‖w‖C2(J2)

6
1
2

{
(
√
σm +

√
σn)

2
+

1
4

(
1
m

+
1
n

)2
}
‖w‖C2(J2)

= Cm,n ‖w‖C2(J2) .

(3.3)

From equation (3.1) we have

|Ṽi1,j1,i2,j2
m,n (z; x,y)| 6 |Vi1,j1,i2,j2

m,n (z; x,y)|+
∣∣∣∣z(x+ 1

2m
,y+

1
2n

)∣∣∣∣+ |z(x,y)| 6 3 ‖z‖ . (3.4)

Hence from equations (3.1), (3.3), and (3.4), ∀w ∈ C2
(
J2
)
, we get∣∣Vi1,j1,i2,j2

m,n (z; x,y) − z(x,y)
∣∣ 6 |Ṽi1,j1,i2,j2

m,n (z−w; x,y)|+ |Ṽi1,j1,i2,j2
m,n (w; x,y) −w(x,y)|

+ |w(x,y) − z(x,y)|+
∣∣∣∣z(x+ 1

2m
,y+

1
2n

)
− z(x,y)

∣∣∣∣
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6 4 ‖z−w‖+ |Ṽi1,j1,i2,j2
m,n (w; x,y) −w(x,y)|+

∣∣∣∣z(x+ 1
2m

,y+
1

2n

)
− z(x,y)

∣∣∣∣
6 4 ‖z−w‖+Cm,n ‖w‖C2(J2) + ω̄

(
z;

1
2m

,
1

2n

)
.

Hence, using the relation (3.4),

∥∥Vi1,j1,i2,j2
m,n (z) − z

∥∥ 6 4 inf
w∈C2(J2)

{
‖z−w‖+ Cm,n

4
‖w‖C2(J2)

}
+ ω̄

(
z;

1
2m

,
1

2n

)
6M

{
ω̄2

(
z;

√
Cm,n

2

)
+ min

(
1,
Cm,n

4

)
‖z‖
}
+ ω̄

(
z;

1
2m

,
1

2n

)
.

In the next theorem, we determine an error estimate for continuously differentiable functions by the
operators (1.4).

Theorem 3.6. For z ∈ C1
(
J2
)
, we have∥∥Vi1,j1,i2,j2

m,n (z) − z
∥∥ 6

∥∥z ′x∥∥√σm +
∥∥z ′y∥∥√σn.

Proof. Let (x,y) ∈ J2 be a fixed point. Then, we may write

z (r, s) − z (x,y) =
∫r
x

z ′u (u, s)du+

∫s
y

z ′v (x, v)dv.

On both sides of the above equation, applying Vi1,j1,i2,j2
m,n (; x,y), we get

∣∣Vi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 Vi1,j1,i2,j2
m,n

(∣∣∣∣∫r
x

z ′u (u, s)du
∣∣∣∣ ; x,y

)
+Vi1,j1,i2,j2

m,n

(∣∣∣∣∫s
y

z ′v (x, v)dv
∣∣∣∣ ; x,y

)
.

Since
∣∣∫r
x z
′
u (u, s)du

∣∣ 6 ‖z ′x‖ |r− x| and
∣∣∣∫sy z ′v (x, v)dv

∣∣∣ 6 ∥∥z ′y∥∥ |s− y| , we have,∣∣Vi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 ∥∥z ′x∥∥Vi1,j1,i2,j2
m,n (|r− x| ; x,y) +

∥∥z ′y∥∥Vi1,j1,i2,j2
m,n (|s− y| ; x,y) .

Using Cauchy-Schwarz inequality

∣∣Vi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 ∥∥z ′x∥∥(φi1,j1,i2,j2
m,n,2,0 (x,y)

)1/2(
Vi1,j1,i2,j2
m,n (1; x,y)

)1/2

+
∥∥z ′y∥∥(φi1,j1,i2,j2

m,n,0,2 (x,y)
)1/2(

Vi1,j1,i2,j2
m,n (1; x,y)

)1/2

6
∥∥z ′x∥∥√σm +

∥∥z ′y∥∥√σn, ∀ (x,y) ∈ J2,

from which the required result is obvious.

Now, we prove Voronovskaja type theorem for the operators Vi1,j1,i2,j2
m,n .

Theorem 3.7. For z ∈ C2
(
J2
)
, we have

lim
n→∞n

(
Vi1,j1,i2,j2
n,n (z; x,y) − z (x,y)

)
=

1
2
zx (x,y) +

1
2
zy (x,y) +

1
2

{
x (1 − x) zxx (x,y) + y (1 − y) zyy (x,y)

}
uniformly on J2.
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Proof. Let (x,y) ∈ J2 be arbitrary. Using Taylor’s expansion formula, we have

z(r, s) = z (x,y) + zx (x,y) (r− x) + zy (x,y) (s− y) +
1
2

{
zxx (x,y) (r− x)2

+2zxy (x,y) (r− x) (s− y) + zyy (x,y) (s− y)2
}
+ϕ (r, s; x,y)

√
(r− x)4 + (s− y)4,

where (r, s) ∈ J2 and ϕ (r, s; x,y) ∈ C
(
J2
)

and ϕ (r, s; x,y)→ 0, as (r, s)→(x,y). Applying Vi1,j1,i2,j2
n,n (.; x,y)

on both sides of the above equation,

Vi1,j1,i2,j2
n,n (z; x,y) = z (x,y) + zx (x,y)φi1,j1,i2,j2

n,n,1,0 (x,y) + zy (x,y)φi1,j1,i2,j2
n,n,0,1 (x,y)

+
1
2

{
zxx (x,y)φi1,j1,i2,j2

n,n,2,0 (x,y) + 2zxy (x,y)φi1,j1,i2,j2
n,n,1,1 (x,y)

+ zyy (x,y)φi1,j1,i2,j2
n,n,0,2 (x,y)

}
+Vi1,j1,i2,j2

n,n

(
ϕ (r, s; x,y)

√
(r− x)4 + (s− y)4; x,y

)
.

Now using Lemma 2.5, we get

lim
n→∞n

(
Vi1,j1,i2,j2
n,n (z; x,y) − z (x,y)

)
=

1
2
zx (x,y) +

1
2
zy (x,y)

+
1
2

{
x (1 − x) zxx (x,y) + y (1 − y) zyy (x,y)

}
+ lim
n→∞nQ,

uniformly in J2, where Q ≡ Vi1,j1,i2,j2
n,n

(
ϕ (r, s; x,y)

√
(r− x)4 + (s− y)4; x,y

)
. Applying Cauchy-Schwarz

inequality, we have

|Q| 6
{
Vi1,j1,i2,j2
n,n

(
ϕ2 (r, s; x,y) ; x,y

)}1/2
{
Vi1,j1,i2,j2
n,n

(
(r− x)4 + (s− y)4; x,y

)}1/2

6
{
Vi1,j1,i2,j2
n,n

(
ϕ2 (r, s; x,y) ; x,y

)}1/2
{
φ
i1,j1,i2,j2
n,n,4,0 (x,y) +φi1,j1,i2,j2

n,n,0,4 (x,y)
}1/2

.

Since ϕ (r, s; x,y) ∈ C
(
J2
)

and ϕ2 (r, s; x,y)→ 0 as (r, s)→ (x,y), using Theorem 2.6, we have

lim
n→∞Vi1,j1,i2,j2

n,n
(
ϕ2 (r, s; x,y) ; x,y

)
= 0,

uniformly with respect to (x,y) ∈ J2. Further, using Lemma 2.5, n
{
φ
i1,j1,i2,j2
n,n,4,0 (x,y) +φi1,j1,i2,j2

n,n,0,4 (x,y)
}1/2

is

bounded for all (x,y) ∈ J2. Hence, lim
n→∞nQ = 0, uniformly in (x,y) ∈ J2. Thus,

lim
n→∞n

(
V
i1,j1,i2,j2
n,n (z; x,y) − z (x,y)

)
=

1
2
zx (x,y) +

1
2
zy (x,y) +

1
2

{
x (1 − x) zxx (x,y) + y (1 − y) zyy (x,y)

}
,

uniformly in (x,y) ∈ J2.

Next we establish a quantitative Voronovskaja type theorem by means of modulus of continuity.

Theorem 3.8. Let w ∈ C2
(
J2
)

then we have the following inequality:∣∣∣∣n(Vi1,j1,i2,j2
n,n (w; x,y) −w(x,y)

)
−

1
2
w ′x(x,y) −

1
2
w ′y(x,y) −

1
2

{(
x− x2)+ 1

n
{i21j1x− i1j1x− i

2
1j1x

2 + i1j1x
2

+
1
3
}

}
w ′′xx(x,y) −

1
2

{(
y− y2)+ 1

n
{i22j2y− i2j2y− i

2
2j2y

2 + i2j2y
2 +

1
3
}

}
w ′′yy(x,y) −

1
4n
w ′′xy(x,y)

∣∣∣∣
6 C

{
ω̄

(
w ′′xx;

1√
n

)
+ ω̄

(
w ′′yy;

1√
n

)
+ ω̄

(
w ′′xy;

1√
n

)}
,

where C is some positive constant.
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Proof. Let w ∈ C2
(
J2
)
, then by Taylor’s expansion, we have

w(r, s) = w(x,y) + (r− x)w ′x(x,y) + (s− y)w ′y(x,y)

+
1
2

{
(r− x)

∂

∂x
+ (s− y)

∂

∂y

}2

w(x+ θ1(r− x),y+ θ2(s− y))

= w(x,y) + (r− x)w ′x(x,y) + (s− y)w ′y(x,y) +
1
2

{
(r− x)

∂

∂x
+ (s− y)

∂

∂y

}2

w(x,y)

+
1
2

{
(r− x)

∂

∂x
+ (s− y)

∂

∂y

}2(
w(x+ θ1(r− x),y+ θ2(s− y)) −w(x,y)

)
, 0 < θ1, θ2 < 1.

(3.5)

Now applying the operator Vi1,j1,i2,j2
n,n on both sides of (3.5), we are led to∣∣∣∣Vi1,j1,i2,j2

n,n (w; x,y) −w(x,y) −w ′x(x,y)φi1,j1,i2,j2
n,n,1,0 (x,y) −w ′y(x,y)φi1,j1,i2,j2

n,n,0,1 (x,y)

−
1
2
w ′′xx(x,y)φi1,j1,i2,j2

n,n,2,0 (x,y) −
1
2
w ′′yy(x,y)φi1,j1,i2,j2

n,n,0,2 (x,y) −w ′′xy(x,y)φi1,j1,i2,j2
n,n,1,1 (x,y)

∣∣∣∣
6

1
2
Vi1,j1,i2,j2
n,n

( ∣∣∣∣∣
{
(r− x)

∂

∂x
+ (s− y)

∂

∂y

}2{
w(x+ θ1(r− x),y+ θ2(s− y)) −w(x,y)

}∣∣∣∣∣ ; x,y
)

6
1
2
Vi1,j1,i2,j2
n,n

(
(r− x)2|w ′′xx(x+ θ1(r− x),y+ θ2(s− y)) −w

′′
xx(x,y)|; x,y

)
+

1
2
Vi1,j1,i2,j2
n,n

(
(s− y)2|w ′′yy(x+ θ1(r− x),y+ θ2(s− y)) −w

′′
yy(x,y)|; x,y

)
+Vi1,j1,i2,j2

n,n

(
|r− x||s− y||w ′′xy(x+ θ1(r− x),y+ θ2(s− y)) −w

′′
xy(x,y)|; x,y

)
6

1
2
Vi1,j1,i2,j2
n,n

(
(r− x)2 +

(r− x)4 + (r− x)2(s− y)2

σ2 ; x,y
)
ω̄(w ′′xx;σ)

+
1
2
Vi1,j1,i2,j2
n,n

(
(s− y)2 +

(r− x)2(s− y)2 + (s− y)4

σ2 ; x,y
)
ω̄(w ′′yy;σ)

+Vi1,j1,i2,j2
n,n

(
|r− x||s− y|+

|r− x|3|s− y|+ |r− x||s− y|3

σ2 ; x,y
)
ω̄(w ′′xy;σ), σ > 0.

Applying Cauchy-Schwarz inequality and taking σ = 1√
n

, in view of Lemma 2.5, we get∣∣∣∣n(Vi1,j1,i2,j2
n,n (w; x,y) −w(x,y)

)
−

1
2
w ′x(x,y) −

1
2
w ′y(x,y) −

1
2

{(
x− x2)+ 1

n
{i21j1x− i1j1x

− i21j1x
2 + i1j1x

2 +
1
3
}

}
w ′′xx(x,y) −

1
2

{(
y− y2)+ 1

n
{i22j2y− i2j2y− i

2
2j2y

2 + i2j2y
2 +

1
3
}

}
w ′′yy(x,y)

∣∣∣∣
6 C

{
ω̄

(
w ′′xx;

1√
n

)
+ ω̄

(
w ′′yy;

1√
n

)}
+ ω̄

(
w ′′xy;

1√
n

)
.

Now, we study the Grüss-Voronovskaja theorem.

Theorem 3.9. Let z,w ∈ C2
(
J2
)
, then the following equality holds true:

lim
n→∞n{Vi1,j1,i2,j2

n,n (zw; x,y) −Vi1,j1,i2,j2
n,n (z; x,y)Vi1,j1,i2,j2

n,n (w; x,y)} =x(1 − x)z ′x(x,y)w ′x(x,y)

+ y(1 − y)z ′y(x,y)w ′y(x,y),

uniformly in (x,y) ∈ J2.
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Proof. From the Taylor’s expansion of z,w, and zw, we get

n{Vi1,j1,i2,j2
n,n (zw; x,y) −Vi1,j1,i2,j2

n,n (z; x,y)Vi1,j1,i2,j2
n,n (w; x,y)}

= n

[
Vi1,j1,i2,j2
n,n (zw; x,y) − z(x,y)w(x,y) − (z ′x(x,y)w(x,y) + z(x,y)w ′x(x,y))φi1,j1,i2,j2

n,n,1,0 (x,y)

− (z ′y(x,y)w(x,y) + z(x,y)w ′y(x,y))φi1,j1,i2,j2
n,n,0,1 (x,y) −

1
2
(z ′′xx(x,y)w(x,y) + 2z ′x(x,y)w ′x(x,y)

+ z(x,y)w ′′xx(x,y))φi1,j1,i2,j2
n,n,2,0 (x,y) −

1
2
(z ′′yy(x,y)w(x,y) + 2z ′y(x,y)w ′y(x,y) + z(x,y)w ′′yy(x,y))

φ
i1,j1,i2,j2
n,n,0,2 (x,y) − (z(x,y)w ′′xy(x,y) + z ′y(x,y)w ′x(x,y) + z ′x(x,y)w ′y(x,y) + z ′′xy(x,y)w(x,y))

φ
i1,j1,i2,j2
n,n,1,1 (x,y) −w(x,y)

{
Vi1,j1,i2,j2
n,n (z; x,y) − z(x,y) − z ′x(x,y)φi1,j1,i2,j2

n,n,1,0 (x,y) − z ′y(x,y)

φ
i1,j1,i2,j2
n,n,0,1 (x,y) −

1
2
z ′′xx(x,y)φi1,j1,i2,j2

n,n,2,0 (x,y) −
1
2
z ′′yyφ

i1,j1,i2,j2
n,n,0,2 (x,y) − z ′′xy(x,y)φi1,j1,i2,j2

n,n,1,1 (x,y)
}

−Vi1,j1,i2,j2
n,n (z; x,y)

{
Vi1,j1,i2,j2
n,n (w; x,y) −w(x,y) −w ′x(x,y)φi1,j1,i2,j2

n,n,1,0 (x,y)

−w ′y(x,y)φi1,j1,i2,j2
n,n,0,1 (x,y) −

1
2
w ′′xx(x,y)φi1,j1,i2,j2

n,n,2,0 (x,y) −
1
2
w ′′yy(x,y)φi1,j1,i2,j2

n,n,0,2 (x,y)

−w ′′xy(x,y)φi1,j1,i2,j2
n,n,1,1 (x,y)

}
+w ′x(x,y)φi1,j1,i2,j2

n,n,1,0 (x,y)
{
z(x,y) −Vi1,j1,i2,j2

n,n (z; x,y)
}

+w ′y(x,y)φi1,j1,i2,j2
n,n,0,1 (x,y)

{
z(x,y) −Vi1,j1,i2,j2

n,n (z; x,y)
}

+
1
2
w ′′xx(x,y)φi1,j1,i2,j2

n,n,2,0 (x,y)
{
z(x,y) −Vi1,j1,i2,j2

n,n (z; x,y)
}
+

1
2
w ′′yy(x,y)φi1,j1,i2,j2

n,n,0,2 (x,y)
{
z(x,y)

−Vi1,j1,i2,j2
n,n (z; x,y)

}
+w ′′xy(x,y)φi1,j1,i2,j2

n,n,1,1 (x,y)
{
z(x,y) −Vi1,j1,i2,j2

n,n (z; x,y)
}
+ z ′x(x,y)w ′x(x,y)

φ
i1,j1,i2,j2
n,n,2,0 (x,y) + z ′x(x,y)w ′y(x,y)φi1,j1,i2,j2

n,n,1,1 (x,y) + z ′y(x,y)w ′x(x,y)φi1,j1,i2,j2
n,n,1,1 (x,y)

+ z ′y(x,y)w ′y(x,y)φi1,j1,i2,j2
n,n,0,2 (x,y)

]
.

Applying Theorem 3.1, Lemma 2.5, and Theorem 3.8, we reach the assertion.

4. GBS operator associated to V
i1,j1,i2,j2
m,n

Bögel ([7, 8]) introduced the concepts of B-continuous and B-differentiable functions and gave some
significant theorems. Badea et al. [5] proved a Korovkin type theorem for approximation of B-continuous
functions. The term ”GBS operator”(Generalized Boolean Sum Operator) was introduced by Badea and
Cottin [6] wherein quantitative and non-quantitative variants of the Korovkin type theorem were devel-
oped. Agrawal et al. [2] constructed the GBS operator of bivariate Lupas-Durrmeyer type operators and
derived some approximation theorems. We refer the reader to the book [12] and the references therein,
for a detailed study of the research work in this direction.

In the following, we recall some basic notations and definitions which will be needed later.
Let Z1 and Z2 be compact real intervals. At a point (x0,y0) ∈ Z1 × Z2, a function z : Z1 × Z2 → R is

called B-continuous iff lim
(x,y)→(x0,y0)

∆z [(x,y) , (x0,y0)] = 0, where ∆z [(x,y) , (x0,y0)] = z(x,y) − z(x0,y) −

z(x,y0) + z(x0,y0) denotes the mixed difference of z. A function z : Z1 × Z2 → R is called B-continuous
on Z1 ×Z2 iff it is B-continuous at every point of Z1 ×Z2 .
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A function z : Z1 ×Z2 → R is called B-differentiable at (x0,y0) ∈ Z1 ×Z2 iff

lim
(x,y)→(x0,y0)

∆z [(x,y) , (x0,y0)]

(x− x0) (y− y0)
,

exists and is finite. This limit is named as the B-differential of z at the point (x0,y0) and is denoted by
DBz(x0,y0). The function z : Z1 × Z2 → R is called B-differentiable if it is B-differentiable at every point
of Z1 ×Z2.

The function z : Z1 × Z2 → R is B-bounded on Z1 × Z2 iff there exists some k > 0 such that
|∆z[(x,y), (r, s)]| 6 k for any (x,y), (r, s) ∈ Z1 ×Z2. Let us define the sets:

B(Z1 ×Z2) ={z : Z1 ×Z2 → R : z is bounded on Z1 ×Z2};
C(Z1 ×Z2) ={z : Z1 ×Z2 → R : z is continuous on Z1 ×Z2};
Bb(Z1 ×Z2) ={z : Z1 ×Z2 → R : z is B-bounded on Z1 ×Z2};
Cb(Z1 ×Z2) ={z : Z1 ×Z2 → R : z is B-continuous on Z1 ×Z2};

and Db(Z1 ×Z2) ={z : Z1 ×Z2 → R : z is B-differentiable on Z1 ×Z2}.

The norm in B(Z1 × Z2) is given by ‖z‖∞ = sup
(x,y)∈Z1×Z2

|z (x,y)| , ∀z ∈ B (Z1 ×Z2) . From [9, page 52],

it is known that C (Z1 ×Z2) ⊂ Cb (Z1 ×Z2) . Let z ∈ Bb(z1 × z2). For all (x,y), (r, s) ∈ Z1 × Z2 and
for any (σ1,σ2) ∈ [0,∞)× [0,∞), the mixed modulus of smoothness is defined as the function ωmixed :
[0,∞)× [0,∞)→ R such that

ωmixed(z;σ1,σ2) := sup{|∆z[(r, s), (x,y)]| : |x− r| < σ1, |y− s| < σ2}.

The usual modulus of continuity and ωmixed have similar basic properties, which were obtained by Badea
et al. in [4].

A function z ∈ Cb(z1 × z2) is said to belong to the Lipschitz class LipM,b (ε,η) , 0 < ε,η 6 1 if

|∆z [(x,y) , (x0,y0)]| 6M(x− x0)
ε(y− y0)

η, ∀ (x,y) , (x0,y0) ∈ z1 × z2

for some M > 0. For any z ∈ Cb(J2), we define the GBS operator associated to Vi1,j1,i2,j2
m,n as

Pi1,j1,i2,j2
m,n (z (r, s) ; x,y) := Vi1,j1,i2,j2

m,n (z (r,y) + z (x, s) − z (r, s) ; x,y)

for all (x,y) ∈ J2. More precisely,

Pi1,j1,i2,j2
m,n

(
z(r, s); x,y

)
=

m−i1j1∑
α1=0

bm−i1j1,α1(x)

i1∑
β1=0

bi1,β1(x)

n−i2j2∑
α2=0

bn−i2j2α2(y)

i2∑
β2=0

bi2,β2(y)

×
∫ 1

0

∫ 1

0

[
z

(
α1 +β1i1 + r

m
,y
)
+ z

(
x,
α2 +β2i2 + s

n

)
− z

(
α1 +β1i1 + r

m
,
α2 +β2i2 + s

n

)]
drds.

(4.1)

Clearly, Pi1,j1,i2,j2
m,n is a linear operator from the space Cb(J2) into C(J2).

For Lipschitz class of Bögel continuous functions, the following theorem provides the degree of ap-
proximation by the operator Pi1,j1,i2,j2

m,n .

Theorem 4.1. Let z ∈ LipM,b (ε,η), then we have∥∥Pi1,j1,i2,j2
m,n (z) − z

∥∥ 6Mσε/2
m σ

η/2
n ,

where M > 0 and 0 < ε,η 6 1.
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Proof. From the definition of the operator Pi1,j1,i2,j2
m,n (z; x,y) and the linearity of the operator Vi1,j1,i2,j2

m,n , for
any (x,y) ∈ J2, we have

Pi1,j1,i2,j2
m,n (z; x,y) = Vi1,j1,i2,j2

m,n

(
z(r,y) + z(x, s) − z(r, s); x,y

)
or

Pi1,j1,i2,j2
m,n (z; x,y) = z(x,y) −Vi1,j1,i2,j2

m,n

(
∆z[(r, s); (x,y)]; x,y

)
,

which implies that

∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 Vi1,j1,i2,j2
m,n

(
|∆z[(r, s); (x,y)]|; x,y

)
. (4.2)

Since z ∈ LipM(ε,η), we get

∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6MVi1,j1,i2,j2
m,n

(
|r− x|ε|s− y|η; x,y

)
6MVi1,j1,i2,j2

m,n

(
|r− x|ε; x,y

)
Vi1,j1,i2,j2
m,n

(
|s− y|η; x,y

)
.

Now using Hölder’s inequality with p1 = 2
ε , q1 = 2

2−ε , and p2 = 2
η , q2 = 2

2−η , we get

∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6M(φi1,j1,i2,j2
m,n,2,0 (x,y)

)ε/2(
Vi1,j1,i2,j2
m,n (z00; x,y)

)(2−ε)/2

×
(
φ
i1,j1,i2,j2
m,n,0,2 (x,y)

)η/2(
Vi1,j1,i2,j2
m,n (z00; x,y)

)(2−η)/2

6Mσε/2
m σ

η/2
n ,

from which required result is immediate.

Next, we shall estimate the rate of convergence of the operator (4.1) for z ∈ Cb(J2), using mixed
modulus of smoothness.

Theorem 4.2. For z ∈ Cb(J2), the operator Pi1,j1,i2,j2
m,n verifies the following inequality:∥∥Pi1,j1,i2,j2

m,n (z) − z
∥∥ 6 4ωmixed

(
z;m−1/2,n−1/2

)
.

Proof. Using the definition of ωmixed(z;σ1,σ2) and the elementary inequality

ωmixed (z; λ1σ1, λ2σ2) 6 (1 + λ1) (1 + λ2)ωmixed (z;σ1,σ2) ;σ1,σ2, λ1, λ2 > 0,

we have

|σz[(r, s); (x,y)]| 6 ωmixed (z; |r− x| , |s− y|) 6
(

1 +
|r− x|

σ1

)(
1 +

|s− y|

σ2

)
ωmixed (z;σ1,σ2) , (4.3)

∀ (x,y) , (r, s) ∈ J2 and for any σ1,σ2 > 0. In view of (4.2) and (4.3),

∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 Vi1,j1,i2,j2
m,n

(
|∆z[(r, s); (x,y)]| ; x,y

)
6 Vi1,j1,i2,j2

m,n

((
1 +

|r− x|

σ1

)(
1 +

|s− y|

σ2

)
ωmixed (z;σ1,σ2) ; x,y

)
.
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Now, applying Cauchy-Schwarz inequality,

∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z(x,y)

∣∣ 6 {Vi1,j1,i2,j2
m,n (e00;x,y) + σ−1

1

√
φ
i1,j1,i2,j2
m,n,2,0 (x,y) + σ−1

2

√
φ
i1,j1,i2,j2
m,n,0,2 (x,y)

+ σ−1
1 σ−1

2

√
φ
i1,j1,i2,j2
m,n,2,0 (x,y)φi1,j1,i2,j2

m,n,0,2 (x,y)
}
ωmixed (z;σ1,σ2) .

Hence, using Lemma 2.5 and taking σ1 = 1√
m

,σ2 = 1√
n

, we get the desired result.

Now, we determine the order of approximation for the B-differentiable functions by the operator
P
i1,j1,i2,j2
m,n .

Theorem 4.3. For the function z ∈ Db(J2) with DBz ∈ Cb(J2)∩B(J2), there holds the following inequality:∥∥Pi1,j1,i2,j2
m,n (z) − z

∥∥ 6M
[
3‖DBz‖∞ + 4ωmixed

(
DB;m−1,n−1)]m−1n−1,

where M is some positive constant.

Proof. For z ∈ Db(J2), by mean value theorem,

∆z [(r, s); (x,y)] = (r− x) (s− y)DBz (θ1, θ2) (4.4)

with x < θ1 < r,y < θ2 < s. Now,

DBz (θ1, θ2) = ∆DBz[(θ1, θ2) ; (x,y)] +DBz (θ1,y) +DBf (x, θ2) −DBz (x,y) .

Since DBz ∈ Cb(J2)∩B(J2), from (4.4), we have

|Vi1,j1,i2,j2
m,n (∆z[(r, s); (x,y)]; x,y)| =

∣∣∣φi1,j1,i2,j2
m,n,1,1 (x,y)DBz (θ1, θ2) ; x,y

∣∣∣
6 Vi1,j1,i2,j2

m,n

(
|r− x| |s− y| |∆DBz[(θ1, θ2) ; (x,y)]| ; x,y

)
+Vi1,j1,i2,j2

m,n

(
|r− x| |s− y|

(
|DBz (θ1,y)|+ |DBz (x, θ2)|

+ |DBz (x,y)|
)

; x,y
)

6 Vi1,j1,i2,j2
m,n (|r− x| |s− y|ωmixed (DBz; |θ1 − x| , |θ2 − y|) ; x,y)

+ 3‖DBz‖∞Vi1,j1,i2,j2
m,n (|r− x| |s− y| ; x,y) .

(4.5)

Using the properties of ωmixed, we get

ωmixed

(
DBz; |θ1 − x|, |θ2 − y|

)
6 ωmixed

(
DBz; |r− x|, |s− y|

)
6

(
1 +

|r− x|

σ1

)(
1 +

|s− y|

σ2

)
ωmixed

(
DBz;σ1,σ2

)
.

(4.6)

Combining (4.5) and (4.6), we obtain∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z (x,y)

∣∣ = ∣∣Vi1,j1,i2,j2
m,n (∆z [(r, s); (x,y)] ; x,y)

∣∣
6 Vi1,j1,i2,j2

m,n
(
|r− x| |s− y|

(
1 + σ−1

1 |r− x|
) (

1 + σ−1
2 |s− y|

)
; x,y

)
×ωmixed (DBz;σ1,σ2) + 3 ‖DBz‖∞Vi1,j1,i2,j2

m,n (|r− x| |s− y| ; x,y) .
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Now, applying Cauchy-Schwarz inequality and Lemma 2.3,∣∣Pi1,j1,i2,j2
m,n (z; x,y) − z (x,y)

∣∣ 6 [√φi1,j1,i2,j2
m,n,2,2 (x,y) +

1
σ2

√
φ
i1,j1,i2,j2
m,n,2,4 (x,y)

+
1
σ1

√
φ
i1,j1,i2,j2
m,n,4,2 (x,y) +

1
σ1

1
σ2
φ
i1,j1,i2,j2
m,n,2,2 (x,y)

]
ωmixed

(
DBf;σ1,σ2

)
+ 3‖DBz‖∞

√
φ
i1,j1,i2,j2
m,n,2,2 (x,y).

From Lemma 2.4 and for u, v ∈ {1, 2},

φ
i1,j1,i2,j2
m,n,2u,2v(x,y) = φi1,j1,i2,j2

m,n,2u,0(x,y)φi1,j1,i2,j2
m,n,0,2v(x,y) 6

(
M

munv

)
, ∀ m,n ∈N and (x,y) , (r, s) ∈ J2,

where M is some positive constant. Hence taking σ1 = m
−1/2 and σ2 = n

−1/2, the desired result is
obtained.
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