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Abstract

The purpose of this paper is to introduce a new kind of Kantorovich-Szasz type operators based on Charlier polynomials
and study its various approximation properties. We establish some local direct theorems, e.g., Voronovskaja type asymptotic
theorem and an estimate of error by means of the Lipschitz type maximal function and the Peetre’s K-functional. We also
discuss the weighted approximation properties. Next, we construct a bivariate case of the above operators and study the degree
of approximation with the aid of the complete and partial moduli of continuity. A Voronovskaja type asymptotic theorem and
the order of convergence by considering the second order modulus of continuity are also proved. We define the associated
Generalized Boolean Sum (GBS) operators and discuss the degree of approximation by using mixed modulus of smoothness
for Bogel continuous and Bogel differentiable functions. Furthermore, by means of a numerical example it is shown that the
proposed operators provide us a better approximation than the operators corresponding to the particular case p = 1. We also
illustrate the convergence of the bivariate operators and the associated GBS operators to a certain function and show that the
GBS operators enable us a better error estimation than the bivariate operators using Matlab algorithm.

Keywords: Voronovskaya theorem, moduli of continuity, Peetre’s K-functional, Bogel continuous function, Bogel differentiable
function.
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1. Introduction

For ¢ € C(I), with I = [0, 1], the classical Bernstein polynomial B(¢; ») is defined by

¢ .
Belix) = 3 pes() (p@) el
j=0

where py ; () is the usual Bernstein basis function given by

Pe;j(x) = <f)%j(1—%)f_j, j=0,1,...,L.
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The classical Bernstein-Kantorovich operators are defined by

(+1)
(+1)

4
Keloioa) = (041) Y pesle) | |
=0

(€+1)

@(s)ds, »xel, LN, (1.1)

where ¢ : I — R is an integrable function. The operators K; defined in (1.1) can also be expressed as
follows:

14 1 .
)+s
Ke(p;2¢) = (£+1 (52 ds.
(9 5) = (0 + )];m,]( )L“’<e+1> s

For p > 0, a new sequence of linear positive operators known as modified Bernstein-Kantorovich opera-
tors was given by Ozarslan and Duman [18] as follows,

4 1 © 1 :
st 1+
K ;) = ; ds, €1,
t,p(@; ) jE_Ope,;(%)L(p<£+1> s, x

wherein the author discussed some direct approximation theorems. It is clear that these operators include
the classical Bernstein-Kantorovich operators Ky defined by (1.1) for ¢ = 1. For ¢ € C(IR), the space

of continuous functions on R} = [0,00), Varma and Tasdelen [22] defined the Szdsz type operators
involving Charlier polynomials as follows:
(d—1)€sc o0 C(d)(_(d_l ? .
1 )€¢) j
. _ o1 )
Lo(@;s,d)=e (1—d> E 31 (P<€>z (1.2)

j=0

where d > 1 and the generating functions of the Charlier polynomials are given by

v j
e <1 - Z) =Y V) ‘;i, s < d,
j=0

Cj(d)(v) = jr:O (1)(—\))4%)r and (n)g =1, (n); = n(n+1)---(m+i—1), for i > 1. We observe that
if d = oo and s is replaced with %—% in (1.2), then these operators reduce to the Szdsz operators
[20]. Verma and Tasdelen [22] studied the uniform convergence of the operators £¢(@; », d) by applying
Korovkin theorem on compact subsets of R, and obtained the order of approximation by using the
classical modulus of continuity.

Motivated by the above work, for p >0,y >0and ¢ € C, (R4) :={dp € C(Ry) : [d(s)| < Mg (1+5Y)},
My being a constant depending only on ¢, we define a generalized Kantorovich-Szasz type operator
based on the Charlier polynomials as follows:

(@11t 0 @ (4110 5
Le,p((p;%,d):e—1<1_1> Z i (= ) )J

]
d i=0 ): 0

1 © .
s +)
1 . 1.
(p<€+1)ds, d>1, >0 (1.3)

For p = 1, the operators defined by (1.3) include the Kantorovich type modification of the Szdsz type
operators based on Charlier polynomials studied by Varma and Tasdelen [22].

The outline of the paper is as follows. We investigate the rate of approximation of the operators given
by equation (1.3). We consider a bivariate case of these operators and discuss the degree of approxima-
tion. Also, we construct the associated GBS(generalized Boolean sum) operator of the bivariate operator
defined by (4.1) and investigate the rate of approximation for the Bogel continuous and Bogel differen-
tiable functions by means of the mixed modulus of smoothness. We study some numerical examples to
illustrate the superiority of the proposed operators over the operators corresponding to the case p = 1.
Letei(s) =s',1=0,1,2,3,4.
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Lemma 1.1 ([22]). The operators given by (1.2) satisfy the following equalities:

(i) Leleg;6,d) =1;
(ii) Leler;r,d) =3+ 3;

i) Salei @) =2+ 7 (34 41 ) + &

. %2 2
(iv) Lelesis, d) = %3+e<6+dil) +2(zz ((dil)Z +(13—1+5> —l—e%;

(v) Loles;se,d) = s+ % <1o+ & 1) +2 (31 + 32+ (d“nz) + g;<37+ v T (déns> +L
As a consequence of the above Lemma, we have following.
Lemma 1.2. For the operators Ly, defined by equation (1.3), we obtain
(i) Legpleo;oo,d) =1;
(i) Loplen;od) = ¢y [ew gﬁ}
(iii) Leple2;s,d) = e (%2%2+€%<3+ =+ p+1> + 55+ oo 2|5
(iv) Lgples; s, d) = (ej&n B33 + 252 <6+ 1+ p+1) +€%{2p3+1 + ﬁ <3+ (11—1>
+2<(d_11)2 +(]£1+5>}+536+1+%}+1+M3+1+5];
(V) Loples;d) = gy 10 1 2 3( o+ ot +10) +2:20 A 6 d3>

2 1 31
+d 1+(d 1]2+2p+1+31}+£%{2p+1 (3+d 1>+p+1 <10 18+ d> a1

+ (d 1)2 + - 1)3 + 3p+1 +37 0 + 4p+1 + 3p+1 + 2p+1 + 2p+1 +15|.

Consequently, by simple computations we obtain the following result.

Lemma 1.3. For the operators Ly, (-; », d), we have

(i) Lop((s—2);,d) = 8—}—1{ 2+ L]

o+1

(i) Lepl((s— )% d) = gy [%2—1—%{( o+ )—2(@+1)%}+§%%§)};

(iii) Lepl(s—2)%5d) = oy {% +%3{ ( S +2(5 (11_1)> +60(L+1)? pi1+(3+dl+1)>
—432(£+1)<K3r1+(6+dil)> —40(0+1) }+%2{e2<2p+1 +4(64 15) + 7530+ dl_ll)+31>
+6e(e+1)2<2w+2(1+p+1)>—4e(e+1)<2p+1+p3ﬂ(3+dll) +2(5+ ;1(3+dll)>}
+%{e 5ot e B+ o) + pi1<10+d?~1(3+ dll)> +.111<31+ 15(20 + d61)> +37)

1 3 6
Remark 1.4. By using Lemma 1.3, we obtain

(i) Hm €Lep((s —5);5,d) = —s+ bt
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(i) HmeLep((s— )%, d) = &2;
{—o0

. 2%

(iii) eh_}r&ﬂZLg,p((s — )% ,d) = 7&{11)2-

Let Cg(IR4) be the space of all real valued bounded continuous functions ¢ on R, endowed with the
norm

el = sup [@(]|.
»eER L

Lemma 1.5. For ¢ € Cg(IR}) and each » € R, we have
1L, p(@;3¢,d) < [lo].

Proof. Applying Lemma 1.2, we have
1 (d—1)€sc o0 C(d)(_(d_ 1)€%) 1
|Ll’,p((P/%rd)| <1_> Z ! A JO

]
d = j!

s¥ 4+
< . _
“’( (i )‘ ds < [0l Lep(liz d) = el

which completes the proof. O

2. Approximation properties of L (+; 2, d)

The following theorem shows that the operators £ ,(.; 5, d) is an approximation process for contin-
uous functions on R .

Theorem 2.1. Let ¢ € C (R4 ). Then

lim L o (@; 22, d) = @(5),
{—o0

holds uniformly on each compact subset of R .
Proof. Applying Lemma 1.2, elim Lop(l;56,d) =1, elim Lop(s;2,d) = » and Elim Lol ,d) = 52,
—00 —00 —00

uniformly on each compact subset of R, hence we obtain the desired result by using the well-known
theorem given by Gadzhiev [13]. O

In what follows, let g o q,i(2¢) = L, o((s — 2)Y5,d), i e NU{0).

Theorem 2.2. Let ¢ € Cg(IR.). For the operators Lg o (@; 2, d) given by (1.3), there holds the estimation

)

Proof. Applying the property of modulus of continuity, for any & > 0, we get

NI

|Le,0(@;22,d) — ()] <2w ((p; (Ke,p,a,2())

(d=1)tx C. —(d—1)0s) o 4
_ 1 s¥+j
) _ ceo (11 _
Lo, p(@;3¢,d) — () < e (1 d) 2 J <p< (i1 ) @(5)|ds
a)
1 1)\ (d-Dee 2 C. (d 1)) (158 1
< . — —_— - .
w( 6){1+6e (1 d) E J ) %ds}

j=0

Applying the Cauchy-Schwarz inequality and Lemma 1.2, we have

L, 1\ E YA -1
-5 L

i=0 J

s +j

+1 —|ds
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L 1R GUA D) (e N2
<<e 1<1—d> Z ) j! Jo<€+1 —%) dS) = (Ke,p,a.2(2))2.

N\'—'

j=0
Hence,
. %
1
Ceol0i )= ol < wleid) {141 (emazl) b =2 (03 (hemaat)}),
on choosing 6 := {Hg,p,drz(%)}%. This completes the proof. O

Theorem 2.3. Let ¢ € Cy(Ry). If @ exists at a point € R, then

. . _ _ p+2Yy 1 dsx "
Jim 120,050, 0) — 02) = ( =+ B2 ) o0 4 3 (2 )0 ey
Further, the limit in (2.1) holds uniformly on each compact subset [a,b] of R4, 0 < a <b < oo.
Proof. By using Taylor’s expansion of ¢, we have
1
@(s) = @(5) + @' () (s =) + 50" (>) (s — )2 4 (s — 5)%e(s, ), (2.2)

where the function ¢(s, ) — 0, as s — ». Operating by L¢ ,(-; 2, d) on both sides of the equality (2.2), we
obtain

Lop(@;6,d)— @) = @'(5) Lypl(s—33,d) +

Hence,

@ ()

5 Loo((s—3)%,d) + Lo ple(s, 2)(s — )% 5, d).

. , : @ ()
lim £(Lgp(@;2,d) —@(22)) = @ (32) lim £Lg (s —35¢,d) + —F—
{—o00 {—o00

lim €L o ((s — %)% 5, d)
{—00
+ lim €L o (e(s, ) (s — %)% 5, d).

{—00

Applying Remark 1.4, we get

. ' B B p+2 %
Jim 120,(0526,0) — 0e) = =0+ 513 ) o'l

+11m €L o (e(s, 5)(s — 5 L, d).

I\J\P—‘
/\

) (2.3)

For the last term of the right side of (2.3), using Cauchy-Schwarz inequality, we are led to

2

080 (e(s, 5)(s — )2 2, d)| < e(ﬁe,p(az(s, 2); %, d)>2 (Lz,p((s—%)%- - d)) .

We observe that e%(s, ») € C ( +), for some « > 0, and (s, ) — 0, as s — 5, hence, by Theorem 2.1,
limg_,o0 Lop(€%(s, 3); 22, d) = €2(3¢,5¢) = 0. 1

2
Further, using Remark 1.4, limg_,, { <Lg,p( (s — 2)%; », d)) is finite. Hence,

eli_>m UL ple(s, 2)(s — )% 5%,d)) =0, (2.4)

Finally, consideration of (2.3) and (2.4) completes the proof of (2.1). To prove the uniformity assertion, it
is sufficient to remark that the limits in (2.3) and (2.4) hold uniformly in s € [a,b] C R*. O

For ¢ € Cg(Ry) :={¢ € Cg(R;) : ¢ is uniformly continuous on R}, the Peetre’s K-functional is
defined by
Klo:8)=__inf {lo—fl +8[If"[|}, 8 >0,

B +

where C3(Ry) = {f € Cg(Ry) : f/,f” € Cg(R4)}. By [10, p.177, Theorem 2.4] there exists an absolute
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constant M such that
K(@,8) < Mwa(@; V), (2.5)

where ws(¢;/9) is the second-order modulus of continuity of ¢ on IR. The usual modulus of continuity
of ¢ € Cg(RR,) is defined as

w(@,8) = sup sup |@(x+h)— (x|
0<|h|<6 »€R,

Theorem 2.4. Let ¢ € Cg(IR..). Then for every s € R, the following inequality holds

Be,p,a(s) 1 o+2
. _ < . & . — R
|Lg,p(@;22,d) @(%)I\sz<<p, 5 +w e %+p+1

)

where M is an absolute positive constant and

1 1 p+2 2
2 I - | — L —
Be,p,d(%) = z{ug,pldlz(%)—i— 0 1)2< x+ 0 1) }

Proof. First, we define an auxiliary operator as follows:

_ ¢
Loo(@;2,d) = Lo pl@;2,d)+ () — (p<€f1 + (H?;{;Jr 1))- (2.6)

Applying Lemma 1.2, it is seen that

Ly pleg;2,d) =1 and Ze,p((s —x);2,d) =0. (2.7)

Leth e C]Z3 (R4 ). From Taylor’s formula, we may write
S
h(s) =h(sx) + (s — 2) h'(s) +J (s —v) h"(v) dv.

»

From the above equality, in view of (2.7) and (2.6) we get

Ceoln(s)ird) = £eo( [ (s avisma) - [T (e p+2 R(v) d
f,p( (S)/%/ )_ E,KJ(J%(S_V) (V) Vv, %, >_J% €+1+(€+1)(p+1) -V (V v,

5, d>

which implies that

|Z€,p(h} >, d) _h(%N < £€,p<

S
J Is —v| [h” (V)] dv
T

[P
T (e | L p+2 1
+ + —v| [h"(v)| dv|.
L (+1 (+D(p+1) " Wl
Now, using the fact that
S h//
[ 1s=vim mrav < B2 2.58)

it follows that

oo

Thus using (2.8), we obtain

U3 p+2 " ‘ Hh””( U3¢ p+2 >2
—v| |h dv| < + —
1 WD+ 1) v" W)l dv 2 \t+r1 rDery ~

S
J ls —v|[h” (v)|dv
¢

7Yy X 2 L0 S x|, x, .

27%4, 0+2
J’tz+1 +1) (o+1)

»
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Rl p+2)?
= -+ .
2(¢€+1)2 p+1

Hence,

Zetron | < U ey s+ i (- 222))
R D G A (FE 1 S 29)

1 p+2\2
< —x+ 2 .
<5 [He,p,d,z(%)‘f' (€+1)2< %+p+1> ]

From equation (2.6), for every ¢ € Cg(R.) we have

1Lo,0(@;2,d) <3| o] (2.10)
Hence from (2.6), (2.9), and (2.10), for ¢ € Cg(R;) and any h € C% (IR), we obtain

u@w»mn@wﬂszmawzﬁ)<mm+@(f”+ p+2 ))wwﬂ

E+1 (L+D)(p+1
<L p(@ —h; 32, )+ |Lg,p (N 56, d) —h(5¢)| +h(3c) — @(52)]|

(p< 03¢ N p+2 )—(p(%)‘
(+1  (+1)(p+1)
|h 1 p+2\2
[H&p,d,z(%)‘f' (1172 (—%+ p—|—1> }
1 p+2
+w<@e+1”+p+1)

//||
2
1 p+2
<Al —h +[Ih|IBE p,a(>) + “’(‘p; m‘ e p+1’>

_|_

< 4o —h|+

Now, taking the infimum on the right hand side over all h € C3(RR), we get

2
’—%+p+>‘

p+1

which completes the proof. O

2 a4l
Iﬁe,p(cp;%,d)—cp(%)l' < 4K<<P;e“"’d> +w(<0;€+1

4

Hence, in view of (2.5), we obtain

Be,p,als) 1 o+2
L ; <M )+ s —— | — o+ ——
tp(@;5,d) cp(%)‘ wa (@ 5 )twle 17 et

For o« € (0,2], we consider the following Lipschitz-type space [17]: Lip,(el’m(oc) = {(p € C(R,) :

|s—3|*

xS €Ry, x> 0}, where M is a positive constant depending only on ¢.

lp(s) — ()] <M

(s+22)
Theorem 2.5. Let ¢ € Lipg&z} (), 0 < & < 2. Then, for all s« € (0, 00), we have

%
Lo, 0(@;2,d,) — @(5)] < M(M) ‘

r

Proof. First, we prove the theorem for the case & = 2. Then, for ¢ € Lip ;31’2} (x), we have

s¥ +j
<P<H1>—<p(%) ds

1) (@0 2 Y (—(d 1)) !
Lep(@;6,d) — ()| < e <1—d> > - J

|
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2
43
. 1 (d—1)€sc oo C d 1)€%) 1 (Se_._ll—%)
<Me (1—) Z J ds.
j=

Ic=

Using the fact that <1 < %, vj=0,1,2,..., and the Cauchy-Schwarz inequality, we have
s&+4j + )

+1

(d—1)€sc oo d 1) ) 1 o 1 2
Ceplod) = o) < o {e (1) 55 T (S A) e

j=0

M
< ;Le,p((s—%)Z;%, d) <M (W>

4

Hence the result is proved for o =2 Now let us prove the theorem for the case 0 < « < 2. Applying the
Holder inequality with p = Z and q = 52, in view of Lemma 1.2, we find that

ClY(—(d=1)s0) (1] /g9 4
j )
- i1 JO ‘p(£+1)_“’(”)

ds

M8

(d—l)e%
|E ( ;%,d)— (%ng 1 1—71
LplP ©

-
Il

_ (d) 2 o
1 (d—=1)tx o (| (—(d—1)) 1 N 2 2
-1 j j
o) E I o)
i=0
L, @& GV —(d—1)00) (1] 50 4] 2%
oo t) RS ) )
]=
_ 1\ (@Dt 2l (g —1)050) ) 2*
xqe (1—= )
d . j!

2
o

R

(-1t = ¢l (g 1)) (1 o 43
_ 1 %3 s+
_ 1 _ = E ) _
_{e (1 d) , j! Jo (p<€+1> olx)
—1)ls¢c (d) £4j 2 «
1) (@1 2 V(a1 (1 (-2 8
—1 ) €+1

SM{Q <1d) 2 j! L ds}

(=t 2+1 + )

0
(d—1)€sc o© ng)(—(d—l)f ) 1 . 2 &
M/ 1 1 j i s¥ +]j :
< _ _
G O B e

.

which leads us to the desired result. O

Next, we study a local direct estimate for the operators defined in (1.3) by applying the Lipschitz-type
maximal function of order « given by Lenze [16] as

lp(s) — (5]

|s — 5| x

D@, ) = sup , €R, and « € (0,1]. (2.11)

s, SER,
Theorem 2.6. Let ¢ € Cg(IR) and 0 < o < 1. Then, for all » € R, we have
Le0(@;5,d,2) — @(5)] < Dal@, ) (Hep,a2(2))7.
Proof. In view of (2.11), we have
lo(s) — ()] < Dale, 5) |s —*

and hence
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[Le,p0(@;56,d) — ()] < Lpllo(s) — @(5)]; 32, d) < Dul@, 2) Leplls — 2% 5, d).

Now, applying the Holder’s inequality with p = £ and q= , in view of Lemma 1.2, we obtain

IR

[Lep(@;,d) — 5] < wa(cp,%)ﬁe,p((s—%)z; 2,d)? < Dal@, ) (Repan(s)?.

Thus, the proof is completed. O
Let ¢(2¢) = \/2(1+ ) and ¢ € Cg(R,), then the unified Ditzian-Totik modulus wpr(@,m),0 <AL

is defined as
h™ (5¢) h? (5)
O R |

. A
Kor(o,m) = inf {[lo —f]l+nll¢ il

wyer(@,m) = sup sup

0<hsn ihd) elR

and the appropriate K-functional is given by

where Wy, = {f : f € AC(R4),[[¢M’|| < oo} and ACjc(IR) denotes the space of locally absolutely
continuous function on R..
From [11], it is known that w4 (@,n) ~ Kya(@, ), i.e., there exists a constant M > 0 such that

M w e (@,1) < Kpa(@,m) < Mw (@, m). (2.12)

Theorem 2.7. Let ¢ € Cg(IR;). Then for each > € R and sufficiently large {, there holds the inequality

¢1A(%)>

|Le,0(@;25,d) — @(5)] < Cwyn <<p, 7
where C is some constant independent of ¢ and {.

Proof. From the definition of K4 (@, n), for a fixed A, {, and » € R we can choose f = f,,» € W) such
that
q)l ?\

A - }‘)
Vf ) oM < 2K¢A(@, )

S

f(s) = f(x) —i—J f'(u)du,

JS f'(u)dul;

r

o —fll + ——7—

From the representation

it follows that
Maﬂﬁzmﬂ—ﬂﬂﬂéﬁap(

, d).

Now, applying the Holder’s inequality,

s / s 1 Ag/ 1—-A : 1 A
f(u)du'< J du‘é fls — 2|~ J ——du
J. L o M S 197 o)
Now,
s du‘<rdu( 1 N 1 >and Jtdu<2|s—%
b dlu Vu\vV1+x V1+s VT B>
hence
$ du 2Ms — s 1 1 2)‘5—%|A< A x)
< + < T+s) 24+ (1472 ).
L $(u) V1 +x V1+s 2 ) 1)
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Thus

|Lg,p(f; 52, d) — T(52)] <

2A A | s — ]
M Logplls — e, d) 4+ 2 ‘%< A;%,d).
x2 (14 )2 P (145s)2

Applying Cauchy-Schwarz inequality

Loolls =2 ) < (Leplls =% d)F < \/%dff))
Now,
- ! oy VM R
ﬁf,p((!s_i_:;'é}%,d) < (L(,p((s_%)2;%,d))2 (Lf,p((l—f—S) A;%,d))Z <M (ed:_(:f)) (1433,

Hence

MM VMO() | 2M M| MivM

BT ST . . Y e M Hdﬂ\f’”dﬂ—x(%).
%2 RV

(14+x) 2 < S|

[Le,p(f;50,d) — ()] <

Thus, we have

£6(97760) = @) < 0,00 — £, A+ (£ 0,d) — 2] + 1) — @)
Ma 9176 ()

<2l — 1| +

VEi+1
Hence
¢! () ()
1Le,0(@;52,d) — @(5)| < MzKpa <(P;\/m < Cwqﬂ\ @,W ’
in view of (2.12). This completes the proof. O

Now, we consider the space C (R ) with y = 2. Assume that the space C»(IR) is normed by ||¢|» =

sup (\giﬂ;}zl), V @ € Ca(R,). Further, let

welRy

. o)l

MR+ — +y .

G (R )—{(peCz(]R )‘%15%014_%2 < 00 /.
Theorem 2.8. Let ¢ € Co(IR, ). Then, we have

1£eo(@;d) — @llcioe) <4 Mg(l+c?)ugpale) +2 w ((P; \/ Hegpale), 0,1+ C]>,

where g palc) = sup (ue,p,d,z(%)).
2€(0,c]

Proof. Let s € [0,c] and s > ¢ + 1. Then s — »r > 1, hence
9() — @(50)] < M (2+ 5 + 567) = Mp{2 4 256 + (s — 32)* + 23¢(s — )} 213)
< M (s — )2 (3425 +25%) <4M(1+52) (s — )% '

Applying [15], for » € [0,c] and s € [0, ¢ + 1] we have

lp(s) — @ ()| < w(e;|s —,[0,c+1]) < w(e;,[0,c+1]) <1+ |S_6%|>, 5> 0. (2.14)
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Thus, from (2.13) and (2.14) for all ¢ € [0,c] and s > 0, we obtain
(0(5) — 0 < M (145215~ 2 + wlsd, 0,¢ + 1) (14557,
Hence applying the operators £y, g4 on the above and using Cauchy-Schwarz inequality, we get
1Lo,p0(@;5¢,d) — @(50)] <AM (1 +32) Lo pal(s — %)% @,d)
1
+w(@;5,[0,c+1]) <1 + gﬁe,p,d(ls — ul; x, d))
1
<M (14 2D aal) + (038 0+ 1) (14§ furpaa()
1
<4Mo (1+ P gale) + w(@;8,10,¢ +11) (1 t5 ue,p,d(6)>-
Now, choosing & = \/¢,p,4(c), we get the desired result. O
Theorem 2.9. Let g € C5(R,.). Then, we have
Jm [[Leple;- d) —@ll2 =0.
Proof. Following [13], we know that it is sufficient to verify the following three conditions
Jim |£e,p(s7;5,d) =5[] =0, j=0,1,2. (2.15)
—00
Since Ly, (1; 5, d) = 1, the condition in (2.15) is true for j = 0. By Lemma 1.3, we have
1 > +2 +2
Cep(sied) =22 ST+ 52| i+ 1 (2—1—1)(@—1—1))‘ C+1)(p+1)
Thus, elim |£¢,p(s; -, d) — 3|2 = 0. Similarly, we get
—00
1
2 (0) (2
o, d) — = 0, d) — 2
[ £e,p(s% -, d) — 522 ST 1L, (s%¢,d) — 52
_ 1 0256 N s n 1 n 2
S S [T Y (P d—1 " o+l
1 2 1
+ +2) =52
+((’.+1)2<zp+1 20+1 ) ‘
1 (14 20) 2 U 1 2 )
< — 3 +
MPI 2| T 12 +((z+1)2< d—1 o+l
T < 2 1 +2>
(+1)2\p+1 2p+1
LB+ g7 + 527 1 (G +ag 2
< sup < ; (1+2£2) sup » i B+ g 253+1) +sup , (557 257 T2)
1420 +m(3+ﬁ+ﬁ) (551 + 2571) +2
T (E+1)2 (£+1)? (t+12 7
which implies that
lim || Lg,p(s% -, d) — 5|2 = 0.
{—00
This completes the proof. O
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3. Numerical results and discussions

We present a graph and a numerical table to show the comparison in the rate of approximation
between the operators Ly ,(@; 2, d) and L¢1(@; >, d). For this purpose, we recall some definitions to see
that which sequence converges faster than the other. Let u = (u,,) and v = (v,) be sequences with limits
up and vp and u # (un ), v # (vn) for all n and 0 < K < oo then we have the following result:

v — Vol 0,
Iim — =< K,

n—oo [un —ug|

if (vn) converges faster than (un),
if convergence of (un) and (vy,) are equivalent,
oo, if (un) converges faster than (vy).

If 0 < K < 1, then we say that the convergence of v is better than the convergence of u. If 1 < K < oo, then
it is said that the convergence of u is better than the convergence of v (please see [21, Chapter-II]).

Example 3.1. Let @(sc) and @y, q(5¢) be, respectively, given as follows;

1 1 1 1 1Le,0(@;2,d) — @(5)]

_ _ 2 _ = _ = _ - d @ = = .

o) (” 2) (” 3) <” 4) (” 5) and Depal) =12 (05 d)— ol
Let us choose { = 20, d = 2, and p = 1.5,2,2.5, and 3. The convergence of the operators general-
ized Kantorovich-Szdsz-Charlier £y01(; >, d) and the generalized Kantorovich-Szasz-Charlier operators

L20,0(@;3¢,d) to @(x) = (%— %) (%— é) <%— 411) <%— é) is illustrated in Figure 1. In Table 1, we

calculate the ratio @y, q(2) for different values of s by choosing p = 1.5,2,2.5, and 3, respectively, for
€ =20, d = 2. We observe that @, q(x) < 1, for { = 20 and d = 2, at different values of s and p, therefore
the sequence L¢ ,(@; 5, d) yields better convergence to ¢(¢) than the sequence L¢1(¢@; s, d).

—_—i=2(=20,p=1
— d=2,£=20,p=15
—_—d=2=20,p=2
1} d=2¢=20,p=25
—_— d=2,£(=20,p=3
0ar

Function

102 1 1 1 1 1 1 . 1 1 )
1] 0.1 nz 03 04 05 06 07 08 08 1

Figure 1: The convergence of operators Ly ,(@; 7, d) to the function ¢ ().

Table 1: Ratio @y, q(5¢) at different values of s and p.

” 0.1 0.3 0.5 0.7 0.9 1
Dy 15,a(2) | 0.997821 | 0.9860406 | 0.982877 | 0.98257 | 0.982913 | 0.9829171
Dyp2.a(s) | 0.997821 | 0.978426 | 0.972032 | 0.9713914 | 0.9715659 | 0.9716284
®y025,4(2) | 0.995643 | 0.97208 | 0.964041 | 0.963329 | 0.9634228 | 0.9635365
®y3,a(2) | 0.995643 | 0.967005 | 0.9583333 | 0.9570871 | 0.95742 | 0.9575425
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4. Bivariate construction of L o (+; 5, d)

For v1,v2 >0, let
Cyiya (R%) = € C(R%) : Wp(s1,82)] < My (1457 (1+58)2), V¥ (s1,52) € R% )

For ¢ € Cy,,(R% ), we define a bivariate extension of the operators given by (1.3) as follows:

o0 o0
. 2
Lo,,05,01,00 (@5 521, 200, d1, dp) = € “Ay, ¢, (201, 202, dq, d2) Z Z Coy02,51,42 (721, 22, d1, d2)
j1=0j2=0

1 rl 1 : 2 :
s7 +I1 s5°+)2

, dsy dsp,

XJ0J0@< 61 +1 €2+1> e

where

and

Celrezjlrjz(%l’ 12, dll dZ) -
We examine the approximation properties and some results using the test functions
eij(s1,52) =sis), 1,j €{0,1,2,3,4) with i+j < 4.

As a consequence of Lemma 1.2 and the definition (4.1), we obtain the following.

Lemma 4.1. For the bivariate operators Ly, ¢,,0,,0,(®; 21, 202, d1, d2), we have

1 +1]

+2 .
(ii)) Lo, 5,01,90 (€015 71, 222, d1, d2) = g [‘32%2 + giﬂ] ;

(l) LE],eZ,p],KJZ (eOO; %1/ %2/ dl/ dZ) = 1;

(11) Lel 82 1, pz(elol %1/ %2/ dl/ dZ) e +1 |:

: . _ 1 2 1 2
(IV) Lel,fz,pl,{pz(eZOI 1, 2, dl/ dZ) — (G +1)2 el%% +€1%1 (3 + d;—1 + KJ1+1) + 291"‘1 + 2291-0—1 +2:|

) _ 1 2 2 2 1 .
(V) Loy t5,01,00 (€025 721, 722, d1, d2) = @7 | (7, 2+ b <3+ e mH) + o1t 2, +2}

(Vl) LE] 0,01, 92(630/ n1, 12, dl/ dZ) (g1_|_1 e%%% + e%%% (6 + % + 5313+1)

3 3 1 1 3 6 1 3
+£1%1{zm+1+m+1<3+dll +2<ml1)2+al1+5>}+ o1 T g Y ap 0

(vil) Lo, 0,010, (€035 501, 52, d1, d2) = m [E% +865 (6 Tt 3)

~.

p2+1
+ 0304 g + 3+ +2 + +5 b+ttt og+5
2729 2p,+1 p2+1 dz 1 (—1)2 T d—1 —1 1;)2—0—1 3p2+1 " 29,41
(viii) L, 0,00, (€405 521, 222, d1, d2) = TG+1)* +1 [WL +€%%% <d1 T+ zp1+1 + 10>

~.

(4.1)
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31 20 6 4 12
+ p1+1 <10+ di— 13+ di— 1)> taat @ T @ T et +37} + 4191—0—1 + 31531+1 + 2011

+15],'

20
+ 2p1+1

(iX) L¢1,22/p1,p2(€04; 1,0, d1, dz) [ = +1 |:€2%2 + 63%2 (dz 1 + 2+1 +10

30
22;{2{p+1<6+d2 1>+d2 1 -|-( _1)2+2p +1+31}+€2%2{219 ) <3+d2 1>

4 2 1 31 20 6 4 1 4 12
+ ort <10+ T8+ d21)> Sl s el v el e B e +37} + 35,71 T 3g, 71 T 29,11

20
+ 2p2+1 + 15:| :
As a consequence of the above Lemma, we have the following.

Lemma 4.2. For the operators Ly, ¢, 0,0, defined by (4.1), we have

. 2
(i) Loy ty,0,0((51—501); 51,52, d1, da) = 27 [— s+ 2111];

i . _ 1 2.
(11) LELQ,&DL&Jz((SZ - J{2)1 n, 212, dl/ dZ) - m |:_ n + g;il] ’

(iii) Ley,00,01,0, (81— 201)% 301, 500, A1, d2) = ﬁ [X% + %1{()« (3 +q@ Tt o1 +1) —2(6+1) ﬁiﬁ

n 4p2+11p1+5
(p1+1)(2p01+1) |’

(V) Loy a1, (52— 302)% 501, 300, 51, 30) = (s +1 [%2 +%2{fz (3+ rire i p2+1> —2(l+ 1)@;1?}

n 4p2+11p0+5 | |
(p2+1)(2p2+1) |’

(V) Le1,ez,p1,p2((sl - J{1)4; 1, 212, dl/ dZ) 2 Jlrl)zl |:%1 + %1 {€3<p 1 +2(5 + di— 1)>
+ 601 (4 + 1)2<5312H +(3+ dllﬂ)) — 403ty + 1) (pr + (64 df1)> — 40 (0 +1)3

a{a(

oot 46+ g) + dlll(e’o+d}11)+31>+6e1(e1+1)2<2p T +2(1+ mgg)}

—4@1(€1+1)<2p13+1+p13:0—1(3+d )+2(5+d (3+d1 1)>>}+%1{€1<3@1+1

(20 + 58 )) +37>

6 1
+ st 3+ i)+ gt (10+ 26+ g

1 3 6
_4€1(€1 + 1) (3p1+1 + 2p1+1 + p1+1 +5> } + 4p1+1 + 3p1+1 + 2[Q1+1 + [Q1+l + 15:|

(Vi) Loy,01,0, (52— 32)% 521, 52, A1, do) = gy [%QL + %3{15% (K,;IH +2(5+ dzll)>

+6€2(€2+1)2<&)22H +(3+ d;ﬂ)) —403(ty +1)<m3+1 + (6 + df1)> — 40y (0 +1)3

(o

2\ 202+

1+4(6+d )+d 1830+ g )+31>+6(%2((%2+1)2<2ml+ 2(1+p2+1))}

—4@2(@24—1)(2@ 1 + 192—0—1 (3+ d <5+ e 1 3+ d— 1)>>}+%2{m2<3p§+1
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6 1 4 2 1 1 1 6
+ oo B+ g1) + oo (10 + 3273+ d2_1)> + 2 (31 + (20 + d2_1)> +37>
1 3 6 1 4 12 20
—4b(k+1) <3pz+1 T opr 1 Tt T 5> } T Ipod1 T 3p1 T 291 T T 15} :
Remark 4.3. From Lemma 4.2, we have
(i) e}i_f)nooelﬁflxz,pl,pz((sl — 1), 00, 90,d1,d2) = —s + giﬁ;
N1 2
(ii) ell_r)nOOQZLelrezdplrpz((SZ — )b, 0, dy, dp) = —lo + gi:[l;
(Ill) lim B](),Zragl,ez,pl,pz ( (Sl - %1) (32 - (),2), gl/ EZI dl/ dZ) = 0/
81,82—>oo
; ; 2. — Ay .
(iv) Z}E)nooel'afl,(’,z,pl,pz((sl — )5, 0,d1,d) = 7
; 2. — doxy .
(v) ell_fpooezﬁel,ez,pl,m((sz — )%, 0,d1,dy) = G555
WD) Hm 0 Lot o0 (51— 2)% 500,522, Ao, o) = o4 <913i1 @ e T @ oaE T aeT +41>?
(i) lim 6 Lo, 0,00 ((52—22)% 0, 2, d1, d) = 55 <pfi1 @ (e T @GP T aT +41>-
In what follows, we assume
Ky p1,d1,i (361) = Loy ta,01,00 (51— 20) Y 501, 302, i, do)
and _
HeZ,pz,dz,i(%Z) = Lﬁ,b,pp{pz((sz - %2)1; %1/ J{2/ dl/ dz)/ 1 S ]N U {O}
Theorem 4.4. For any ¢ € Cy,,(R?%), we have
Hm Lo, 0,00,0, (@5 501,202, d1, d2) = @ (211, 502),
81,eZ—>OO
convergence holds uniformly on every compact subset of R?.
Proof. From Lemma 4.1, we have
31 1(3121300 '5@1,22,531,[;)2 (eij; %1/ %2/ dl/ dZ) - eij/ i/j € {O/ 1/2/ 3/ 4} Wlth i+ j < 4/
uniformly on every compact subset of R . The result follows applying Theorem 2.1 of [5]. O

Next, the degree of approximation of the operators L¢, ¢, «;,«, (- ; 21, 22, d1, d2) will be established in
the space of continuous functions on ]R%L. Let CB(IREL) ={p € C(IR%r) to(a, ) < M, for some M > 0
and all (511, 30) € IRi}. Further, let CB(]Ri) ={p € CB(]R%F) : @ is uniformly continuous on ]R?F }. For
@ € Cg(RR%) and & > 0 the complete modulus of continuity for the bivariate case is defined as follows:

@(;8) = supllop(s1, s2) — o1, 22) - (51, 52), (51, 52) € RS and /(51— )2 + (52— 302)% < 5.

Further, the partial moduli of continuity with respect to »; and sz is defined as
w1(@,d) =sup{le(z1, 202) — (22, 50)| : 7 € Ry and [z1 — 25/ < 8},

and
wa(@,d) =suplle(s,z1) — @(s,22) : 29 € Ry and [z — 25| < 6}

It is clear that they satisfy the properties of the usual modulus of continuity. The details of the modulus of
continuity for the bivariate case can be found in [9]. Now, we give the estimate of the rate of convergence

of the bivariate operators defined by (4.1) in terms of the complete modulus of continuity.
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Theorem 4.5. Let ¢ € Cg(IR2), then, for all (51, 30) € R%, we have

|£J€1,€2,p1,p2(@; J{1/ J{2/ d]/ dZ) - (p(%l/ J{2)| < 2 w((p/‘ 6(1,82,{91,@2(%1/ %2))/

2
Where 6@1,@2,@1,[92(%11 %2) = (H(’,l,pl,dl,Z(%l) + Hez,pz,d2,2(%2)> .
Proof. From the definition of the complete modulus of continuity of ¢, we can write

1L 0,,00,01,0, (©; 221, 22, d1, d2) — @ (521, 500
< Loy 01,0, (1081, 52) — @ (221, 500)|; 221, 522, A1, d2)

< Lo, 01,0 <w <92 \/(51 —1)% + (sp — %2)2> ;011,%0, d1, dz)

_ 1
< w((P/ 6) |:1 + g Lf],(g,jp],[pz (\/(Sl - %1)2 + (SZ - %2)2; 1,12, b]/bZ):|/
for any & > 0. Now, applying Cauchy-Schwarz inequality and using Lemma 4.1, we get

(Lo, 0y,01,00) (@ 21, 722, d1, d2) — @ (521, 502)

1
1 2
< w(e,d) [1 + 6{£‘(’,1,22,p1,p2 ((81 —1)? 4 (s2— 32)?); 51, 22, dy, d2> } }

<

gl

)
1
o 2
+ Lﬂl,ﬂz,pl,pz <(32 — 1) 7, dz) } ]

_ 1 2
< w((P; 6) |:1 + g <}1€1,p1,d1,2(%1) + uez,pz,dz,Z(%2)> :| .

1
((p/ 6) |:1 + {'E‘e],fz,lpl,pz <(Sl - %1)2; 1, 212, dl/ d2>

Choosing & := d¢,,¢,,0,,9, (%1, 52), we obtain the desired result. O

Next, we obtain the degree of approximation of the operators Ly, ¢, ,,0, by means of the partial moduli
continuity.

Theorem 4.6. For ¢ € Cg(IR3) and for all (5, 30) € R2, we have

|Le1,22,@1,[§32((p; J{1/ J{2/ dl/ dZ) - (P(%l/ %2” < 2 (wl <g; ufl,p1,d1,2(%1)) + w2 ((P; \/ ueZ,pz,dz,Z(%Z)) > .

Proof. Using the definition of partial moduli of continuity, the Cauchy-Schwarz inequality and Lemma
4.1, we have

|L€1,€2,p1,p2 ((P/' 1, 212, d]/ d2) - (P(%l/ J{2)|
< Loy, 01,0, (10(51,52) — @ (321, 502)|; 321, 52, dq, d2)
< Loy 01,0, (19(51,82) — @221, 52); 221, 500, A1, d2) + L ey 50,01, (1@ (521, 82) — @ (521, 52)|; 521, 522, dy, d2)

< wq <<P; \/ Hel,pl,dl,z(%l)) [Lel,ez,pl,pz(eoo; 1, 20, dq, do)

1
+ Lﬁ,ez,&n,pz (Is1 — sal; 521, 222, d1, d2)
uel/plldI/Z(%l)

+ (UZ <(P; V uez,pz,dz,Z(%2)> [Lfl,ez,pl,pz (eOO; %l/ %2/ dl/ d2)
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1
+ L0,,00,01,0, (152 = 502]; 221, 522, A1, d2)
Mfz,[pz,dz,z(%Z)

< wq (@; uel,pl,dl,z(%l)) [1 +

N—

|

1
(Lo 010, (52— 32)%; 301, 32, d1, ) 2] ,

(Lo, 00,0100 (51— 31)% 521, 302, d1, do))
ey, o,d2(271)

1

HeZ,pz,dz,Z(%Z)

+ wy <<P; Hez,pz,dz,z(%ﬂ) [1 +

from which the required result is straightforward. O

Let C% (]R%L) be the space of all functions ¢ € Cp (IR%L) such that all second order partial derivatives of
@ belong to Cg(IR2 ). The norm on the space C3(R?% ) is given by
62
N @
) H 6%1 6%2

2
lelcyasy =Nl + Y (|
i=1

The appropriate Peetre’s K-functional of the function ¢ € Cg(IR2) is defined as

ote
azzi

R0
a%}

i

K(g,8) = inf —f|| + of|f ,0>0.
(0,0)= _inf | (lo—Fl+0)fllcyme)

B +

From [11], it is known that
K(;8) < Mwa(@; V) holds for all § >0, (4.2)

where @ (;V/0) is the second order modulus of continuity for the bivariate case and M is a constant
independent of 4 and ¢.

Theorem 4.7. For the function ¢ € Cg(R2.) and (3, 5) € R?., we have

_ 1
|L€1,€2,p1,p2((9; I, 222, dl/ dZ) - (p(%lr %2)| < M w2 ((P} E\/‘Afl,ez,pl,[pz(%ll 12, dl/ dZ) )

+ w<(P, \/( uh,phd],l (%1))2 + (ueZ,pz,dz,l(%Z))2>/

where

1 2
‘Afl,ez,pl,pz (%1/ %2/ dll dZ) = 2{ (\/Uh,pl,dl,z(%ﬂ + \/uez,pz,dz,Z(%2)> + (|H€1,p1,d1,1 (%1)| + |H€2,p2,d2,l (%Z)DZ}
Proof. We consider the auxiliary operators as follows:

Zel,ez,pl,pz((p; %1/ %21 dl/ dZ) = Lel,ez,pl,[pz ((P/ %11 %21 dl, dZ)
011 91+2 Uys0p 92+2 ) (43)
G+1 (G+D(e1+1) L+1 (b+1)(p2+1)/)

—@(mm)cp(

In view of Lemma 4.2, we get
Loy 0,000 (51— 30); 501, 50,d1,d2) =0 and Lo, e, 01,0, (52— 522); 501, 52, A1, d) = 0. (4.4)

Leth e C]Z3 (]Ri) and (sq1,82), (s1,20) € ]Ri. By using the Taylor’s expansion, we can write

d 5 2 d
h(s1,52) — o, ) = (51— 1) 5o, 0m) + | (51w 3l se)duct (s ) 5, )

71



P. N. Agrawal, A. Kumar, A. K. Gangopadhyay, T. Garg, ]. Nonlinear Sci. Appl., 14 (2021), 222-249 ~ 239

K JSZ Lh(u,v) du dv

So az
V) s d
+ J (52— )2 h(54,v) v+J hl

2
20 ov 1 Jorp

Now, applying the operator Ly, ¢, o, ¢, (-; 1,22, d1, d2) on the above equation and using (4.4), we get
221/52/&’1,1@2 (h; M1, 222, dl/ dZ) - h(%l, %2)

_ S1 02
= Lfb‘lzrm,pz <J (s1—u) TuZh(U— s0)du; s, 50, dy, d2>

+ Lellezr&h,&)z (s2— h(%L v)dv; s, 20, d1, d2>

+ Loy, 0,010 ———= —dudv; 1,0, d;, d2>

0 auav

( 5 g2
< zahuw
I,

= Lfllezrplllpz ( ~— (W, 20)du; 21, 20, dy, d2>

J‘e1+1+(el+1)(p1+1 ( U150 n p1+2 _ ) aZh(u, %2) du
G+1 (G+1D) (e +1) ou?

1

S2 aZ
+ Lfl,ez,[pl,pz (J (SZ - V)Wh(%],\))dv; 1, 12, dl/ d2>

)
£r e 2
JéﬁjL (“Zﬁﬂ’ﬁ” o) n §2+2 v 0%h (s, V) dv
. L+1 (L+1)(p2+1) ov2
152 92h(u,v)
T Lo, 0,010, <L1 LZ Wdu dv; 51, 30, 4, d2>
wHrmle (B8 m e 0%h(u,v)
- ———du dv.
2 0 oudv

Using Lemma 4.1, we get

1

|Z€1,(2,[§)1,[p2 (h; %1/ %2/ dl/ dZ) - h(%lr %2)| < |:

2 { uh,p],de(%l) + (U(l,pl,dl,l(%l))z + p‘(z,pz,dz,Z(%Z)

+ (uez,pz,dz,l(%z))z} + \/Hel,pl,dl,z(%l) \/uez,pz,dz,z(ﬂz)

+ |tey,00,a1,1 (321 [y, 05,d5,1 (522 ] Ihllez g2
= At o121, 2,01, ) [l
By using (4.3), we have
1L e,05,0,02 (@ 221, 502, A1, A2)| < [ L0y,0,01,0, (95 21, 522, d1, do)]
b 1+2 brs0p 2 +2 )’

, f + ,
Tloba ”2)”‘ (ewl G D)@+ 6+l (G+rD(pt1)
<3|l

Hence, for ¢ € Cg(IR%) and any h € C4(IR%), we get

|’C‘€1,€2,p1,p2 ((P; %1/ %2/ dl/ dZ) - (p(%l/ %2)|

< Zel,fz,[pl,pz ((P/ %1/ %2/ dl/ dZ) - (p(%l/ %2)
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4 <€1%1 p1+2 62%2 p2+2 )_ (% %)
G+l O+ Do+ o+l G+1)(pt1)) P2

g |Z€1,€2,pl,p2((P - h'/ %1/%2/ dl/ d2)| + |(‘p(%l/ %2) - h(%ll %2)|

+ 1L, 00, 01,0, (1 71, 52, A1, d2) — h(501, 3]

—l—‘ (fl%l o1+2 ¥ 2+2
P\uF1 T+ )+ b+l (G+D(gat1)

< 4”@ - hH —’_Af],ez,p],pz(%l/ 12, dl/ dz) ||]’l||C%3 (]Ri)

+w (@; \/( ey or,dp1(51))% + (Key,,d1 (222) )2) :

) - (P(%lr %2)

Now, taking the infimum on the right hand side over all h € C3(IR?% ) and using relation (4.2), we get
1L ,,00,01,00 (©; 221, 20, d1, d2) — @ (521, 52) )|

Ay by, 01,0, (50,202, d1,d2) |
<kt (05 (e 1 ()2 + (g 01 (2) 2

4

_ 1 -
S M@2( @©; 51/ Aty 01,00 (71, 202, d1,d2) | + T @; 1/ (ey,00,d,,1(221))% + (Hey 00,01 (32))? |
2

This completes the proof of the theorem. O
Let CL(R3) :={¢ € Ca(R%) : 9, ¢, € Ca(R%)).

Theorem 4.8. For ¢ € C% (]R2+) and (50, 0) € ]Ri, we have

1L ey, 00,00,00 (@05 321, 522, d1, d2) — @ (521, 20) | < [l @5, | \/ 1, 00,a0,2(521) + 19070, | \/ Hes,00,d2,2(522).

Proof. Let (5, 30) € R3 be a fixed point. Then by our hypothesis, we can write

S1 S2

@5y (W, s2)dw -I—J @], (30, uw)du.

2

(p(sll SZ) - (P(%l, %2) = J

a1

Now, applying the operator Ly, ¢, o,,0,(-; 71,22, d1, d2) on both sides of the above eqaution, we are led to

s1
J 9% (w, 52)|dw

!

1L 0,00,00,00 (@ 321, 20, d1, d2) — @ (521, 50)| < Loy 05,01,00 ( ; o1, 20, d1, d2>

2
+L€1,€2,p1,pz< J ‘(p{_;(%lluﬂdu ;%1/ J{2/ d]/ d2>'
20
Since
S1 S2
J 0!y (w, s2)ldw| < [[@L || Isy — 1| and j |<PL(%1,u)|du‘ < ol 1s2— 2l
21 2
We have

|L€1,e2,[p1,p2) ((p/ ”1, 222, dl/ dZ) - (P(%l/ %2)| < ||(p;«t] || L(1,fz,p1,1§)2(|sl - J{1|/ n1, 12, dl/ dZ)

+ @0, 11 Loy n,01,0, (152 — 22215 221, 222, d1, d2).

Now, using Cauchy-Schwarz inequality and Lemma 4.1, we get

1L 0,,00,00,00 (@ 21, 22, d1, d2) — @ (521, 502)|
1 1
2 2

g || (P;/,q H <L€1,€2,p1,p2((51 - %1)2; J{1/ J{2/ dl/ d2)> (Lel,fz,[p],pz (eOO/ J{1/ J{2/ d]/ d2)>
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1 1
2 2

+ @5, |l <L€1,€2,p1,p2((52 — )% 0,8, dg, d2)> <L€1,€2,p1,p2 (eo0; 721, 22, d1, dz))

<ol I/ Beyen,d2052) + 105, | A/ Mty 00,d0,2(522).

This completes the proof. O
Theorem 4.9. Let ¢” € Cy,~,(R2), for some y1,v2 > 0. Then,
lim 8(Le,ep,,,(0; 501, 522, d1, d2) — @321, 502)) = gl (521, 2) | — 301 + 22 £2) 4 oL, (a,0)( —m+ 22 2
om L0, 1 p1+1 2 p2+1
1( disg doso
+2{d1_1 1/«21%1(%1/%2)—1_ dz_l(pZZKZ(%l,%Z)},
uniformly on each compact subset of R? .
Proof. By the Taylor’s expansion, we have
@(s1,52) = @51, 502) + (51— 21) @3, (521, 222) + (52— 202) @, (521, 522)
1
+ 2{(51 — )2 QL . (50, 50) +2(s1 — 3a) (52 — 202) 9L, (5, 502) (4.5)

+ (s2—302)°@1L,.., (3, %2)} + e(s1,82; 71, %2)\/(51 — )+ (52— 22)4,

where €(s1,80; 51, 50) € Cp,p,(IR%), for some B1,B2 > 0 and €(sq, s2; 501, 50) — 0, as (s1,82) — (31, 522).
Applying the operators £ m,g,,0,(*; 1, 22, b1, b2) on both sides of (4.5) and using Lemma 4.1, we get

Lm,m,pl,pz ((P; %]/ 2, dl/ dZ) = (p(%ll %2) L(’,,E,pl,pz (600/ 1, n, dl/ dZ)
+ (pifl (%1/ %Z)Le,e,[pl,[pz((sl - %1); J{‘l/ %2/ dl/ dZ)

+ @1, (30, 30) L,0,0,,0, (52 — 222); 221, 52, A1, d2)

2
+2¢7, .., (30, 30) L 0,0,,00) (51 = 221) (52 — L2); 501, 502, dy, d2)

1
+5 { @ (1, 50) Ly e, (51— 200)% 30, 302, 41, d2) (4.6)

+ @1 (501, 52) Lot 0,0, (52— 30)% 50, 30, 4, dz}

+Lo,0,01,00 <€(81, Sp; 51, 72) \/(31 — ) 4 (82— s0)4; 501, 50, dy, d2> .

Now, using the Holder’s inequality, we obtain

‘L(,e,p1,p2 <€(81, S2; 71, %2)\/(81 — )+ (s2— )% 51, 50, dy, d2> ‘

1
2 2
< (52,2,531,,;)2 (€2(s1, 82; 521, 72); 501, 502, dy, dz)) <L€,€,p1,p2((sl — )t + (52— 30) % 501, 200, dy, dz))

2
< (13/5,@,@1,@2 (€(s1,82; 211, 22); 211, 222, d1, dz))

1
2
X (Le,e,pl,pz((sl —sa1)% 50, 500, d1, o) + Logpy,0, (52— 502)%; 501, 22, 1, dz)) .
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From Theorem 4.4, Lg,g,mm(ez(sl, 82; 711, 70); 711, 72, d1, d2) — 0 as { — oo, uniformly on each compact
subset of R? , we have

1 1
Lo 0,010, ((51—301)% 51, 50,d1,d2) = O <€2>, L0010, (52— 30)% 521, 30,d1,dp) = O <€2>,

uniformly on each compact subset of R?, hence

elgglo €L 0, 0,,0,(€(51,82; 501, %2)\/(51 —)t+ (so— )4 50,50, d1,d2) =0,

uniformly on each compact subset of IR% . The required result, now follows from (4.6) on applying Remark
4.3. This completes the proof of theorem. O

5. Numerical results and discussions

We present numerical results to demonstrate and compare the rate of convergence of the generalized
bivariate Kantorovich-Szdsz-Charlier type operator Ly, ¢, 0,,0,(®; 21,302, d1,d2) to the function ¢ (s, 20)
with different values of parameters.

Example 5.1. Let us consider ¢ : R? = R, @(3,0) = %%%2 — %g’ Lett) =46 =30,d; = dy, =2,
and p; = g2 = 1,2, and 3. The convergence of the generalized bivariate Kantorovich-Szasz-Charlier type
operator Ly, ¢, 0,0, (©; 51, 502, d1, dp) towards the function (¢, s0), is illustrated in Figure 2. Also, the
absolute error in the approximation at certain points in the interval (57, 30) € R? is computed in Table 2.
Denote Ezlléféfl’ 2(@; 001, 20) = Loy 00,01,0, (@ 211, 722, d1, d2) — @ (541, 522)], the error function of approximation
by Ly, 0,010, (®; 221, 502, d1, d2) operators. The error of approximation is illustrated in Figure 3. We notice
that the error in the approximation of the function by the operators becomes smaller as p; and g, increase.
[h!]

B =0 =1

05 e R o1 =p2=2"

0.2 4 Il =0:2=3
Function

D1 11 5

06
o 7 08

Figure 2: The convergence of operators Ly, ¢, o,,0, (®; 51, 32, d1, dp) to the function (¢, 35).

6. GBS operator associated to Ly, ¢, 0,,0,(* 71, 222, d1, d2)

In [6, 7], Bogel proposed the concepts of B-continuous and B-differentiable functions. Later, Do-
brescu and Matei [12] discussed the approximation of B-continuous functions on a bounded interval
by the GBS of bivariate generalization of Bernstein polynomials. Subsequently, Badea and Cottin [2]
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- 1 = P2 = 1

pr=pa=2

Figure 3: Error of approximation.

Table 2: Error of approximation for operators L¢, g, o, 0, (®; 71, 52, d1, d3) to the function @ (s, s0).

(e 2) | E3a0a (@550, 7)) | E55500 (05 a1, 200) | 5550595 241, 22)
(0.1,0.1) 0.0020 0.0017 0.0016
(0.15,0.25) 0.0027 0.0024 0.0022
(0.20,0.35) 0.0016 0.0014 0.0012
(0.4,0.4) 0.0040 0.0031 0.0026
(0.5,0.55) 0.0086 0.0081 0.0074
(0.6,0.6) 0.0162 0.0157 0.0150
(0.85,0.9) 0.0985 0.0941 0.0919
(0.95,0.95) 0.1258 0.1203 0.1175

established Korovkin type theorems for GBS operators. We introduce the GBS case of the operators
Lo,,00,01,00 (5 221, 502, d1, d2). We begin with some basic definitions and notations. For further details, we
refer to the book [14].
Let X; and X; be any subsets of R. A function ¢ : X; x X; — R is called B-continuous (Bogel continu-
ous) at a point (s, 2n) € X1 x Xy if
lim A(p[(sll 82); (%1/ %2)] = 0/
(s1,52) = (31,522)
where A@((s1,$2); (201, 20)] = @ (321, 30) — © (31, 82) — (1, 220) + @(s1, $2) denotes the mixed difference.

A function ¢ : X; x X — R is called B-continuous in X; x X; if it is B-continuous at each point of
X1 x Xa. Let Cy (X1 x X2) denotes the space of all B-continuous functions in X; x Xj.

A function @ : X; x X — R is called uniformly B-continuous in X; x X if for a given e >03 5 >0
such that |A@[(s, s2) @ (5, 22)]] < € whenever \/(s1 — 39)? + (s2 — »2)2 < 8. Let Cp(X; x X2) denote the
space of uniformly B-continuous functions on R%. A function ¢ : X; x X — R is called B-bounded on
X1 x Xj if there exists M > 0 such that

lA@[(s1,52); (521, 50)]l <M,

for every (1, 52), (s1,82) € X1 X Xa.
Let By, (X1 x Xz) denote all B-bounded functions on X; x X; — R, equipped with the norm

lolls = sup |A@((s1,s2); (511, 22)]].

(321,502), (s1,52)€EX1 X X2
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Let B(X; x X3) and C(X; x Xz) denote the space of all bounded functions and the space of all continuous
functions on X; x X respectively endowed with the sup-norm ||.||«. It is known that C(X; x X3) C Cy (X; x
X2) [8].
A function ¢ : X; x X — R is called a B-differentiable (Bogel differentiable) function at (s, sn) €

X1 X X if the limit

y Al(s1,82); (30, )]

m s

(s1,82)—= (3a1,50) (81— 3¢1) (82 — 22)

exists and finite.

The limit is said to be the B-differential of ¢ at the point (s, s») and is denoted by Dg(@; 51, ) and
the space of all B-differentiable functions is denoted by Dy, (X; x X2).

The mixed modulus of smoothness of ¢ € Cy(X; x X») is defined as

wg (@; 01,82) = sup{|A@[(s1,82); (51, 22)]] : [3e1 — 81| < 81, 3020 — 82| < 82},

for all (sr1, 22), (81,82) € X1 X Xz and for any (81,82) € (0,00) x (0,00) with wg : (0, 00) x (0,00) = R. The
basic properties of wg were obtained by Badea et al. in [3, 4] which are similar to the properties of the
usual modulus of continuity.

For every ¢ € Cy, (]Ri), the GBS operators associated with the operators Lo, ¢, 0,0, (®; 221, 222, d1, d2) is
defined by:

G0,,00,01,00 (©; 221, 722, d1, d2) = L, 0y,01,0, (@81, 202) + @ (501, 52) — @(51, 82); 221, 222, d1, d2)

1 (di—1)€15¢1 1 (d2—1)€2522
—e ! <1 — d) e ! (1 — dz) (6.1)
© i —1)21%1) C % (—(d2 — D)lpser)
% Z Z )1 ‘ )2 :
[
j1=0j2=0 )2:

1 rl 1 . ©2 . o1 . ©2 .
s1 th S;” +)2 S{ )1 s+ )2

7 7 - 7 d d .

XJOJO [(p< 6 +1 %2)—1—(9(%1 fz+1> (p< G+17 6H4+1 51 452

From the above definition, it is clear that Gy, ¢,,¢,,0, is a linear operator.

Theorem 6.1. For every ¢ € Eb(]R%r), at each point (1, 30) € ]Ri, the operator Gy, t,,0,,0,(®; 701, 302) verifies
the following inequality

1S¢,,00,01,02(©; 221, 502, d1, d2) — @511, 500)| < 4 wp <<P; \/uel,pl,dl,z(%l), \/uez,pz,dz,z(%ﬂ)-

Proof. Using the definition of wg(@; 81, d2) and the elementary inequality, we have

|sp — 2

S1—
80l(s1 52, )| < walgilss —al sz — sl < (14570 (14222 ) o gi,82)

S§1 — ¢ Sy — it 1
< 1+| 1 1|+‘ 2 2|+ (Is1 —sal Is2 — sal) |ws(@; 81, 82),
o1 ) 0102

6.2)

for every (s1,s2) € R2 and any 81,8, > 0. From (6.1), by using the definition of the mixed difference
A@l(s1,82); (51, )] and the inequality (6.2), we get

|9741,%2,[p1,[p2 ((P/ 1, 2, dl/ dZ) - (P(%l/ %2)‘
< Loy y,01,00 1AQ[(51,82); (321, 502)]l; 521, 220, d1, d2)

g wB ((p/ 61/ 62) L€1,€2,p1,p2 (600/ %1/ 2, dl/ dZ) + 67'561,82,@1,532 (|Sl - %1 ;%l/ 3, dl/ dZ)
1
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1
+ 672’621,32,(9],532 (|52 - %2|; 1, 2122, dl/ dZ)
1
+ m'ﬁ’fl,ez,pl,pzﬂsl - %1|/ ”1, 72, dl/ dZ) Lfl,ez,pl,[pz(|82 - %2|/ n1, 72, dl/ dZ) .

Now, using Lemma 4.1 and applying the Cauchy-Schwarz inequality, we get
|9€1,€2,p1,p2 ((P/ %1/ %2/ dl/ dZ) - (p(%ll %2)|

1
< CUB ((P/' 61/ 62) |:1 + 671\/’581,(2,@1,(92((31 - %1)2; J{1/ J{2/ d]/ dZ)

1
+ FZ\/LK]IZZ/K’]IK)Z((SZ — %2)2; 71, 72, dl, dZ)

1
51 &2

+ \/Lel,ez,pl,pz((sl —01)%; 501, 500, d1, d2) Loy 050,00, (82— 302)2; 521, 502,01, b2) |,

which leads us to the required result on choosing 81 = \/I¢,,0,,d,,2(221) and &2 = /e, 0,,d,2(522). O

7. Lipschitz class of B-continuous functions

ForO< o, 00 <land ¢ € Bb(]Ri), the Lipschitz class Lipy, (1, x2) of ¢ is defined as follows:
Lip}, (0, %2) = {@ € Bp(IRZ) : [A@[(s1, 52); (31, 522)]| < Mlsy — 541|** [sp — 50| %2},

for all (s1,s2), (301, 300) € ]R%r and M is a positive constant.
In our next result, we determine the degree of approximation for the operators Gy, ¢, 0,,0,(®; 21, 522, d1, d2)
by means of the class Lipy, (1, x2) class of Bogel continuous functions.

Theorem 7.1. Let @ € Lipy, (1, x2) and a1, &z € (0, 1], then we have

il *2
|9€1,€2,p1,p2(@} %1/ %2/ dl/ dZ) - (p(%l/ %2)‘ g M(ue1,p1,d1,2(%l)) 2 (ufz,[pz,dz,Z(%z)) 2.

Proof. From the definition of the mixed difference A@[(s1,s2); (211, 22)], (6.1) and by our hypothesis, we
may write

L0, 00,01,0, [AQ[(51,82); (521, 20)]]; 221, 522, d1, d2)
MLy, 0, 01,0, (151 — 21| [s2 — 222|*?; 321, 500, 1, d2)

1G¢,,05,01,00 (©; 221, 522, d1, d2) — @ (521, 502)| <
<

=MLy, 15,010, (151 — 22111} 511, 300, dy, d2)
X Eel,EZ,pl,[pz (|32 - %2|062’. 1,222, dl/ d2)

Now, using the Holder’s inequality with p; = 0%1’ q1 = 2_7%,(1, and p; = 0%2, q2 = z_z—o(z, we are led to

1G¢,,00,01,0,(©; 221, 502, d1, d2) — @ (511, 20|
270(1

2 x
< MLy 0y,01,0, (81— 221)7; 521, 202, A1, d2)) 2 (Lgy,00,00,0, (€005 221, 222, d1, d2)) 2
X2 2—xy
X (Lﬂl,ez,pl,pz((SZ - %2)2; %l/ %2/ dl/ dz)) 2 Lel,fz,[pl,pz((eoo; %1/ %2/ dl/ dZ)) 2.

In view of Lemma 4.1, the desired result is immediate. O
Theorem 7.2. For ¢ € Dy, (R?%) with D € Cp(R%) NB(R3 ) and each (3, 5) € R?., we have

C
Vil

1 1
1Se,,0,01,00 (©; 201, 20, A1, d2) — @ (321, 200)| < [HDB(PHOO + w<DB<P; AR 2)]
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Proof. Since ¢ € Dy (IR%), we can write

_ : A@[(s1,52); (521, 22)]
Dg (s, 20) = lim
(s1,52) = (a,00) (81— 301) (82 — 5%2)

=
A@l(s1,52); (521, 20)] = (51— 211)(s2 — 22)Dp@(&1, &2), where s < & < s1; 200 < & < s).

Now, using the following relation
Dg@(&1,&2) = ADgol(&1, &2); (521, 20)] + D@ (&1, 20) + D@ (221, &) — D@ (511, 502),
in view of D¢ € Cp(R2) N B(R?2), we obtain

|L€1,€2,p1,p2 (A(P[(Slx 82); (%1/ %2)]; %11 %2/ dl/ d2)|
=L, 05,010, (51— 221) (52 — 202) DB @(&1, &2); 221, 502, d1, d2 )|
< Loy 0,010 (151 = 211lls2 = 50|ADB @[(&1, &2); (521, 222)]I; 501, 222, d1, d2)

+ Lo 0,000 <|81 — rlls2 —s0|(IDB@(&1, 202)| + D @521, £2)| + DB @ (221, 202)); 221, 500, d1, dz>

< Ly 0,010, (151 = 221lls2 — 50| W (D @; &1 — 21|, [E2 — 202|); 521, 522, A1, d2)
+ 3D @00 Loy,t0,01,0, (151 — 221lls2 — 500; 521, 222, A1, d2).

Hence taking into account

wg(Dp@; &1 — 21, 1& — 20l) < we(Dp@;ls1 — ], Is2 — 222|)
< <1 + 51 _%ﬂ) <1 + |826_%2|>wB(DB(P;51,62),
2

&1
for any 61,8, > 0 and applying the Cauchy-Schwarz inequality, we obtain

921,(’,2,531,@2 ((PI %l/ %2/ dl/ dZ) - (p(%1/ %2)|

< 3||DB(P||00\/L€1,€2,1Q1,@2 <(Sl - %1)2(82 - %2)2; %1/ %21 dll d2>

+wg(Dp@;d1,82) [\/Lfl,fz,pl,pz ((51 — )% (s2 — 20)?; 511, 202, 4y, dz)

1
+ 61\/'621,22,531,&)2 <(81 —31)4(s2 — 30)%; 501, 500, 4, dz)

1
+ g \/Lellfz,m,&?z

1
+ @L‘sz@l,m <(51 — 1) (s2— 22)%; 21, 70, di, dz> ] :

(s1—20)%(s2 — )4 51, 50, 43, d2>

N

Since for (31, 70), (s1,52) € R% and i=1,2 Ly, 00,0, (51— 21)* (52 — 50)%; 501, 500, A1, d2),
= Loyt 010, (51— 20)Y 501, 502, A1, d2) Loy ty, 010, (82— 302)5; 521, 52, Ay, d2),

using Remark 4.3 and choosing 61 = ﬁ and & = ﬁ, we reach the required result.
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8. Numerical results and discussions

We demonstrate and compare the rate of convergence of the GBS operators Gy, ¢,,0,,0,(®; 221, 222, d1, d2)
with the corresponding bivariate operators for the same function ¢ (s, s2) as considered in Example 5.1,
with the same values of parameters.

Example 8.1. Let @ (s, s0) = %%%2 — %1%5’, 64 =0 =30,dy =dy =2,and 91 = 9 = 1,2, and 3. The
convergence of GBS operators associated with the generalized bivariate Kantorovich-Szasz-Charlier type
operators Ly, ¢, 0,,0,(©; 51, 72, d1, dp) towards the function (s, 5), is illustrated in Figure 4. Also, the
absolute error in the approximation at certain points in the interval (54, ) € R? is computed in Table
3. Denote 98?11”({;1,2[;)5:2(([); 21, 20) = 190, 00,010, (@; 221, 22, d1, d2) — @ (521, 502)|, the error function of approxi-
mation by Gy, ¢,,0,,0,(©; 741, 22, d1, d2) operators. The error of approximation is illustrated in Figure 5. We
notice that the error in the approximation of the function by the operators becomes smaller as p; and ;

increase.
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Figure 4: The convergence of operators ¢, ¢, o0, (®; 71, 52, d1, d3) to the function @ (s, s).
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Figure 5: Error of approximation.
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Table 3: Error of approximation for operators Gy, ¢, 0,0, (©; 71, 72, d1, d2) to the function @ (s, s00).

(221, 222) 93562,’310,1(@; 1, %2) 93562,320,2((9)%1,%2) 933{)2,’330,3(@; 1, 72)
(0.1,0.1) 0.0008 0.0006 0.0005
(0.15,0.25) 0.0016 0.0013 0.0012
(0.20,0.35) 0.0013 0.0008 0.0002
(0.4,0.4) 0.0040 0.0030 0.0022
(0.5,0.55) 0.0071 0.0058 0.0052
(0.6,0.6) 0.0082 0.0065 0.0057
(0.85,0.9) 0.0168 0.0124 0.0102
(0.95,0.95) 0.0167 0.0116 0.0091

On comparing the Tables 2 and 3, we observe that the error of approximation 9821’2‘32;35; *(@; 511, 20) by

the GBS operators Gy, ¢, 0,,0,(@; 51, 202,d1,dp) to the function @(s7,50) is smaller than the error

821%‘325351’ *(@; 211, 202) by the corresponding bivariate operators Ly, ¢, 0,,0,(®; 71, 502, d1, d2) to the function

@ (511, 20). Hence, GBS operators yield us a better approximation to a certain function than the general-
ized bivariate Kantorovich-Sz4sz-Charlier type operators.
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