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Abstract

In this paper, we consider the following quasilinear Choquard equation with critical nonlinearity

—Au+ V) u—uAu? = (Ig « uP)uP2u +u2@)-2y, x e RN,
u > O, X € IRT\l/

where I is a Riesz potential, 0 < « < N, and % <p< %/ with 2* = NZ—]EZ Under suitable assumption on V, we research
the existence of positive ground state solutions of above equations. Moreover, we consider the ground state solution of the
equation (1.4). Our work supplements many existing partial results in the literature.
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1. Introduction and main results

In present paper, we investigate the following quasilinear Choquard equation with critical growth

{—Au—i— V(x)u—ulAu? = (I« [uP)ulP2u+u2@)-2y, x e RN, (11)

u e HY(RN), x € RN,

where I is a Riesz potential, 0 < « < N, and M3% < p < 8+%. Quasilinear Schrodinger equations of the
form

101z = —Az+ V(x)z—f(|z*)z — Ah(lz2)h'(1z1?)z, (1.2)

have been derived as models of several physical phenomena. Here V = V(x),x € RV, is a given potential,
K,V are real functions. For instance in the case h(s) = s, we obtain

01z = —Az+V(X)z—f(|zP)z — (Alz)z, (1.3)
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which has been called the superfluid film equation in plasma physics by Kuriharn in [16] (cf. [17, 18]),

In the case h(s) = (1+ s)%, equation (1.2) models the self-channeling of a high-power ultra short laser
in mater, see [4, 12] and the references in [10]. Equation (1.2) also appears in plasma physics and fluid
mechanics [16, 17, 21, 26], the theory of Heisenberg ferromagnets and magnons [3], dissipative quantum
mechanics, and condensed matter theory [13, 22]. For more details, we refer the readers to [19] and the
references therein.

In recent years, the study on the quasilinear Schrodinger equation (1.2) is always a topic of great inter-
est, mathematicians have established several methods to treat Eq. (1.3), for example, the dual approach,
the perturbation method, and the Nehari method. See for instance [1, 6, 9, 11, 14, 23-25, 27-30, 32], and
the references therein. However, the problem (1.1) with Choquard type nonlinearity has only been studied
in [2,7, 8, 33].

It’s remarkable that there are few papers investigating quasilinear Choquard equation with critical
growth. In [7], they study the following Choquard type quasilinear Schrodinger equation

—Au+Vx)u—AuH)u = (Ig * [uP)ulP?u, x e RN,

where N > 3, 0 < o« < N, M <p< 2(]]:2“ ,V: RN — R is radial potential and I is a Riesz
potential. They consider the ex1stence of ground state solutions. By the motivation of above work, In our
article, we establish the existence of ground state solution for problem (1.1) with critical. Moreover, we
are interested in the problem that how the potential V(x) affect the existence of ground state solution for
the problem (1.1). Since the nonlinearity of problem (1.1) is nonlocal, it is much more difficult to obtain
the existence of ground solutions.

Before stating our main result, we suppose that the functions V(x) satisfy the following assumptions:
(V1) V e C(RN) satisfies inf, cgn V(x) > Vg > 0, where V) is a constant;
(V2) meas{x € RN : —0o < V(x) < u} < +oo for all u € R.
Now we state our main results as follows.
N+oc

Theorem 1.1. Suppose that 0 < « < N,
ground state solution in E.

5, and (V1), (V2) hold, then equation (1.1) admits a

Next, we study the ground state solution of the following equation.

—Au+Vx)u—uldu? = (Ig « uP)uP2u+ud=2u, xeRWV, (1.4)
uEHl(RN), XEIRN, :
where M&& < p < REX g € (2,2%).
Theorem 1.2. Let N >3, q € (2,2*) and V € L®(RN), if (V{) inf V(y) >0, and
yE]R

(V2) V(x) < | llim V(y) = Vi < +oo and the inequality is strict in a subset of positive Lebesgue measure,
y|—o0

then Eq. (1.4) admits a ground state solution.

Remark 1.3. Here we don’t use the Pohozayev identity, and we have taken advantage of the monotonicity
of perturbation and Nehari manifold method to obtain the ground state solutions.

Notation. In this paper we make use of the following notations: C will denote various positive constants;
the strong (respectively weak) convergence is denoted by — (respectively —); o(1) denotes o(1) — 0 as
n — oo, B, (0) denotes a ball centered at the origin with radius p > 0.

The remainder of this paper is organized as follows. In Section 2, some preliminary results are pre-
sented. In Section 3, we obtain that (1.1) and (1.4) have ground state solutions.
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2. Variational setting and preliminaries

To prove our conclusion, we give some basic notations and preliminaries. First, we can rewrite (1.1) as
p— *) — .
—Au+Vx)u—AP)u = Iy« PP 2u+ [uP@) 2y, in RN

It may also be noted that we can not apply directly the variational method to study (1.1), since the natural
associated functional I given by

I(u) = 1J (1+2u2)|Vu|2dx+1J
2 RN 2 RN

1 «
V(x)uldx — — J Iy * u/PluP~tudx — J w2 )udx
2p RN RN

1
2(2*)
is not well defined in general. we make the changing of variables w = f~1(u), where f is defined by:

/ _ 1 — f(— _ i =
f'(t) = iR on [0, c0) and f(t) = f(—t) on (—oo, 0]. If we make the change of variable (u = f(w)), we

may rewrite equation I(u) in the form

a(w)zlj (|Vw|2+V(x)f2(w))dx—1J Lo # (W) [PIF(w) [P~ (w)dx —
2 Jrn 2p Jrn

2(2%)
TS LRN F(w)P2 ) dx. (2.1)

It can be easily proved that the functional J(w) is of class C! (see [32]) in E. Moreover, the critical points
of J are weak solutions of the equation

J |va@|+V(x)f(w)f'(w)cp—J (Ia*f(w)Wf(w)P—lf’(w)(p—j 2223 (W)’ (w) g = 0.
RN RN RN

Be aware that if w is a critical point of J, then, u = f(w) is a weak solution of the problem (1.1). For any
w € E, let

E= {w € Hl(lRN)|J
R

be a Hilbert space endowed with inner product and norm

V(x)f2(w)dx < oo}

N

vl = 0w, w) = ([ (9B + Vixn2iax )

We denote by || e ||, the usual LP-norm in the sequel for convenience, where 1 < p < +oo. In this step,
we see that (1.1) is variational and its weak solutions are the critical points of the functional given by

_1 2 2 1
aw) = 5 LRN 9w+ V) Rwlld - o LR

1
2(2%)

o [F(W)[PF(w) [P (w)dx — J [f(w)P ) dx.
N RN

Lemma 2.1 ([12]). The function f satisfies the following properties:
(A1) fis uniquely defined C*function and invertible;

(A2) If'(s)l < 1and If(s)| < |s| forall s € R;

(A3) @—Muss—>0;

(Ag) L\/Sg)—>2% as s — oo;

(As) 8L < s(s) < f(s) forall s > 0;

(Ag) [f(s)] < 2ils|2 forall s € R;

(A7) the function 2(s) is strictly convex;

(Ag) there exists a positive constant C such that

£(s)] > Clsl, sl
~ | Clslz, s]
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(Ag) for each A > 1, we have f2(As) < M2(s) forall t € R;
(Aqo) the function £~9(s)f’(s) is strictly decreasing for s >0and 0 < q < 1;
(A11) the function £9(s)f'(s)s™1 is strictly increasing for q > 3 and s > 0.
Now we recall the well know Hardy-Littlewood-Sobolev Inequality.
1

Proposition 2.2 ([15, Hardy-Littlewood-Sobolev inequality]). Let t,r > 1 and 0 < p < n with % + % + 4, f€
LYRN) and h € L"(RN). There exists a sharp constant C(t,n, u, 1), independent of f, h such that

f(x)h(y)
———=dxdy < C(t,n, 1, r)||f]| ¢ hi~ .
| T axay < citm, e IRl e

Clt,n, 1) =Cn,u) =m2

In this case there is equality in (2.1) if and only if f = (constant)h and

2n—p

h(x) = A +[x —af*)~ "2

for some A € C.0# 71 € Rand a € RN,

Applying the Hardy-Littlewood-Sobolev inequality above and the Sobolev embedding theorem, we
have

|| et < o] ) < e 22
for any p € (N4%, BE%) where C > 0 is a constant depending on N, & and p.

3. Proof of Theorem 1.1

The functional J> (w) satisfies the mountain pass geometry. Consider the set S(p) ={w € E: ®(w) =
p?}, where @ : E — R is given by

O(w) = LRN(WwF +V(x)f2(w))dx,

since @ (w) is continuous, then S(p) is a closed subset and disconnects the space E for p > 0.
Lemma 3.1. There exist p and m such that J(w) > « when f]R]N (VW2 + V(x)f2(w))dx = p,w € S(p).
Proof. By Lemma 2.1, (A3), and (2.1), we get that

J(w) :% .LRN (IVWI + V(x)f*(w))dx — le LRN (I * [F(W)[P)[F(w)[P dx — 2;* J}RN ()2
: ? 2 L * P Pdx — 2105
>2LRN(|VWI + V(x)f*(w))dx 3 J}RN(LX [f(w)[P)[f(w)[Pdx C(LRN IVwl2dx)
2%92 — Cop™ — Cyp”

for small ¢ > 0, where Cy, C; are constant. Choosing p > 0 with %pz — Cop?? — C1p% = « > 0, then
Jdw) > « for all w € S(p). We complete the proof. O

Lemma 3.2. There exists |e|| > p, with J>(w) < 0.
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Proof.
t2 2 2 t2P 1 ope
d(tw) < — IVw|* + V(x)w*dx — — (Ia * [f(W)[P)[F(W)[P dx — If(tw)[** dx
2 RN Zp RN 22* RN
2 2P " .
<= J (VW 4+ V(x)w?)dx — — J (Lo * [f(W)[P)[f(W)[Pdx — Ct? J w2 dx
2 RN 2]9 RN RN
— —00
as t — +oo. This implies that there exists ||e|| > p, such that J < 0. The proof is completed. O
Define
I={y e C(0,1,B)(0)=0y(1) =e} (3.1)
Then

¢ := inf max I(y(t))
ver te(0,1]

is a critical value of I(u).

Lemma 3.3. Suppose that the condition (V) hold. If {wn} C E is such that J(wn,) — ¢ and 3’'(wy,) — 0, then
{wn} is bound in E.

Proof. By {wn} C E and J(wn) — ¢ ,J’(wn) — 0, we have

1 1
a(wn)zj |an|2dx+J V()P (wa)dx
2 Jrn 2 Jrn
1 1 .
—ZJ I * [f(Wn|P[f(wn|[Pdx — J [f(wn | dx.
p RN 22 RN

Thus for any ¢ € C(RN)
J'(wn)e :J IVwn Vel + V) f(wn)f (wn)e —J Lo [f (W) [P [f (W) [P~ (Wi )/ (Wi ) dx
RN RN

—LRN Fwn 2 26w ) (wi) = o(1)|@le.

It's remarkable that % — 0ast — 0. We get % € E by direct computation moreover since C°(RN)

is dense in E. We may choose ¢ = :,((XVV“ J) as test functions and obtain

@'wnd 0) = | IVwPax | Viorwn)ax |

Lo # [F(wr) P £ )P dx —J () P2 dx.
IRN

RN

Thus it can be seen that

c+o(1)|wnle =F(wn) — 2i<3’(wn),<p>
L p 2 2 . . . (3.2)
>(§ _Z]D)JRN(|an| + V(x)|f(we)|)dx + (g — 22*)JRN If(wn )™ dx.

Hence, We get {wy,} is bounded in E. It is noteworthy that |[Vf(wy)| < [Vwy], it is concluded that {f(wn )}
is also bounded in E. The proof is completed.

O]
Lemma 3.4. For each t > 0, and the condition (V) holding, then there exists w € HY(RN) such that m>aa<3(tv5) <
t=>

N . Vwl2dx
5S2, where S:=  inf LRNI—lz
WEDIZ(RN) ([ w2 d) 5
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Proof. Let ¢ € Cg"(RN ,1]), and the possible candidate for w is v = w.$ where ¢ is a smooth cut-off
function such that ¢(x) = 1if |x| < 1, ¢(x) = 0if [x| > 2 and |V¢| < 2 and the function w, defined

N—2 -
%, ¢ > 0. Note that the function v. = w2 solves the equation Av, +vI 2 = 0.
e+|x|?) 4

Following [5] by direct calculation we work out the terms of J(tv,) as follows for 0 < « < 2.

We(x) =

J}RN |VV%|2dX —s? + o(e¥), JIRN Vv, [2dx = o(s¥| In¢l),
J e %[ VvePdx = o(e "5 (2=, J IVve2@)dx = S% +o(e?,
RN RN
s%*%r(N*Z), 2% <1< 2(2%),
J vidx = a%llnel, r=2%
N
R % (N— 2), T < 2%,

Furthermore,

J J |v£(X)|p|v££y)|p2C£WJ J 172

IN—a_ p(N-2) 1
2 0(5 2 1
By

Jsl =yl (14 x2) 5 (14 )"

N—o p(N-2)
=o(e 2 z

From the previous discussion, therefore, we obtain

N - 2 * *
sup J(tve) <t4j V2| Vv [Pdx — ———t2(27) J V22 4y
>0 RN 4N RN

+t2J (IVvE|2+Voov%)dx—?\J I * Ve|Plve|Pdx
RN RN

<it43%—L4;2t2(2*)5% +o(e T Ing) —Ao(eTT P
1 o p(N=

<2NS% _}\O(SZN2 719(7\1 2)
1w
787

<2N

O

Lemma 3.5. Assume that {wn} C E be a bounded (C). sequence of 3, if 0 < ¢ < ﬁS% hold, then there exists a
¢ > 0 and a sequence {yn} C RN such that liminf JB(yn) 2 (wn )dx > .

Proof. Assuming that the conclusion is not true, it can be inferred from Lemma 1.21 in [32] that f(wy,) — 0
in LP(RN) for all 2 < p < 2*. By Lemma 2.1, (Ag), and the Hardy-Littlewood-Sobolev inequality, we get
fRN Ig * [Wn[Pwyn[Pdx — 0 for any p € (2,2*). Owing to ¢ > 0 and {wy,} being bounded in E. Passing to
a subsequence,

J (1+ 42w ) (1 + 22 (wr) " HVwn[2dx — b
IRN

and
J [f(wn )P dx — d > 0.
IRN
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Applying the definition of S, we obtain

2
*

S(J [Fwn )22 dx)? <J |Vf2(wn)|2dxj (1442 (wn)) (14282 (wn) [ VwnPdx,
]RN ]RN

RN

which yields Sd> <b. Letw, = :,((VVVVT;)]. Recall that f(wy) — 0 in LPH(RN), we get

0= lim (J'(wn),wn) >b—d.

n—oo
Hence d > S% and
— 1 1, . 1 - 1 n
€= ngr;o(g(wn) o §<H (Wn),Wn> > nh_l;lgo R JIRN |f(Wn)| dx > RS 2,
which contradicts ¢ < ﬁs% The proof is completed. .

Proof of Theorem 1.1. Set c is given by (3.1). From Lemmas 3.1 and 3.2 and the mountain pass theorem, we
get that J has a (C). sequence {w,} C E. In the light of (3.2), it is able to hypothesize that w,, — w in
HY(RN) and f(wy,) — f(w) in E. It is implies that v, — v in LfOC(IRN) for 2 < s < 2* and f(wyn) — f(w)
in L{OC(]RN) for 2 < r < 22*, hence (J'(wn), ¢) — (J'(w), ) =0forany ¢ € C8°(]RN ), that is to say, v is a
weak solution of problem (1.1). Furthermore, since the embedding E < L*(R"N) is compact for 2 < s < 2%,

we obtain f(wy) — f(w) in L$(RN) for 2 < s < 2*. We can infer from Lemma 3.4 that ¢ < ﬁs%, using
the Lemma 3.5. There is a constant ¢ > 0 such that

n—oo

J f2(w)dx = lim J 2(wn)dx > C.
]RN ]RN

This implies that w is a nontrivial solution of (1.1). Therefore, u = f(w) is a nontrivial solution of (1.1). In
the end, applying d =: inf{f(w) : w € E,w # 0,3’(w) = 0} and by the lower semicontinuity, we can prove
that d is achieved and u is a ground state solution. We complete the proof. O

In order to find ground state solutions of problem (1.4), the following limit equation plays a very
significant role.

—Au+Vx)u—uAu? = (Ig s uP)uP2u+ud2u, xeRN,
u e HY(RN), x € RN,

where N§ X <p< %, q € (2,2%), the associated functional is defined as

Fua) = 5 || 9WE Voo ow) = o | T PRI ) | w9

We define
Coo = inf{gv,, (W)w € H'(RM)\{0} and 33,_(w) =0}

Proof of Theorem 1.2. Let us consider the following functional

1 1 1
Bviw) =3 | I9E VIR = o | L PRI ) 2 | ifw)lod,
2 RN 2p RN q JrN
then critical points of the functional Jy (w) are weak solution of Eq. (1.4), and vice versa. Similar to the
argument in the proofs of Lemmas 3.1 and 3.2, we can conclude that the functional Jv(w) also has the

mountain pass geometry. Next we give the definition of cy, defined by ¢y = inlf m[ax} Jv(v(t)), where
YETv tel01

Ny ={y € C[0,1], HY(RN) v(0) = 1,dv(y(1)) < 0}. By the definition of V, we obtain cy < c. As a matter
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of fact, by Theorem 1.1 the level c,, is attained at a ground state solution w,, € H!(RN) of the limit
problem Jyv,_(w). We can assume without loss of generality that there exists a set of positive measure on
which Jy < J otherwise Theorem 1.2 is a special of Theorem 1.1. We have

cv < I?Za(;(g\/(tWOO) - HV(t*Woo) < HVOO (t*woo) < I{I/aé(va (twoo) =Coo <€,
where t, > 0 is unique and satisfies that (J'v(t«wx), tsws) = 0. Here, we have taken advantage of the
monotonicity of the perturbation, thus the Nehari manifold method works for the detail proofs, we refer
to [31]. Let {wn} be a (PS), sequence for the functional gy (w), a standard argument shows that {w,} is
bounded in H!(RN) as n — co. Up to a subsequence w,, — w weakly in H!(RN) as n — oo, and wy,
converges to w almost everywhere in RN. By a similar argument as in the proof of Lemma 3.5, we see
that there exist {y,} € RN and & > 0 such that

lim J If(wn)]? > 5.
Bi(yn)

n—oo

We next claim that {y, } is bounded in RN. Thus f(w) is a nontrivial solution of Eq. (1.4). It then follows
from Theorem 1.1 similarly, that Jv (w) € (0, cx]. We now complete this claim indirectly. Suppose that for
a subsequence [yn| — 400 as n — +o0, we define v, = wy, (- +Yyn) and then {v,,} is bounded in H'(RN),
and v, — v # 0. The assumption on the asymptotic shape of the potential V implies that v is a critical
point of Jv_ (w). In fact, for any ¢ € H!(RN) as n — oo, we have

|JQ|V(X) — Voo () [F(wn (X)) (Wi (%)) @ (x — yn ) dx|
< JW(V(X) — Voo (X)) F(lwn () [ (W)@ (x — yn ) |dx

+J s (V) = Voo 0w G () @ (x — Yl dx
R“\ﬁ

B(yn) B(yn)
2 2

< 2| Vieewnllizll@fl 2 (R™ )+ IV = Vool L (R™\ Jwnllizll@llz = 0.

Since W(—yn) C IRN\%. Thus, since v, — v weakly in HY(RN) as n — oo, for any ¢ € HY(RN),

we obtain

@'V, v), @) VIVl + Voo f(V) ' (V)@ — LRN Loc # [FW)IPIF V)P (v) @dx — J [F(W)I97H (v) pdx

RN

]RN
\an||V<P| + Voof(vn)f,(vn)q) _J [ * |f(Vn)|p|f(Vn)|p71f/(Vn)(de
RN RN
[, It o i
]RN

= (@'v(vn), @(x —yn)) +J (V(x) = Voo ) If (v )If" (Vi) @ (x — yn) dx

RN
= <H/V(VTL)/ (P(X—Un)) + On(l) — 0.

We can easily deduce that J’v(v) = 0. However, Fatou’s lemma implies that

i+ on 1w = Bvwn) = 5 8"y (wn), o)
1 e F PP o (f L 2
> 5 | e PP + G =) [ Valf )+ 0n1)
= v ) = 20 ), 2 0, (1) > e+ on (1),

2 f/(v)
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Therefore, we obtain a contradiction with cx < c. Finally, following the strategy of Theorem 1.1, let us
consider the following set

m = inf{gy (v)lv € H'(RN)[{0} and 'y, (v) =0}.

Let {vn} be a minimizing sequence for m, on the one hand,

1, f(vn 1 1
Mot 0ul1) = Jylvn) = Jyln) = o) 00 > G = vl 3)
On the other hand,
||vn|2<J |an|2+V(x)f2(vn)=J J (Ia*|f(vn)|P)|f(vn)|P+j Fwn )9
RN RN JRN RN
<C(J |vn|2)2P+J 9 (3.4)
IRN lRN

< Clvn [P + Cllva 9.

We deduce from (3.3) and (3.4) that 0 < m < cy, and {vn}nen is bounded in H!(RN). The process is the
same as above, v, — v # 0 weakly in H!(RN) and g’y (v) = 0. Applying Fatou’s Lemma, we can proof
dv(v) < m. As a result, we get the ground state solution of v is (1.4). O
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