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Abstract

This article contains a new discussion for Hilfer-Katugampola-type fractional derivative. We establish an existence and
uniqueness results of Hilfer-Katugampola-type fractional derivative for implicit differential equations with the help of Schaefer’s
fixed point theorem and Banach contraction principle. Also, we use the Gronwall’s lemma for singular kernels to prove the
Ulam-Hyers-Rassias stability results. Further, the examples are given to illustrate our main results.
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1. Introduction

Fractional differential equations come to light in many scientific disciplines, engineering as the math-
ematical modeling of systems processes in the fields of chemistry, physics, electrodynamics of complex
medium, aerodynamics, polymer rheology. In the last few years there has been considerable development
on the ordinary and partial fractional differintegrals equations, see [2, 3, 5, 11-13, 15, 25, 32, 33] and refer-
ences therein. There are many general definitions which interpolates to other differintegrals for particular
values of parameters reported in the literature, but the most familiar definitions are the famous definitions
of Riemann-Liouville, Caputo, Hadamard and Hilfer [15, 24, 28]. Recently, Katugampola has introduced a
generalized form of the Riemann-Liouville fractional differential derivatives and integrals [22, 23]. There-
after, OLiveira et al. [27], have established a more generalized form of Katugampola fractional derivative
which is Hilfer-Katugampola. This formulation is an interpolation for the popular definitions of the Hil-
fer, Hilfer-Hadamard, Caputo-Hadamard and Riemann Liouville fractional derivatives, etc, we refer the
reader to [27].

In 1940, Ulam gave a wide ranging talk before the mathematics club of the Wisconsin university in
which he discussed several important unsolved problems [35, 36] and he raised the question concerning
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the homomorphism stability. In the next years, Hyers positively answered the question of Ulam’s partially
[16]. Moreover, a generalized was obtained by Rassias for the Hyers results [29, 30]. And since 1940, the
mathematics authors have been interested to studied the Ulam-type stability problems [4, 26, 31]. In last
few decades, Jung extended the previously mentioned stability results, see [19-21]. The Ulam stability
analysis is very useful in lot of applications, such as optimization, numerical analysis, etc, for more
detailed study of Ulam-type stability with different approaches see [17, 38, 39]. Some recent work on
stability of differential equations (or their solutions) with variety of initial or boundary conditions are
reported in [1, 6-10, 18, 37].

Vivek et al. [37] in 2018, have obtained some existence and stability results for Hilfer fractional implicit
differential equations with nonlocal conditions of the form

DSPx(t) = @(t,x(t), DgPx(1), t€(0,T, 0<a<1,0<B <1,
I "x(0) = 1y mix(&y), a<y=a+B(l—a) <1, &€(0,T),

where Dg‘;f’ is the Hilfer fractional derivative of order « and type f3.
Bhairat [9], studied the existence and stability of fractional differential equations involving generalized
Katugampola derivative
oDIPx(t) = (t,x(1), t€Q, 0<a<l0<P<], a1
o1 Yx(0) = xq, y=a+B(l-a), x€R, '

where p > 0 and ngi’B is the Hilfer-Katugampola-type fractional derivative of order o and type (3.
Ibrahim et al. [18], have discuss the existence, uniqueness and stability results for a general class of
Langevin equations with two Hilfer-Katugampola fractional derivatives as follows of the form

{ pD"‘l'ﬁ( pDXB 4 ¢ )x(t) = o@(t,x(t)), te(aq,b],
oI Yx(a) = xq, Y = (o +o2)(1—B)+B,

where p > 0 and pD"‘l'ﬁ, pD"‘Z'B are Hilfer-Katugampola fractional differential operator of orders ay, oy,
respectively and type f3.

The aim of this article is to study the implicit differential equation with nonlocal condition involving
Hilfer-Katugampola-type fractional derivative of the following form

oDXPx(t) = o(t,x(t), pDIPx(1), tel:=[0,T, 0<a<1,0<p <1, 12)
plor " X(0) = X1y &ex(my), a<y=a+p(l-a)<l,
where p > 0 and ngi’B is the Hilfer-Katugampola-type fractional derivative of order o and type (3, pI(l)I Y
is the Katugampola fractional integral of order 1—v, n; € (0,T), & € R, foralli=1,2,...,n, 1 <12 <
.-+ < My, and here we let R be a Banach space, ¢ : I x R x R — R is a continuous function.

The rest of this paper is structured as follows: Section 2 contains some fundamental concepts on
Hilfer-Katugampola-type fractional derivative. In Section 3, we present our main result of existence
and uniqueness by using Schaefer’s fixed point theorem and Banach contraction principle. Further, we
discuss stability analysis of Hilfer-Katugampola-type fractional derivative. The last section contains some
examples to illustrate our main results.

2. Preliminaries

In this section, we introduce some basic notations, definitions and lemmas regarding the theory of
fractional differential equations, which will be used later in this paper, to obtain our main results.
In the light of the [27, Definition 3] we have the following definition.
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Definition 2.1. Let C [I,R] is a Banach space of continuous functions ¢ from I into R with the norm
llollc = max {I(p : t € I} and the Lebesgue space L(I) of integrable functions ¢ : I — R with the

norm ||| = fo |<p )ldT. For p > 0 and 0 < v < 1, the weighted space C (I, R] of continuous functions
¢ on (0, T] is defined by

Cy,o[LR] = {¢:(0,T] = R:[(t°/p)]¢(t) € CILR]}

with the norm

lelc,, =||(t°/e)Y o) = max [(t°/p)]Y o(t)],
where Cy,[I, R] = CII, R]. Obviously,
Vs, LRI ={¢ € Cy 'L RI: 83 ¢ € Cy,o[I, R}
is the Banach space with the norm
n

lellca, ZH5 ollc+lssellc,, lellcn, =) max|sge(t)],
Y.5p :OtG]I

n € N.

For n =0, we have
€35, = Cy,pILRI.

Also, for 0 < o« < 1,0 < p < 1, we define the following spaces

CiP LR = {@ € C1_y,,ILR], zD§P e € C1y, LRI},

1—v,p
and
Y, LRI = {¢ € Ci_y o[, R], ,DY, ¢ € Ci_y,,[LRI}.
Clearly,
Y, LRI c C{P IR,

Definition 2.2 ([27]). Let Q = (0,T] and ¢ : (0,00) — R, the Katugampola fractional integral ,I§ ¢ of
order vy € C(R(«) > 0) is defined for p > 0 as

i~ Jt ™ 1o(1)
(

(plg+@)(t) = M) Jo (P —P)l—«

dTt, (t>0),

and the corresponding Katugampola fractional derivative ;D ¢ is defined as

p0(7n+1 d.n t Tpfl(p(’t)
4, J
(

d n—o _
) (pIO+ (p)(t)zi)(tl pdt 0 tp_Tp)(x—n—H

(ng+@)( ) = (tl pdt Mn—o

dr, (t>0),

Definition 2.3 ([27]). Let 0 < « <1, 0 < B <1, ¢ € Ci—, [0, T]. The Hilfer-Katugampola fractional
derivative ,D*P of order « and type B of ¢ is defined as

_ o d &) (1—
( pD“'B(p)(t) — (pIB(l o) (tl pa) p1(1 o) (1 B)(p> (t)

= ( pIPI=)(5,) pl““)“%) (t); v=oa+p(1-«),

where ,11) is the Katugampola fractional integral given in Definition 2.2.
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Lemma 2.4 (Schaefer fixed point Theorem, [14]). Let E be a Banach space and K : E — E is a continuous and
compact mapping. If,
X = {x € E:x = wK(x) for some w € [0,1]}

is a bounded set, then X has a fixed point.

Lemma 2.5 ([27]). Let 0 < o« < 1,0 < B < 1, v = oo+ B(1 — ), and assume that @(t,x(t)) € Ci—y,,[0,T]
where ¢ : (0,T] x R — R be afunctzon forany x € C1_y,,[0, Tl. If x € CY [0, T], then x satisfies (1.1), if and
only if x satisfies the second kind Volterra fractional integral equation

X0 pl=* [t 1P~ lp(1,x(1))
W)( ) Jo (tP —P)l-o

Lemma 2.6 ([27]). Let t >0, I and , D, as defined in Definition 2.2. Then for o > 0, $ > 0, we have

1—v,p

x(t) = t°/p)Y ! dr, (t>0).

— I o B—
<pI(()X+(Tp/P)B 1)(,():”0((?_)6)(4(9/‘)) +B 1’

and for 0 < & < 1
( oD (Tp/p)(x_1> (t) =0.

Lemma 2.7 ([22]). Let 0 < a<b < oo, 1 <p < oo, o, B > 0and let (c < p) p,c € R. Then, for ¢ € XE(a,b)
the following semigroup property holds

(plg+ plg+(9 )( ) = (plg++ﬁ )(t),

and (see [14])
(oDF: 16 @) (1) = @(t).

In the light of the lemmas (Lemma 7, Lemma 9 , and Lemma 12, see [27]), we have the following
lemmas.

Lemma 2.8. Assumethat 0 < x <1, 0<y <1, p>0.If o € Cy oI, R] and pIé;B(p € C, o[ R], then

( pltl):‘x‘P )(0)
(o)

Lemma 2.9. Assume that x >0, 0<y <1, p>0and ¢ € C, ,[I, R]. Ify < «, then

(oI§ie)(0) = thm (oIfie ) (t)=0.

(oI5 oD@ ) (1) = @(t) — (t°/p) “1 foralltel

—0+
Lemma 2.10. Assume that 0 < « <1, 0< B <1, p>0andy =a+pB(1—«). Ifp € C}_ v,oILR], then
1—
oly. oDJ- 0 = I pD5 P, DY oI e = DI

Now, in the following lemma we establish an important equivalent mixed-type Volterra fractional integral equa-
tion for our problem (1.2), which we will utilize later in our main results.

Lemma 2.11. Let 0 < o« < 1,0 < B < 1,y = oo+ B(1 — «), and assume that ¢ (t,x(t), Dg‘;ﬁx(t)) c

Ci—v,oI,R] where ¢ : I x R x R — R be a function for any x € C1_y oL R]. If x € C]_ v,o LR, then x
satisfies (1.2), if and only if x satisfies the mixed-type Volterra fractional integral equation
Yo~ 1 " Ax(T) pl [ TP IA(T)
t) = (t° N : 2.1
M= Ty (70) Z‘EJ e 2
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where

1 . = -1
Y= —, if T(y)#)Y &M/p)” (2.2)
Fy)— X &(mf/e)” ' ; ( )

and
Ax(t) :=p DEPx(t) = @(t, x(1), Ax(1)).

Proof. Firstly, we will prove the necessary condition. According to Lemma 2.5, we can express the solution
of the problem (1.2) as follows

x(t) =

1—vy —x -
ol XMO) vt 0 J (Tp Al g (2.3)

P
) 7P g ), eyt
Now, by using the substitution t =n; in (2.3), we have

o152 x(0) me TP IAL(T)

o 1 pl—oc
) P L (¢ —wo)-=

x(ny) = dr, (2.4)

by multiply &; on both sides of the equation (2.4), we get

Il Yx(0 - 1—«x Ny ~p—1
plo+ " x(0) P &J A

(mP/o)Y T4 I
i) SO R B ey

Next, by using the initial value given in problem (1.2), we have

0+ Yx(0 ZE\. x(ny) = IO+ X{0 Z&n /p

which implies that

e lI—a It i p—1
S1EYX(0) <F(v) -y & (ng’/p)H) el g JO (Tp_/\(ﬂ .

&ix(ni) =

= J P IAL (1)
2 —_de
— (n{ —Tp)l-=

i=1 Mo i=1 Ny — TP
Thus,
re"*y 5 J‘“ A7)
I1 Y —VY i ——————dT. 2.5
olg+ 'x(0) = o) ;_1 & . (ng_Tp)l—adT (2.5)

Therefore, by substitution of (2.5) in (2.3), we obtain that (2.1).
Secondly, we will prove the sufficient condition. By applying , Ié:y on both sides of the equation (2.1),
we obtain

_ _ qYpltx & N P=lA (1) _
pI(1)+YX(t) =p I(l)+y(tp/p)Y M) Z &i . Wd’f-f— I(l)+y oI Ax(t),
i=1

Now, by using Lemmas 2.6 and 2.7, we have

- A
olos VX (1) = WZE,IJ de T+ olo PO AL(L).

Since 1 — (1 — «) > 1 —, then by Lemma 2.9 and taking the limit as t — 0" yields

p—1
SILYx(0) = WZ J 1:_1\;)(2‘)((11. (2.6)
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Using the substitution t =n; in (2.1), we have

Y pl-w & N 1A (1) pl=x Mi 1p=1A (1)
I A I R e e A et

Furthermore, we derive

n Y 1— _ n Uk p—l/\x
Y Eix(ni) = r‘fa) (Z £:(n?/p)” 1) Y aiJ Tpr)(f_)adT
i=1 i

0 (m—

M) &= 7o ) —7P)i=x
- N " AL (1) (2.7)
— - i (T
— 1_'_\1] ai i) Y 1:|p EvlJ T—Xdrt
|: ; (ﬂ /p) F(O() ; 0 (T]?—Tp)lf(x
r) ey 5 J AN )
— vy & dr, by (2.2)).
Ma) ; 0 (f — )= by @2)
From equations (2.6) and (2.7), we obtain
0+ X Z Eix(ny).
Next, applying oD/}, on both sides of the equation (2.1) and by using Lemmas 2.6 and 2.10, we get
pDYx(t) = pDET AL = ,DET ol x(1), sDIPX(L)), 28)

Since x € C{ , J[I,R] and by definition of C} |

Ci—y, oI, R] which implies that DB (- “)(p = 0, ol éiﬁ(lfoc)(p € C1 v,olLR]. For ¢ € Ci_ [, R] it

(I, R] given in Definition 2.1, we have pD8/+x(t) €

is clear that ,I 1 - O‘)(p € Ci—,plLR]. So, we have pléiml o C1 yp[ R]. Therefore, ¢ and
pI(l]+ Pl—e) g sat1sfy conditions of Lemma 2.8. Applying plgflf‘x on both sides of equation (2.8) and by

using Lemma 2.8, we can get

whoi a iy Lol t A (0)
pD0+ x(t) = Ax(t) Mp(1— o))

(tp/p)ﬁ(lftx)*l.

From Lemma 2.9, easily we can obtain that I1 - o‘)/\x )(0) = 0. Thus, it reduces to ng‘;Bx(t) =
Axlt) = @(t,x(t), DFPx(1)). O

3. Main results

In this section, we present the existence and uniqueness results of solutions for Hilfer-Katugampola-
type fractional implicit differential equations given in the problem (1.2), then we discuss Ulam stability
results for the Problem (1.2). For our main results, we need the following suppositions.

(3(1) Suppose that there exist ¢, b, x € C1_y o[, R] with ¢* = sup,; d(t), V* = sup, ;P(t) and x* =
sup, .y X(t) < 1 such that

@t p, )| < (D) +(t) Ipl+x(1) [gl forallteT; p,qeR.
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(H2) Suppose that ¢ € Cf i/ p(x [, R] where ¢ : I x R x R — R be a function for any x € C/

there exist u > 0 and v > 0 where 1, v are positive constants such that

1—y,p L Rl and

lo(t,p, @) —@t,pd)|<ulp—pl+vig—al foranyp,q,pdeR; tel

(H3) Suppose that the constant © satisfies the following estimate

@::(

[MZ& °/0) Y (TP/0)%| < 1.

(H4) Suppose that there exist an increasing function h € Cy_,, ,[I,R] and (, > 0 such that

olgih(t) < Chh(t), foranytel.

Theorem 3.1 (Existence). Assume that (3y) holds. Then, the problem (1.2) has at least one solution in C{_ v, p[II R]
o3
c ¢, LRI
Proof. We will present the proof into several steps.
We consider the well defined operator X : C1_ oI, R] = C;_ ,[I, R], which is given as follows
"I Pl [ A
t tp 'Y 1 J T x J x . 1
(306) (1) = =g (17/0) Z R A IR TP S e
Step 1. X is continuous.
Assume that x,,, is a sequence such that x,, = x in C;_, ,[I, R]. Then, for each t € I, we have
1—
(xm) 1) - (5010 ) (12/) "
¥ ! 5 Jm ™!
< | A —A
=y 1-a t -1
(t°/p) " T
+ o) J (-tp_Tp)l—a‘/\xm(T)_AX(T)‘dT
1
|\y| p — Ni P~ 1 (Tp/p)y
Zl J e A=A,
+ (t"/p) ettt (/o) 1A () = AXC]]
') 0 (tP — Tp)l &« xm x Civy,po
B(v,®) i v 1
’ xX+vy—
< o) |W|Zlax(nf/p) HAXm(')_AX(')HCl,y,p
i=
B(’Y/ (X) &
+ r((x) (Tp/p) H/\Xm( ) AX(.)Hclfy,p
< C A () =AOle, (32)

where C = Bl T &l /e) oty (T°/p) “]. Since A, is continuous (i.e. ¢ is continuous),

then (3.2) implies that
H.’me —JCXHCPW —0 as n — oo.
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Step 2. K maps bounded sets into bounded sets in C1_ ,[II, R].
Actually, it is enough to show that for A > 0 there exists 6 > 0 (positive constant) such that x € B) =
{x € Ci_y oL R : [x||c,_,, <A}, we have HﬂCchl_w < 0.

1y Y| plfoc n . i -1
() ) 7] < B ;aljo I .
(t°/p)" Y pl o (t oot |
|, eyl
Here, we set
T L o
=& ;&L (ng_Tp)lia‘/\x(T)‘dT, (3.4)
B (tp/p)l_y plfoc t r—1
g | s (35)
Now, by supposition (3{;), we have
Ax(8)] = [0t x(1), Ax ()] < G() + (1) (V)] +X(1) [Ax(1)
< 0 k() s < S R
Thus, equations (3.4) and (3.5) become as follows:
I‘l’l - nt/p $*(nf/p) !
_ > [ (1+a) LBy, ¥ r(i) HXHCMJ, (3.6)
1 [er(ro/p) ! v*(1°/p)"
e { e —|—B(y,oc)r((x)HxHC1w]. 37)

By putting equations (3.6) and (3.7) into (3.3), we obtain

‘ <(ﬂ<x)(t)> (t°/p) Y| <

¢* -
O [| |Za (n?/p)" + (T°/p) Y“]

+(;b i% {I‘PIZEI 0/p) Y+ (T"/p)“}Hchly,p = 0.

Step: 3. X maps bounded sets into equicontinuous set of C1_ ,[I, R].
Assume that t; < t; for tp,t; € I, By is the bounded set of C;_ ,[I,R] as in the Step 2, and x € B,.
Then, we have

‘(t{’/p)1Y pl ¢ rl AT (t9/p)' Y ol Jtz A (1)

D I"(o) 0 (1) —TP)l-x Mo o (t§ —tP)l—o

I T (/) Y (88/0) Y ] .

< F(oc) JO |:(t§)_,tp)lo( - (tg—Tp)l(X:|Tp /\X(T)d’f

(t8/p)" Y ol @ J A (1)
I"(o) t (1) —1P)l-e

dt

(3.8)

—l—’ d”r‘.
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The right-hand side of the inequality (3.8) tends to zero, as t; — t».
Consequently, from Steps 1-3, together with Arzela-Ascoli theorem, we can deduce that

K : Cry,plI, R] = C1_y, oI, R]

is a completely continuous.
Final Step. We will show that the set

G={xeCi,olR:x=¢(Kx), 0<e<1}

is a bounded set.
Assume that x € G, x = s(fo) for some 0 < ¢ < 1. Then, for each t € I, we have

_q M i _ -y 1« _
x(t) = €<|‘l’| p! Z ‘. JT\ wdT N (t°/p) P Jt (TP lAX(T)OCd”c). (3.9)

Moy &=y P —we)ee M) Jo (0 —w0)

Hence, by supposition (3 ), the equation (3.9) implies that

<x(t)> (t°/p) Y| < ' ((ch) (t)) (t°/p) 7Y

¢* x—vy+1
<A SiT= [MZ& +(T°/p) }
+ (Ip]ih;’ [|ly| Z £.(n?/p) aty—1 +(T°/p) 06} HXHCI,W = 01.

Therefore, the set G is a bounded. Consequently, by Lemma 2.4 (Schaefer’s fixed point theorem), we
conclude that X has a fixed point which is a solution of problem (1.2). O

Theorem 3.2 (Uniqueness). Assume that (Hy) and (Hz) are satisfied. Then, the problem (1.2) has a unique
solution.

Proof. Assume that the operator X : C;— ([, Rl — Ci_, ,[I,IR], defined in equation (3.1). Clearly, by
Lemma 2.11, the fixed points of the operator X are solutions of the problem (1.2). Now, it remains to
show that the solution is unique. Suppose that x1,x2 € C1_, ([, R] and t € I, then we have

l—ax T i —1
’((:le)(t)_(9<X2)(t)>(tp/p)1V <M Z&F AL (D) — A0 dr

h r((X) - 0 (T]f —Tp)lfoc
(t°/ )f—Vl l-a pt o1 (3.10)
tP/p pl—« -
" M) Jo (te _Tp)l—cx} (1) = Ay (T)|dT.

By supposition (H>), we have

| A () = Ay (D)] = [, %1 (1), A, (1)) — @[, x2(t), Ay, (1)

< xalt) —x ()| +v [Axg (1) = A, (1)] < (3.11)

) —xlt)].

By substituting (3.11) in the inequality (3.10), we obtain

‘ ((fol) (1) — (%x2) (t)) (t2/0)" Y

B(y Y| a —
< m< ) Ll e

n
i=1

i
( 2V /0) b —alle, ., <©lka—nall, .
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Thus,

XK is contraction. By well known Banach contraction principle, we can deduce that X has a unique fixed
point which is a solution of the problem (1.2). O

(le) (t) — (inz) (1) H Ciive < @Hxl —X1 H Ciivp’ It follows from supposition (H(3), that the operator

Next, we will prove some different types of Ulam stability results for the fractional implicit differential
equations (1.2). Now, we shall give definitions and criteria of Ulam-Hyers stable (U.H.S.) and Ulam-Hyers-
Rassias stable (U.H.R.S.) for the Hilfer-Katugampola fractional implicit differential equations (1.2).

For 8 > 0and h: I — [0, c0) is a continuous function, we theorize the following inequalities

oDePy(t) — et y(t), pDS‘iBy(t))‘ <5, tel (3.12)
oDePy(t) — ot y(t), ng‘ﬁy(t))\ <Sh(t), tel (3.13)
DFFY(0) = 0(t,y(t), pDFFy(t)| < hitl, tel (314

Definition 3.3. The problem (1.2) is U.H.S. if there exists the real number A, > 0 such that for all 5 > 0
and for all solution y € Cly_y, p[II, R] of the inequality (3.12) there exists the solution x € C}’_% p[]I, R] of
the problem (1.2) satisfying

[y(t) —x(t)] < A8, tel

Definition 3.4. The problem (1.2) is generalized U.H.S. if there exists z, € C([0,00),[0,00)), z,(0) = 0
such that for all solution y € C;Y_% 0 [I, R] of the inequality (3.12) there exists the solution x € C}Y_y, 0 I, R]
of the problem (1.2) satisfying

ly(t) —x(t)| < z¢d, tel.

Definition 3.5. The problem (1.2) is U.H.R.S. with respect to h € Ci_ ([I,R] if there exists the real
number A, > 0 such that for all § > 0 and for all solution y € C/__ [I,R] of the inequality (3.13) there

1=v.p
exists the solution x € CL% oI, R] of the problem (1.2) satisfying

ly(t) —x(t)| < Apd h(t), tel

Definition 3.6. The problem (1.2) is generalized U.H.R.S. with respect to h € Ci_, ([, R] if there exists
the real number Ay, 1, > 0 such that for all solution y € C}’_% 0 [I, R] of the inequality (3.14) there exists the

solution x € CY [I, R] of the problem (1.2) satisfying

1—v,p
ly(t) —x(t)| < Apn h(t), tel.

Remark 3.7. From the above definitions it is clear that

1. Definition 3.3=Definition 3.4;
2. Definition 3.5=-Definition 3.6;
3. Definition 3.5 for h(:) = 1 = Definition 3.3.

Remark 3.8. The functiony € C{__ [I,RR] is the solution of the inequality (3.12), if and only if there exists

1—v,p
the function z € CLY oI, R] such that

(a) ‘z(t)‘ <, tel
(b) pDgPy(t) = @(ty(t), D5 Py(t) +2(t), tel.

We have similar remarks for the inequalities (3.13) and (3.14).
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Lemma 3.9. Assume that p >0, 0 < « < 1, and p € [0, 1]. If the function y € C{
inequality (3.12), then y is the solution of the following integral inequality

plfcx Jt Tp_l/\y(’t)
(

M) Jo (P —TP)i—

1—v,p L, R] is the solution of the

y(t) ~Zy - “dr] < [I‘Pl(né) (T°/0) 11 (1°/p) (3.15)

where,

M) M —e)l-« i=12,.m
Proof. In view of Remark 3.8, we have

oDEPY () = @(t,y(t), pDPY(L) +2(t) = Ay(t) +2(1).

—x n i -1
Ey _ Yo (tp/p)Yfl Z £ JO Tp—/\y(T)dT, &= max {&}
i=1

Hence,

n

I i -1 i —1
yt =10 ey 3 e[ S e [ e
i=1

() (nf —P)l-o 0 (Y —tP)l-«
1—x t p—1 t p—1
p TP Ay (T) J T z(7)
T Uo (o —e) -« T o —eoy e 4T
It follows from (3.15) and (3.16) that

plfoc t Tpil/\y(T)
F(OC)J (tp —P)l=x

(3.16)

drt

‘y(t)—Ey—
:) (_ p/ y— 1Z£1Jl -1 ()Flt)_o(d’r—i— 1_0‘J't Tp_ll(T) drt

|\y| — —1 l—x t p—1
(p ] tp/ Y- 1Z£1J0 W‘Z(T)‘dT—i_ ?(O{) Jo (tpij)l—a‘Z(T)‘dT

W[ '~ y-1 J TS pl Jt ™15
< tP - d d
~(t°/6) ;& T o T —dt

I(«) o M) —tP)l-=

< [I‘Pl(ni) (10 /0) 1 4 (Tp/p)“]

M1+’
O

Lemma 3.10. Assume that p >0, 0 < « < 1, and B € [0,1]. If the function y € C
the inequality (3.13), then y is the solution of the following integral inequality

1—v,p Ul R] is the solution of

1—x pt p—l/\ _
02— || | < M) /) 1 st (317)
where,
_ _\Ppl_“ 0 v-1 n . Mi Tpfl/\y(ﬂc) B -
% = F (t°/p) izlél JO )i _Tp)l_adn &= i:rfffn{&}’

and Cy, is a positive constant.

Proof. Proof of this Lemma is directly follows from Remark 3.8 and Lemma 3.9 with the help of supposi-
tion (Hy). O

Notice that, we can find a similar remark for the inequalities (3.14).
Now, We will state a generalization of Gronwall’s lemma for singular kernels which we are using to
discuss our stability results for the problem (1.2).
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Lemma 3.11 ([34]). Assume that f: [0, T] — [0, 00) is a real function and g(-) is a non-negative locally integrable
function on [0, T]. And let there exists p >0, w >0, and 0 < « < 1, such that
t

f(t) < g(t)+ wJO Tp_l(ﬂjfoﬂcﬂ))“f('t)dr.

Then, there exists a constant C* = C*(«) such that for t € [0, T], we have
t 1 poc

* p—
f(t) < g(t)+C wJO T 7“‘) oy

Theorem 3.12. Assume that the hypotheses (o) and (H3) are satisfied. Then, the problem (1.2) is U.H.S..

g(T)dT.

Proof. Let & > 0 and let for any t € I the functiony € C/
the light of Theorem 3.2, x € CY
satisfying

1y, p[I[ R] satisfies the inequality (3.12). In

1—v,p I, R} is a unique solution of implicit fractional differential equation

{ oDXPX(t) = @(t, x(1), xDPx(1)), tel:=[0,T, 0<a<1l,0<P<], (3.18)
P

Ip- "x(0) = oI " y(0) = X1 &ix(mi), v =&+ B(1— ),
By using Lemma 2.11, we get

x(t) =2y drt,

Pl [t 1A
T Jy o

where

_ Wple

T

—_
—

i —1
(t9/0)"" 1251 j i 10
0

(nf —tP)t-x

Now, if x(ni) = y(ni) and pI(l)Iyx(O) = pI(l)I y(0), then =, = Z,,. Clearly,

n

- - W] pl == —1 i TPl
’:x—Ly| < To()(tp/p)y ZiiL WV\X(T)_AU(T”dT
i=1

pfl

|‘i’|p X v—1
e (t°/p) Z&L P — o) 0‘(1 V)‘x y(1)|dr

< ( a )|\J[]L%(’tp/9)yf1 D & pIg [x(my) —yMmi)| =0.

1—v 4
i=1

Thus, we have

dr.

=z, 2 [ A

o) Jo (P —7P)lme

By applying Lemma 3.9 and integration of inequality (3.12) for any t € I, we have

—x rt Tpfl/\ (T) p1 x rt Tpfl
- Y
i ’y (x) Jo (tp—Tp)l“dT’ * o) J (tP —7P)1— <Ay (1) = Ax(T)|dr

ot gPmIA (1)
’y w L (tp_Tp)l‘XdT’ (319)

1—x

) t P 1
+<1—V) F(oc)J' (tP —1P)1- ‘X’y —x(7)]dr.

By the inequality (3.15), we can write the inequality (3.19) as follows

)
N1+ o)

() — x(t)] < [wna) (T° /o) HY "L 1 (19 /p) ]

1—x

Bo\p P
+ (17\/) o) J'O (tp_rcp)lf(x’y(ﬂ[)_x(ﬂ[)’d’t'
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Now, applying Lemma 3.11, we get

_ Ciu d
t) —x(t)] < [[¥ T0/0) Y (TP/p)* (14— 5 (TP /p) = Ad
[y(0) —x(0)] < |¥Ie)(T/0) 7"+ (1°/0) | (14 =airar (/0 ) g = Mo
where C; = C1(x) = & be a constant. Furthermore, if we put z(8) = A, ; z(0) = 0, then the problem (1.2)
is generalized U.H.S.. O

Theorem 3.13. Suppose that the hypotheses (H3), (Hs3), and (IHy) are satisfied. Then, the problem (1.2) is
U.H.R.S..

Proof. Let & > 0 and let for any t € I the function y € CL% oI, R] satisfies the inequality (3.13). In

the light of Theorem 3.2, x € C}’_% oI, R] is a unique solution of implicit fractional differential equation

satisfying the problem (3.18).
By using same arguments in the above theorem, we obtain

pl J A7)

x(t) =2y + M) Jo (o =)=

dt,

where

Now, applying Lemma 3.10 and integration of inequality (3.13) for any t € I, we have

drt

plfoc t Tpil/\y(’f)
o) Jo A

ly(t) —x(t)] < ’y(t) —Zy -

(3.20)
11— t p—1
Lo\p T
+(15) Mo JO (tp_Tp)l_“‘y(T) x(1)|dr.
By the inequality (3.17), we can write the inequality (3.20) as follows
t) —x(t)] < |[v] t°/0)Y T £ 1|80 h(t oyt T d
e = x(0)] < [me)(12/6)" "+ 1| stunie) + () 82 |ty — o]
Finally, applying Lemma 3.11, we get
P v—1 CZ 4 Ch L
ly(t) —x(O)] < [WI(me)(t°/p) " +1] |1+ A= | |3 (D) = A8 h(t),
where C; = Co () = ﬁ be a constant. O
4. Examples
Example 4.1. Consider the following Hilfer-Katugampola fractional implicit differential equation
11 11
1D7Ex() = o(t,x(t),1 DyPx(1), tel:=(12], 1)
LTYX(1) = 3x(3), Y=o+ B(l— o).

Dlé;%x(t)) = (17e* 11+ [x(t)| + }%Dfﬁx(t)\])*l, tel
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Clearly,
(p(t,p,q):(1762t*1[1+\p‘+|q\])_1, tel, p,qeR"

is a continuous function and for p,q,p,§ € R™, t €I, we have

- 1 N -
o(t,p,a) = o(t,p,a)| < 1 [Ip—Pl+lq—al].

Thus, the suppositions (H,) and (H3) hold with p = v = ﬁ and we can see that “lf‘ ~ 1.242338 and

O ~ 0.067165 < 1. From Theorem 3.2, it follows that the problem (4.1) has unique solution for t € I. Here,
if we let h(t) = t, then we have

(1/2)2/3 Jt Til/z(’t) 4o < (1/2)2/3 tJt Tfl/z 6

B =gy ), wE—ampa TS T ras Y

<
| (62 —11/2)2/3 dr < r(1/3)

so supposition (H4) holds with (n =~ 2.239692. Hence, from Theorem 3.13, it follows that the problem
(4.1) is UHRS..

Example 4.2. Consider the following Hilfer-Katugampola fractional implicit differential equation

11 11
1D7Px(t) = @(t, x(t),) DPx(t)), tel:=(1,2], (42)
(LYx(1) = 3x(3) 4 3x(3), y=a+B(l-a)

In addition of previous example, we have & = 2,11 = §,& =3,m, = 3, and let

WI=

tel

1
o ( x|, bD#“”’)
1072\ T+ 0] 14 |, D))/

Clearly, for any p, q € R™, we have

1 p q
(p(t/p/ q) - 107e3t+2 (1 +‘p + 1+C|>

is a continuous function satisfies the hypotheses of Theorem 3.1 and for p, q,p,§ € R* and t € I, we have

1

Thus, the suppositions (H;) and (H3) hold with p =v = ﬁ and we can see that }‘{’| ~ (0.5906272 and
O ~ 0.0003054 < 1. Hence, from Theorem 3.2, it follows that the problem (4.2) has unique solution for
t € I. Furthermore, it implies from Theorem 3.12, that the problem (4.2) is U.H.S..
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