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Abstract

The structure of the Cesaro spaces were investigated by various authors as cited in the text. The scenario of this manuscript
is to bring out the spaces ¢ (Ag) and Cy [A;] of Cesaro type for s € IN = {0,1,2,...}. We will study some of their basic
topological properties and obtain some inclusion relations concerning these spaces.
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1. Introduction

By A we write the set of all real or complex sequences and by sequence space we mean a subspace
of A. By N, we represent the set {0,1,2,...}; by R we mean Q U Q¢, where Q is set of rational numbers
where as Q€ set of irrational numbers and C will represent the set of all complex numbers as can be seen
in [7, 9]. We denote bounded sequences by 1.,; convergent sequences by c and those sequences with limit
as zero by & as can be seen in [8, 10-13]. Also, lete =(1,1,...).

We call a space Y to be FK space if it is a complete metric space with continuous coordinated p, : Y — C
where pr(u) =u, for all u € Y and r € IN. A normed FK space is called a BK space as defined in [16, 23]
and etc.

We call a space V with a linear topology as a K-space provided each of the maps p; : V — C given by
p;j(v) = vj is continuous for each j € IN. A K-space V is said to be an FK-space provided it is complete
linear metric space. An FK-space whose topology is normable is called a BK-space. We say that an FK-
space V has AK (or has the AK property), if e(k) = (1,1,...) is a Schauder bases for V. Note that FK spaces
play an important role in the theory of sequence spaces and matrix transformations the reason being that
matrix maps between FK space are continuous.

The spaces T(4A), where

T(A)={v=M) e A:(Avi) €T},

were introduced by Kizmaz [15], where T € {l, c, €} and Av; =vi —vi_;.
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Next the author in [23] had studied it and considered it as follows. Consider the integer j > 0, then
AN (H) = {v = (vk) : (Ajv) € J—C}, for H =1y, c and €,

where Alv; = A~ ly; —AV~ly; ; foralli e N.
Also, in [24] the above space were generalized to the following spaces:

AY(H) = {v=(vj) € A: (A§vj) € K},
where .
_ _ m .
AZV] = A; 1\)]' —AZ 1V)'+1 = Z(—l)u < u ) 9j+u"j+u VJ S IN.
n=0

The sequence spaces Ag(H) are Banach spaces normed by

S
Via =D lgivil + [ A5V]|co-

i=1
This space was further studied by many authors as can be seen in [5, 11] and many others.
A sequence space v = (v;) of complex numbers is said to be Cesaro summable of order 1 or (¢, 1)
summable to 1 € C if

1 j
li]m”rj =1, where T; = ]TZW'
i=1

By €; we shall denote the linear space of all (¢,1) summable sequences of complex numbers over ¢, i.e.,
1
Qt = = N —_ .
1 v = (vg) : ]E_l vj| €c

It is easy to see that ¢; is a BK space normed by

i
VESME R
i =1

It was further studied by several authors as can be found in [3, 5, 18]. In [17], the author has introduced
the Cesaro sequence spaces X;, and X, of non-absolute type and has shown that Ces,, C X,, is strict for
1<p<oo

As in [23], we call a sequence space U to be

(i) normal (or solid) if v = (v;) € ¥ whenever |v;| < [u;], j > 1 for some u = (u;) € U;
(ii) monotone if it contains the canonical preimages of all its step spaces;
(iii) sequence algebra if uv € U whenever u,v € ;
(iv) convergence free when, if v = (v;) € U whenever u = (u;) € U and v; = 0 whenever u; = 0.

2. Main section

In this division of the paper, we define the space ¢; (Ag) and ¢ [Ag], where g = (g;) is a sequence
such that g; # 0Vj € N.
Following the authors cited in [1, 2, 6, 14, 19-22], we introduce the following spaces:

1 14
i=1

& (AZ) = {v = (vi) :limlz(Agvk—oc) = 0},
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where x € R and

Coo [A;} = {v = (vi): sup (1 Z A;vk> < oo} .
i1

1

We now begin with the following theorem without proof.

Theorem 2.1. The spaces €1 (A§) and € [AF] are BK-spaces with the norm

S T
1
Ma = Y lgl+sup (1| Y- 85 ).
i=1

j=1

Theorem 2.2.

(i) Lo (A5 ") C €0 [AS] and is sharp.

(ii) ¢ (AY) C € (A}) and is sharp.

Proof. We only prove part (i) and part (ii) will follow on similar lines. Let x € { (A’;*l), therefore we

can find a constant 3 with IAgfl\)jl < B for all j € IN. But, we can write

T

1 1
. D Ajvi| = Z|AgVI+ AGva e+ DGy
i=1
1 _ _ _ _ _ _
= ; (Agl 1\11 — ATgn 1\)2) + (Ag1 1\12 - Agl 1\)3) +---+ (Ag1 1Vr - Agl 1VT+1)
1| . _ 1, _ 2
= Ag v — Ay W] < - }Ag | + ‘A‘; Wi < TB —0 (r— o0).
Hence, v € &; (A;) . To prove inclusion is sharp, choose g = e, then it is clear that (t°) € & (Ag) but
(t%) ¢ Lo (Ag_l) . For if vi = t%, then clearly Ag_lvt = (—=1)%s!, but Afvy = (—1)s*isl(t+ 551, Vi €
IN. O]
We have following corollaries.
Corollary 2.3. ¢; (A) is a closed subspace of €o, (AS) .
Corollary 2.4. ¢; (A;) is a nowhere dense subset of € (Ag).
Corollary 2.5. €, (Ag) is not separable, in general and has no Schauder basis.
Proof. Hint: We know that if a normed space has a Schauder basis, then it is separable. O

Corollary 2.6. ¢; (Ag) is not normal (solid) and hence neither perfect nor convergence free.

Proof. To prove this result, we let g = e, s =1 and definev = (v;) = (j —1) and u = (u;) = ((—1)5(j — 1)),
it is then trivial that
ved (AZ) but u ¢ ¢ (A;) ,

although [u;| < |vjl, j > 1. Consequently, ¢ (Ag) is not normal.
Since €; ( Ag) is not normal, hence we conclude that it is neither perfect nor convergence free because
every perfect space and also every convergence free space should be normal [4]. O

Corollary 2.7. ¢; (A;) is neither monotone nor a sequence algebra.
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Proof. To prove this result, we let g = e, s = 1 and define v = (vj) = (j) € ¢; (Ag) and define u = (u;) by

uli) = 0, for jisodd,

{vj, for j being even,
that is, u = (0,2,0,4,...). Then, (Aguj) = (—2,2,—4,4,—6,6,...) and thus (Aguj) ¢ ¢ this means that
(W) €& (Ag) and ¢4 (Ag) is not monotone.

Now in order to prove it is not sequence algebra, we choose g =¢,s =1, v =u = (j) and it is observed
that u,v € € (A%) but uv € () ¢ €1 (A). O

Theorem 2.8. The space ¢; (A\Y) does not attain AX property.

Proof. For the sequence v = (vj) = (t%) = (t5) = (1%,25,...) € € (A§) with g = e, consider its jth section
as v0l = (15,25,...,j%,0,0,...). Then it is clear that

1

2 . . 1 Si
||V—\)J||Aoo = || (0/0-'-/]S+11]S+2"") ||Aoo = ; |:(_1)S+1S! <(] +1) +

1
)]—/»Oasj—>oo. O
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