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Abstract

In this paper, we obtain sufficient conditions for the existence of fixed points for a sequence of L-fuzzy mappings in a
non-Archimedean ordered modified intuitionistic fuzzy metric space. We use contractive conditions of implicit relation. Further,
as an application, we also generalize our usual contractive conditions into integral contractive conditions.
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1. Introduction

The metric fixed point theory has played a fundamental role in nonlinear analysis. It has traditionally
involved an intertwining of geometrical and topological properties. After the celebrated Banach contrac-
tion principe, it has been extensively studied and refined by many leading researchers, either by changing
the contractive condition or the underlying space (for more details see [10, 16]). Zadeh [23] in his seminal
paper introduced the concept of fuzzy sets and Goguen [11] further generalized fuzzy sets to £-fuzzy
sets. Park [17] defined the concept of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric
spaces. In 2008, Saadati et al. [20] introduced the notion of modified intuitionistic fuzzy metric spaces.
Recently Rashid et al. [19] proved an L-fuzzy fixed point theorem in complete metric spaces. Afterward
several results for fixed point of fuzzy and £-fuzzy mappings in classic, ordered, fuzzy and intuitionistic
fuzzy metric spaces are proved (see [1-6, 14, 15, 19, 22]).
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In this paper, we prove fixed point theorems for two sequences of self and £-fuzzy mappings in a non-
Archimedean ordered modified intuitionistic fuzzy metric space, we use contractive conditions of implicit
relation. Further, as application, we generalize our usual contractive conditions into integral contractive
conditions.

2. Preliminaries

Definition 2.1 ([5]). Let A and B be two nonempty subsets of an ordered set (X, <), the relation <
between A and B is defined as A =<; B: if for every a € A there exists b € B such that a <'b.

Lemma 2.2 ([9]). A complete lattice (L*, <y-) is defined by
L* ={(a1, @) : (a1, a2) € [0, 1%, a1 + a» < 1},
such that ((11, (12) L (bl,bz) < ap < by and ap = bz,fOT’ Elll (11, (12) (b],bQ) eL*

Definition 2.3 ([8]). A t-norm on L* is a mapping 7T : (L*)?> — L* such that for all a,a’,b,b"*, a <;- a
and b <;- b”:

(1) 7(a,11+) = a, (boundary condition);

(2) T(a,b) =T(b,a), (commutativity);

(3) T(a,T(b,c)) =T(J(a,b),c), (associativity);
(4) T(a,b) <r+ T(d’,b’), (monotonicity).

Definition 2.4 ([8, 9]). A continuous t-norm T on L* is called continuous t-represent-able iff there is a
continuous t-norm * and a continuous t-conorm ¢ on [0, 1] such that, for all a = (aj, a;) and b = (by,2 ) in
L*, T(a,b) = (a1 ¥ by, a2 0 ba).

Definition 2.5 ([8, 9]). A negator on L* is any decreasing mapping N : L* — L* satisfying N(Op+) = 1+
and N(1p«) =0p-. If N(N(x)) =x, for all x € L*, then N is called an involutive negator.

Definition 2.6 ([13]). A t-norm is said to be HadZi¢ type if the sequence {*3._s} is equi-continuous at
s=1,1i.e., forall € € (0,1), there exists 1 € (0,1) such thatif s € (1—n,1], then *™s > 1—¢ for all m € IN.

Definition 2.7 ([21]). The t-norm T on L* is called HadZi¢ type if for € € (0,1), there exist 6 € (0,1) such
that
Tm(NS(é)//NS(é) ZL NS(E)I m e N.

Definition 2.8 ([20]). Suppose that M and N are two fuzzy sets from X x X x (0, c0) into (0, 1] such that
M(x,y,t) + N(x,y,t) < 1 for all x,y € X and t > 0. The 3-tuple (X, Mm,n,7) is called a modified
intuitionistic fuzzy metric space if X is a nonempty set, 7 is a continuous t-representable and MmN is a
mapping X x X x (0, 00) — L*, such that for every x,y € Xand t,s >0,

) (x,y,t) >+ Ors;
(M2) Mm, N(x y,t) =1~ if and only if x = y;
(M3) MM N (X U/t) - MM,N (U/X, t)/
(M4) MmNy, t+s) 20 TMmN (X, z, 1), MmN (z,Y, 8));
(M5) MmN (x,y,—):(0,00) — L* is continuous.

Replace condition (M4) by Mp n(x, y, max{t, s}) >1-T (Mpa n(x, 2, 1), MM N(Z, Y, 8)) or M N(x, Yy, t) =1+
TMmN(x,z,t), MmN(z,y,t), then (X, Mamn,T) is called a non-Archimedean modified intuitionistic
fuzzy metric space.
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Definition 2.9 ([20]). A sequence {x,} in a modified intuitionistic fuzzy metric space (X, MmN, 7T) is
called a Cauchy sequence if MmN (Xn,Xm,t) = 11+ whenever n,m — oo for every t > 0 and m > n.
The sequence {x,} is said to be convergent to x € X in a modified intuitionistic fuzzy metric space
(X, MmN, T) and denoted by xn — x if Mm,Nn(xn, X, t) — 1p+ whenever n — oo for every t > 0. A
modified intuitionistic fuzzy metric space is said to be complete if and only if every Cauchy sequence is
convergent.

Lemma 2.10 ([20]). Let (X, Mn,N,T) be a modified intuitionistic fuzzy metric space. Then MmN is continuous
function on X x X x (0, co).

Definition 2.11 ([12]). Let (X, M, N, %, ¢} is an intuitionistic fuzzy metric space. Then we can construct the
corresponding Hausdorrf intuitionistic fuzzy metric as follows:

MM,N (A, B,t) = min{ inf MM,N (a,B,t), inf MM,N (A,b,t)}
acA beB

Definition 2.12 ([11]). An £-fuzzy set A on a nonempty set X is a function A : X — L, where L is complete
distributive lattice with 1, and O.

Definition 2.13 ([19]). The x-level set of £-fuzzy set A is denoted by A, where

A, ={xtoe SCARX)} i ag € IN0g), Ao, ={x:0g <p A(X))

Definition 2.14 ([19]). Let X and Y be two arbitrary nonempty sets. A mapping F is called L-fuzzy
mapping if F: X — J.(Y), where J(Y) is the collection of all £-fuzzy sets of X. A point z € X is called a
fixed point of an £-fuzz mapping Fif z € {F,}«, .

Definition 2.15 ([14]). A mapping f: Y C X — X on a non-Archime-dean modified intuitionistic fuzzy
metric space (X, Mp,Nn,T) Y C X is called occasionally coincidentally idempotent w.r.t. an L-fuzzy map-
ping F: Y — Jy (X) if ffx = fx for some x € C(f,F), where C(f, F) is the set of coincidences point of f and
F. A mapping f : Y — X is said to be F-weakly commuting at x € Y if ffx € {Ffx},, provided that fx € Y
forallx €Y.

Definition 2.16 ([2]). The mappings f : X — X and F : X — J(X) on a nonempty set X are said to be
D-compatible if f{Fx}y, C {Ffx}«,, where fx € {Fx}, for some x € X.

3. Main results

Consider the collection @ of all continuous functions ¢ : L*® — L*, which are non-decreasing in the
first and second coordinate variable and non-increasing in the third, fourth, fifth, and sixth coordinate
variable, which satisfy the property:

(b1) If d(a,b,b,a,T(a,b),11+) >+ 01« or ¢(a,b,a,b,11+,T(a,b)) =1« Or+, (3.1)

then we have a >« b, for all a,b € L*.
Next, we rewrite the definition of D-compatible mappings for two sequences of £-fuzzy mappings in
modified intuitionistic fuzzy metric space.

Definition 3.1. Let (X, Mpm,n,7T) be a complete non-Archimedean modified intuitionistic fuzzy metric
space. Suppose that f : X = X and F41 : X = T2 (X) such that {f, 1} and {F,, 11} are two sequences of
self and £-fuzzy mappings, where for each x € X, n € NU{0}, a; € L\{0¢}, fn11(X) and {F11x}«, are
nonempty closed subsets of X. The pairs (foni1, Fan+1) and (foni2, Fon2) are said to be D-compatible
mappiﬂgs if f2n+1{F2n+1X}ch C {F2n+1f2n+1x}o% and f2n+2{F2n+2X}ocg - {F2n+2f2n+2x}ocg where fo, 1x €
{Fon+1x}ta, and fonqox € {Fon42x}«, for some x € X.
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Now, we introduce our main result as follows.

Theorem 3.2. Let (X, Mn,N,T) be a complete non-Archimedean modified intuitionistic fuzzy metric space. Sup-
pose that £ : X — X and Fr4q : X — T (X) such that {f, 1} and {Fn 11} are two sequences of self and L-fuzzy
mappings, where for each x € X, n € NU{0}, ag € L\{Og}, fr1(X) and {Fn 11X}, are nonempty closed subsets
of X. Suppose that the pairs (foni1, Fony1) and (foni2, Fon2) are D-compatible mappings. Suppose that the
condition: if for all x,y € X there exist ¢ € © such that

MmN {Fan+ 1%} AFont2ytae , £), MmN (fons1X, fan 2y, t),
O | MmN s {Fong1xtag, t), MmN (fan2y, {Fant2Yta,, t), | 21+ Or, (3.2)
MmN (font1% {Fon2Ytes, 1), MmN (fon42Y, {Fons1X o, 1)

is satisfied, then the mappings {fn 11} and {Fn 1} have a common fixed point.

Proof. Since X is nonempty and f,, : X — X, then there exist yp = foxg € X. By {Fn+1X}«, being nonempty
closed subsets of X, we have {Fixo}«, # ¢, then there exists y; = fix; € X such that fix; € {Fixo}«, . First,
if xo = x4, then fixg € {Fixo}«,, i-e, X0 is a coincidence point of f; and F;. Again, since {Fox1}a, # ¢,
there exists foxp; € X such that fox; € {Faxq}u,, if X1 = X2, then x; is a coincidence point of f, and F,. By
a similar way one may obtain that f;, 1 1xXn € {Fni11Xn}«,, then {x,} are coincidence points of {f, 1} and
{Fn+1X}«,. By completing this way, it is easy to prove the theorem. Now, suppose that xo # x; # x, and
MmN {Fixotog  AFax1ta,, t) <o MmN (fix, faxa, t) = M(yq, Y2, ). Since

MM,N (91/ Y2, t)/ MM,N (UOr Y1, t)/ MM,N (ULUZ/ t)/ MM,N (UO/UL t)/
¢ MmN (Yo, Y1, 1), MmN (Y1, 92, 1), >« ¢ | MmN o, Y1, t), MmN (Y1, 92, 1),
T(Mm,N Yo, y1,t), MmN (Y1, Y2, 1), 1 MmN (Yo, Y2, 1), 11+

MM,N ({leo}ocy {F2X1}O(L s t)/ MM,N (fOXOI le], t)/
> ¢ [ MmN (foxo, {Fixotag, t), MmN (Fix, {Faxita, s 1),
Ma N (foxo, {Fox1}ag, t), MmN (fix, {Fixote s, t)

>rx Ops.

From (3.1), we have MmN (Y1, Y2, t) 21+ MmN (Yo, Y1, t). Similarly, there exists x3 € X such that yz =
faxs € {Fa3Xo}a,- Further, Mm ~{Fox1}a, AF3x2)a, 1) <o+ Mamn(f2xo, f3xs, t), which gives

MmN (Y2,93,t) >+ MmN (Y1, Y2, t), then we have MmN (Yn+1, Yni2,t) =1 MmN (Yn, Yns1,t). Now,
we have a sequence {yn} such that

Yon+1) = {fontr1xont1) S{Fant1Xontas,  Uont2)t = {font2xon+2)} S {Fon2Xon+1tas -

Now, {yn} is a Cauchy sequence, suppose not, i.e, lin_1> MmN (Yn,Ym,t) # 1r+, for all m > n where
n, m—o00

n, m € N U{0}, since

d)( MM,N (yn;ym,t);lL*;lL*/MM,N (yn/ym/t)/MM,N (Umym,t)/lL* )
=¢ ( MmNYn, Ym ), Tes, Tos, Mavn (Un, Ymo 1), TMMN (Un, Ymo 1), 1), Te ) =1+ Ope.

Take the limit at n, m — co. By continuity of ®, we have

llm MM,N (Unzym, t)/ 1L*/
n, m—oo
¢) 1L*’TL}TIIQOOMM’N (yn/ymr t)/ 21_* OI_*'

hm MM,N (yn;ym/ t)/ 1L*

n,m—00

By (3.1), ngnleM,N (Yn,Ym,t) =1+ 1r-. It is a contradiction, so {yn} is a Cauchy sequence, since

X is complete, then there exists z € X such that li_r)n MmN(Yn,z,t) = 1. AS Yont1 — Z, Yont1 =
n o
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font1Xon+1 — z and Yony2 = font2Xon42 — 2, since {f1(X)} are closed subsets of X, then there exist
v,w € X such that z = fon 11V = fon4ow. We show that fon 11V € {Fon 41V}, . Since

MmN {Fan+1Vlag, Yonr2, t), MmN (Yznt1, Yona2, t)
o MmN Yan+1{Fan+1Viag, t), MmN (Y2nt2, Yans2, t),
TMm,N(Y2n+1,Y2ns1, t), MmN (Yans 1, Yans2, 1)),
MmN Y21 AFan+1Via,, t)
MmN {Fan+1V e AFant2%on4 1t 1), MmN (fong 1V, fang2Xon 2, t),
> ¢ [ MmN Fons1v Fons1Viag, ), MmN (fans2xon 2, {Font2Xon4 1}, t), | 210+ Ops.
MmN (fan1v, {Fan2%on 4 1}ae 1), MmN (fon s 1X2n 1, {Fon 1V, 1)

7

By Lemma 2.10, Mp4,N is continues and by continuity of 7, letting n — oo, we have

MM,N ({F2n+1v}oc4 rZy t)/ 1L*/
¢ | MmNz A{Fons1Vie,, t), 1, | =1 Op-.
1, MmN (z {Fon+1V e, 1)

By (3.1), this gives MM,N (z, {F2n+1\)}o¢£,t) >+ 1« then z = fo, v € {anﬂv}% . Slmﬂarly, z="1oniow €
{Fon+2Wla,.. Now, (foni1, Fong1) is D-compatible mapping, therefore we have fon 11z = fon1fons1v €
{fanr1Fons1via, C{Font1fons1Via, = {Font1zla, . Also, (fan 2, Foany2) is D-compatible mapping, then we
obtain fon 12z = fon2foniow € {fon2FonioWha, C {Fony2foniowWla, = {Fany2zta,. Next we show that
z = fyn41z. Suppose otherwise, i.e., Map N ((2, font12,t) # 11+, while

MmN (font12,2,1), 11+,
¢ 1, MmN(z, fongiz, t),
MM,N (Z/ f211+1zl t)l ('T(MM,N (Z/ f211+1zl t)l 1]_* )

MmN {Font12}e  AFons2Wha, , 1), MmN (fan412, fongow, t),
> & | MmN (font1z {Fon+12}ae, t), MmN (fonpow, {FonoWha,, 1), | =1+ Op-.
MmN (font12 AFont2Wha,, t), MmN (fonow, {Fon 412}, 1)

By (3.1), we have MmN (z, {fon+12}a,,t) =1+ 11+, contradiction, then z = fyn41z. Similarly, z = fon 40z
Now, z = fon11z = fony2z € {Font12la, and z = fony1z = fong2z € {Fon42z}a,.. This proves that z is a
common fixed point of fon 11, fon42, Fany1 and Fonqo. O

Example 3.3. Let X = L = L* = [0,1], where (L*,<;+) is defined by L* = {a = (11, a2) : (a1, a2) €
[0,1)2,a; + ap < 1} such that for all a = (a3, a2) € L* and b = (by,by) € L*, (a1, az2) <+ (by,b2) <
a; < by and a; > by. Let Man(x,y,t) be an intuitionistic fuzzy mapping on X2 x (0, 00) defined as
MmN (xy,t) = (M(x,y,t),N(x,y,t)), where

x Yy—x if x <y,
(M(x,y,t),N(x,y,t)) = {<‘J' E )’ l sy
(354, ifx>y,

for all x,y € X and t > 0. Suppose that T(a,b) = (max{0, a; + by — 1}, ax + by — azbs). Then (X, Mm n,T)
is a modified intuitionistic fuzzy metric space. Set o« = 0.2 and define the mappings fon 11, font2, Font1
and Fon 42 on X as

X X X
X 1), fansax = —>—, and {F —
n+2 L fanyox n—+2 and {Fan2xlo2 [2n +3

X
fon41x = 1 {Font1xJo2 = [ 10

Define the sequences x, and y in X such that for n € IN U{0},

1 1 1

1}, Xon+4+1 = {2 2}, and Xon42 = {m

2n+ n+ b

Xon =1
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then we have

1 1
i Tent 2 € anren 2

Yont1 = Fongt1Xon41 = ( ),1] ={Fon+1X2nlo2

and
1 1

i3 eni2ania)

Yont2 = font2Xony2 = ( 1] = {Fon42X2n+1J02-

Letting n — oo, we have
lim yon 1 = lim fon1xon41 = fon10 =0 € [0,1] = lim {Foni1Xonto2
n—oo n—oo n—oo

and
lim Yon+2 = lim fon+oXon42 = f2n+20 =0¢ [O, 1] = lim {F2n+1X2n}0.2.
n—o0 n—o0 n—oo

Further, applying condition (3.1) gives

MmN ({Font1Xontoe  AFon2Xon+1 o 1), MM N (fon1X2n 41, fan2Xon42, 1),
& | MmN (fonprixont1 Fon+1Xon o, 1), MmN (fans2Xon+2, {Fony2Xon+1}a,, t), | = 0.
MmN (fon+1Xon+1, {Fan+2Xon+1} e t), MmN (Fon2Xon 42, {Fon+1X2n foe s 1)

Finally, fon41f2n410 = f2n10 = 0, fang2foni20 = f2n 20 = 0, fong1fon10 = 0 € [0,1] = {Fony10}02
and fan42fan20 = 0 € [0,1] = {F2n420}02 (f2n410,{F2n+10}02), that is the pairs (fan120,{F2n120}02) are
weakly commuting and occasionally coincidentally idempotent. Now, 0 = fyn110 € {Fon+10}02 and
0 = fon420 € {Fon120}02 is a common fixed point.

Corollary 3.4. Let (X, Ma,N,T) be a complete non-Archimedean modified intuitionistic fuzzy metric space. Sup-
pose that f : X — X and Fry1 : X — T (X) such that {Fy} is a sequences of L-fuzzy mappings, where for each
x € X,n e INU{0}, ag € L\{0z}, f(X) and {Fr, 11X}« are nonempty closed subsets of X. Suppose that the pairs
(f, Frt1) are D-compatible mappings. Suppose that for all x,y € X there exists ¢ € @ such that

MM,N ({F2n+lx}oc5/{F2n+29}ocL/ t)/ MM,N (fxl fU, t)/
¢ [ MmN AFons1Xtog, t), MmN (fY, {Fon2Ye, 1), | =1+ Op-.
MmN (X, {Fan2Uta,, 1), MmN (fy, {Fonp1x) e, t)

Then the mappings f and {Fy, 1} have a common fixed point.

Corollary 3.5. Let (X, Ma,N,T) be a complete non-Archimedean modified intuitionistic fuzzy metric space. Sup-
pose that Friq @ X — T (X) such that {Fn41} is a sequences of L-fuzzy mappings, where for each x € X,
n e NU{0}, ag € L\{Og}, {Fni1X}«, are nonempty closed subsets of X. Suppose that there exists ¢ € @ such
that for x,y € X,

MM,N ({F2n+1x}ocL/{F2n+2y}(xL/ t)/ MM,N (X, Yy, t)/
¢ [ MmN AFons1Xtog, ), MmN (Y {Fon2Yte,, 1), | 21+ Op-.
MmN (% {Fon+2Ytee, 1), MmN (Y, {Fon+ 1%}, t)

Then the mappings {Fn,+1} have a common fixed point.

Corollary 3.6. Let (X, Ma,N,T) be a complete non-Archimedean modified intuitionistic fuzzy metric space. Sup-
pose that F : X — T (X), where for each x € X, oz € L\{O¢}, {Fx}«, is a closed subset of X. Suppose that there
exists ¢ € @ such that for x,y € X,

MM,N ({FX}OCL; 7 {Fy}(xL 7 t)l MM,N (X’/ y/ t)/
d) MM,N (X/{FX}OCL/t)/ MM,N (y/{Fy}O{L/t)/ 21_* OL*'
MM,N (X/ {Fy}(xL/ t)/ MM,N (U/ {FX}OC/; s t)

Then the mapping F have a fixed point.
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4. Further results

Let (X, MmN, T) be a complete non-Archimedean modified intuitionistic fuzzy metric space. Suppose
that f, : X = X and F41 : X — J¢(X) such that {f, 11} and {Fn41} are two sequences of self and £-
fuzzy mappings, where for each x € X, n € NU{0}, «g € L\{O¢}, frn4+1(X) and {Fr4+1X}«, are nonempty
closed subsets of X. First, we rewrite the definition of occasionally coincidentally idempotent and weakly
commuting mappings for two sequences of £-fuzzy mappings in modified intuitionistic fuzzy metric
space.

Definition 4.1. The pairs (fony1, Font1) and (fany2, Fon42) are said to be occasionally coincidentally
idempotent w.r.t. an £-fuzzy mapping if foni1fonp1x = fonp1x and fongofoniox = fonyox for some
x € C(fan41, Fany1) and for some x € C(fon 12, Fany2).

Definition 4.2. The pairs (foni1, Fony1) and (fany2, Fon42) are called F-weakly commuting at x € X if
font1font1x € {Fang1foni1xta, and fonofonox € {Fonyofon2x}a,, where fa,, ox € X for all x € X.

Now, we prove the following theorem.
Theorem 4.3. Let (X, Mp,N,T) be a complete non-Archimedean modified intuitionistic fuzzy metric space with

HadZi¢ type t-norm and tlim MmN (Yo, Y1, t) = 11+, let =< be a partial order defined on X. Suppose that £, : X — X
—00
and Fniq : X — T (X) such that {fn 1} and {Fn 41} are two sequences of self and L-fuzzy mappings, where for
each x € X, ag € L\{Og}, fni1(X) and {Fni1x}«, are nonempty closed subsets of X. Suppose that the condition
(3.2) is satisfied. Suppose that we have the following conditions for all x,y € X, n € INU{0}:
(1) {F2n+1x}ocL jl f‘ZnJrl (X) and {FZTL—O—ZX}OCL =1 f2n+2(X);
(2) if fang1Y € {Fany 1}t 07 fony2y € {Fongoxte, implies x <y,
(3) ifyn =y, then yn 2y foralln;
) (font2, Fong1) and (fon41, Fony2) are weakly commuting and occasionally coincidentally idempotent.

Then the mappings {fn1} and {Fn_11} have a common fixed point.

Proof. Let xo,yo € X such that yo = foxp. By assumption (1), there exist x1,x, € X such that y; =
fix1 € {Fixola, and yo = foxp € {Fox1}«,, from (2), xo < x1 < x2. Now, Mp,n{Fixo} e, {FoX1 e, t) <i=
MmN (fixq, faxo, t) = M(y1, Yz, t). By inequality (3.2) and property (3.1), we have Mn n(y1,Y2,t) =1+
MmN (Yo, y1,t). Similarly, one can find x3 € X and x, = x3 such that y3 = faxz € {Fsx2}«,. Further, we

have also MmN {Fox1}o, {Faxata,, t) <iv MmN (f2xz, faxs, t) and MmN (Y2, s, t) 2100 MmN (Y1, Y2, t),
containing in this way, we have a sequence {yn} such that

Yon+1) = {fons1xon+1} S{Fon1Xontay,  Uont2} = {fant2xons2} C {Font2Xon41}ag -

By induction we obtain MmN (Yn+1,Yn+2,t) =1+ MmN (Yn,Yny1,t). Since

MmN Yn, Ym, t) 2 TMMN(Yn, Ynr, t), MmN (Yntr1, Ym, t))
21 TMMmN(Yn, Yn+1, 1), TMMN (Yn+1, Ynr2, t), MmN (Yns2, Ym, 1)
= TZ(MM,N (YUn, Yn+1, 1), MmN (Yn+1, Ynt2, 1), MM,N (Yn+2,Ym, t))
> T7 (MmN Yn Yn+1, ), MmN (Yn, Ynt1, t), MmN (Ynt2, Ym, t)
>0 T OMN Yo Ynon 8, MMN (Yn, Ynoga, t)
>re T (Mvon (Yo, Y1, 1), - - Mivn (Yo, Y1, ).
Since Mam N (Yo, Y1,t) =11 as t — oo and T is a t-norm of HadZi¢ type, for any e€(0,1) and 6€(0,1) we
have T™ " 1(N(8),...,N(8)) >1- N(e) for all m>n where n, m € N U{0}, then n/LilgooMM,N (Yn,ym,t) =

11+, so {yn} is a Cauchy sequence, since X is complete, there exists z € X and li_r>n MmN(Yn, z,t) = 1=,
n o
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As Yoni1 — Z, Yont2 = fonpoXoni2 — z and Yong1 = fony1Xong1 — z, since fi1(X) are closed, then
there exist v,w € X such that z = fo 11V = fonow. We show that fon 41V € {Fon41V}«, . Since

MmN ({Fon+1Viee  Yons2, t), MmN (Yan+1, Yan2, 1),
o MmN Yan+1,{Fan+1Vlag, t), MmN (Y2nt2, Yans2, ),
T(Mm,NY2n+1,Y2n+1, t), MmN (Y2n+1, Yon+2, 1)),
MmN Y2n+1AFan+1V e, t)

MmN {Fon41Vias  AFont2Xon+1}ae, t), MmN (fon1V, fang2xon42, t),
> ¢ [ MmN Font1v Fonr1Vieg 1), MmN (fans2Xon42, {Fons2Xon 41}, t), | =10+ Ops.
MaN (Fon1v AFon2Xon+1}aer 1), MmN (fon+1X2n 41, {Fan+1 Ve, 1)

When n — oo, we have that

MM,N ({F2T‘L+1V}0(L ’Z, t)l 1[_*/
¢ [ MmNz {Font1Vie,, 1), 1rs, | =1+ Op-.
T, MmN (2 {Fon41V e, t)

By (3.1), this gives Mn,N(z {Fan+1Via.,t) =1+ 1p+, then z = fon1v € {Fony1via,. By a similar way
one can find z = fon4ow € {Fon4ow}w,. Further, by weakly commuting and occasionally coincidentally
idempotent of (fony1, Fon42), we have fon 1z = fon1fony1v = fony1v =z and

z = font1z = fonti1font1v € {FonsifontiVie, = (Font12}ag -

Also, fon 2z = fon2fony2v = fonow = z and

z = fony2z = fonofongow € {Fon2fonoWha, =1{Font2z}u, -

This completes the proof. O

Example 4.4. Define the triplet (X, M n,7T) as following, let X = L = L* = [0,1], where (L*, <r-) is
defined by L* = {a = (13, a2) : (a;,a2) € [0, 1%, a1 + a» < 1} such that for all a = (aj,ap) € L* and
b =(by,b2) € L¥, (a1, a2) <r+ (b1, b2) & a1 < bjand a; > by. Let Mpm N (%, Y, t) be an intuitionistic fuzzy
mapping on X2 x (0,00) defined as MmN(xy,t) = (M(x,y,t),N(x,y,t)), where

(345%), ifx<
(%,X;H), if x >

X

MM&UJLNWALU):{

for all x,y € X and t > 0. Suppose that T(a,b) = (max{0, a; +b; — 1}, ax + b, — axbz). Then (X, MmN, T)
is a modified intuitionistic fuzzy metric space. Set « = 0.2 and define the mappings fon 11, fan+2, Fant1
and Fn 12 on X as fon1x = ¥, fonyox = %,

§, fo<y<, I, ifo<y< 3,
(Fany1x)(y) = and (Fony2x)(y) =
5 ifJ<y<l, 3, iff<y<l.
Now, {anﬂx}% = [5,1] and {FZon}% = [35,1]. Consider the two sequences {xn} and {yn}, where

1 1 1 1 1
Xon = gy, Xant1 = g1 and Xont2 = g, then Yonit = fonyon 1 = 1onas € lgon, 1 = (Fansxon s

and Yoni2 = fani2%oni2 = g € lggngmg U = {Fant2xan 1)z Then (fan g1, Fang1) and (foni2,Fany2)
are D-compatible mappings. Now, lim yoni1 = lim foni1Xxony2 = 0 € [0,1] = lim {Fon41xon}s and
n—oo n—oo n—oo 5
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lim yon42 = lim fonioxon42 =0 € [0,1] = lim {Fon42Xon1}2. We prove that 0 is a fixed point of Fon 41,
n—o0 n—o0 n—oo 5
suppose not, since

MmN ({F2n+10}%192n+2/ t), MmN (Y2n+1,Y2n+2, 1),
MmN (Y2n+1, {F2n+10}%/ t), MmN (Y2n+2,Yon+2, 1),

T(Mam,N(Yon+1, Yon+1, 1), MmN (Y2n+1, Yont2, 1),
MmN (Yon+1, {F2n+10}%/ t)

¢

MmN ({FZn—l—lO}%/ {F2n+2x2n+1}%/ t), MmN (fon41V, fang2Xon42, t),
) MM,N(on—b—lV/{FZn—b—lO}oc%/t)/MM,N(f2n+2X2n+2/{F2n+2x2n+1}%/t)/ >+ Ops.

MmN (fan 110, {Fan2Xon 1)z, 1), MmN (fant1X2n 41, {F2n+10}%r t)
By continuity of T and M, N, letting n — co, we have

MmN {Fan+10}s,0,t), 1+, MmN (0, {Fan4+10}4, 1),
¢ 5 5 21+ O,
1L*/ 1L*/ MM,N (O/ {FZTL—O—IO}%/ t)

By (3.1), this gives MM,N(O,{FZnHO}%,t) >1x 1y, then 0 = fp 10 € {F2n+10}% and by similar way we
have 0 = f2n+20 S {F2n+20}%.

Corollary 4.5. Let (X, MmN, T) be a complete non-Archimedean modified intuitionistic fuzzy metric space with
HadZi¢ type t-norm and t1im MmN (Yo, y1,t) = 11+, let < be a partial order defined on X. Suppose that f: X — X
—00

and Fny1 1 X = T (X) such that {Fn 1} is a sequence of L-fuzzy mappings, where for each x € X, otz € L\{0¢},
f(X) and {Fni1x}a, are nonempty closed subsets of X. Suppose that we have the following conditions for all
x,y € X, n € NU{0}:

(1) {FTL—F].X’}O(L =1 f(X);

(2) if fy € {Fny1x}«, implies x < y;

(3) ifyn =y, then yn 2y foralln;

(4) (f, Fany1) are weakly commuting and occasionally coincidentally idempotent.

If for all comparable elements x,y € X there exists ¢ € © such that

MM,N ({F2T1+1X}OCL/{F2T1+21J}(XL/ t)/ MM,N (fX, ﬁJ/ t)/
¢ | MmN AFont1xtog 1), MmN (fY, {Fons2Yla,, t), | =1+ O,
Ma,N (Fx {Fon+2Ytas, ), MmN (FY, {Fon+ 1% o, t)

then the mappings f and {Fn,11} have a common fixed point.

Corollary 4.6. Let (X, MmN, T) be a complete non-Archimedean modified intuitionistic fuzzy metric space with
HadZi¢ type t-norm and tlirn MmN (Yo, y1,t) = 11+, let = be a partial order defined on X. Suppose that Fn 1 :
— 00

X — T (X) such that {Fy, 11} is a sequence of L-fuzzy mappings, where for each x € X, oty € L\{Oz}, {Fni1X}u,
are nonempty closed subsets of X, n € IN U{0}. If for all comparable elements x,y € X there exist ¢ € ® such that

MM,N ({FZTL—O—lX}O(Ll{FZTIJrZy}OCLI t)/ MM,N (X/ Y, t)/
¢ | MmN AFonr1xtag, t), MmN (Y Fon+2Yta,, 1), | =1+ Ors,
MmN (% {Fon+2Ytae, 1), MmN (Y, {Fon+1x} o, t)

then the mappings {Fn 1} have a common fixed point.
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Corollary 4.7. Let (X, Mn,N,T) be a complete non-Archimedean modified intuitionistic fuzzy metric space with
Hadzi¢ type t-norm and tlim Mu,N (Yo, Y1, t) = 11+, let < be a partial order defined on X. Suppose that F : X —
—00

3 (X) such that F is an L-fuzzy mapping, where for each x € X, ag € L\{Og}, {Fx}«, is nonempty closed subset
of X. If for all comparable elements x,y € X there exists ¢ € @ such that

MM,N ({FX}O(L ’ {FU}(XL ’ t)/ MM,N (X, Y, t)/
q) MM,N (X/{FX}OCL/t)/MM,N (y/{Fy}ocL/t)/ )L* OL*l
MM,N (X/ {Fy}agl t)/ MM,N (U/ {FX}(XL 7 t)

then the mapping F have a fixed point.

5. Integral type

Branciari [7] introduced the idea of integral contractive condition and later on several researchers used
it to proved fixed point results in fuzzy metric spaces and other generalized spaces (see, for example,
[2, 3, 6, 15, 18]). Recently Imdad et al. [14] and Sadaati et al. [20] also used this condition in modified
intuitionistic fuzzy metric spaces.

In this section, we introduce a generalized version of our usual contractive condition with implicit
relation for £-fuzzy mappings in complete non-Archimedean modified intuitionistic fuzzy metric spaces.

Let @ be the family of all continuous mappings ¢ : L*® — L*, which are non-increasing in the 34, 4t",
5, 6™, non-decreasing in 1™ coordinate variable, and satisfying the following properties:

(b2)

¢(ab,b,ali+T(a,b))

@(s)ds =1+ Op+ or J @(s)ds =1+ Or+;

J(b (a,b,b,a,T(a,b)1rx)
Op*

Op+

($3)
O[5 W(s)ds,[g  W(s)ds,[g , w(s)ds,[gw(s)ds,[o " b(s)ds 1)
J @(s)ds >r» O-,

OL*
or

G5, ws)ds g, wis)ds,[5, wis)ds g, w(s)dsls '@ w(s)ds)
| o(s)ds >1- 01,

Op+

for all a,b € L* implies a >1+ b, where ¢, : L* — L* are summable non negative lebesgue integrable
functions such that for each € € L*, f(i* @(s)ds >1+ O+ and ISL* P(s)ds >+ Op=.

Theorem 5.1. The conclusion of Theorem 3.2 remains valid if we have the condition (3.2) as following:

¢(Q)
| ets)as = o G.1)
OL*
where
MmN {Font1xtas {Fans2ytoag, t), MmN (fan1%, fang2y, t),
Q= MmnNFnt1x {Font1xtas, t), MmN (fon2Y, {Fon+2Yte, 1),
MmN (fon+1% {Fan2Ytag, t), MmN (fan 2y, {Fons1X o 1)
Proof. As in Theorem 3.2 with ¢,. O

Theorem 5.2. The conclusion of Theorem 4.3 remains valid if the condition (5.1) is satisfied.

Proof. As in Theorem 4.3 with ¢». O
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Theorem 5.3. The conclusion of Theorems 5.1 and 5.2 remains valid if we have the condition (5.1) as following:

¢(Q)
| ets)as = o 52)
Op+
where
f(J)\f*MN {F2n+1x}ch/{F2n+2y}aLr d J‘MMN font+1X,fant2y, t)ll)(s)ds,
M n Fon ops M n Fon ops
Q= J-OL*MN (f2 +1X{{ 2 +1X}}L s)ds IOL*MN (fon+2y, {{ 2 +zy}} < )lb(s)ds,
M (fontr1x{Fon+2Yta,,t) M (fon-2yAFont1xta,,t)
J'OL*MN m+1%{Fon2Yte, s)ds J'OL*MN m+2YAFan+1x}e, W(s)ds
Proof. As in Theorems 5.1 and 5.2 with ¢3. O

Remark 5.4. The conclusion of Corollaries (3.4), (3.5), and (3.6) remains valid if the function Q in conditions
(5.1) or (5.2) has the following forms, respectively,

MmN {Fonr1X}ag tFan 2y tag, t), MmN (Fx, fy, 1),

Q= MmnExA{Fons1Xfay, t), MmN (fY, {Fon2Yla, 1), |, (5.3)
M N (£ {Font2Ytae, t), MmN (Fy, {Fon+1X o, 1)

MmN {Fon1X}ag  tFant2ytag, t), MmN (X, Y, 1),

Q = MM,N (X {F2n+1X}OCL/ )/MM,N (UI{FZTL—O—Zy}O(L/t)/ ’ (54)
MmN (% {Fon+2Yte, 1), MmN (Y, {Fon+ 1%}, t)

MM,N ({FX}(XLI{FH}O(L/-U/ MM,N (X,U,t);

Q = MM,N (X {FX}CXL/ )/ MM,N (yr{Fy}OcL/t)/ . (55)
MM,N (XI {Fy}o%/ )/ MM,N (y/{FX}OCL/ t)

Remark 5.5. The conclusion of Corollaries (4.5), (4.6), and (4.7) remains valid if the function Q in conditions
(5.1) or (5.2) has the forms (5.3), (5.4), and (5.5), respectively.
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