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Abstract

The aim of this work is to develop the new techniques of sequences by employing the gamma function by introducing the
space T9(A}, k) of non-integral order. The completeness property concerning to this non-integral order space will be developed.
Many interesting properties will be illustrated.
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1. Introduction

It is well known fact that gamma functions plays an explicit series and integral functional representa-
tions, and thus provide basic building for developing the useful products and transformation formulae.
Moreover, many applied problems often need solutions of a function in terms of parameters, rather than
merely in terms of a variable, and such a solution is often given by the parametric character of the Gamma
function. As a consequence, this function can be operated to establish the physical problems in many areas
of science, engineering and technology. Its origin is almost as often as the well-known factorial symbol n!
and were given by famous mathematician L. Euler (1729) as a natural extension of the factorial operation
n! from natural numbers n to real and even complex values of this argument [8].

Sequence space is referred to be a function space with entries as functions from positive numbers IN
to the field R of real numbers or C the complex numbers. The set of every sequences (real or complex)
will be abbreviated by ). The bounded sequences, convergent sequences and null sequences will be
abbreviated by (., c and c( respectively.

For an infinite matrix € = (cy;) and v = (vi) € Q, the C-transform of v is Cv = {(Cv);} provided it
exists Vi € N, where (Cv); = Z;?io CijVj-

For an infinite matrix € = (cy;), the set Ge, where

Ge={u=(u) €eQ : Cue G}, (1.1)
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is said to be as the matrix domain of € in G as can be found in [13, 15]. Also the set of all such maps will
be symbolized by (G, L) with G C Le as can be seen in [11, 16, 18, 21] and many others.
In [20], the author has introduced the following spaces V(A) viz.,

V(A) ={p=(p;) € Q: (Ap;) €V},

where V € {{,c,co} and Ap; = pj — pj+1, Vj € N. Also naught will be taken for a term with negative
subscript. It has been further modified and generalized by authors as can be seen in [3, 5, 7, 10, 12, 17, 34]
and many others.

The space bvy, in [4] has been defined as follows

bvp = {p: () €Q: ) lpk—pral’ < OO},

k

where 1 < p < co. As in (1.1), the space bv,, can be written as
pr :(EP)A/ 1 <p<ool
where, A denotes the matrix A = (A, k) defined as

Ay — (=)™ %, ifn—-1<k<n,
kT, ifk<n—1lork>n.

As in [5], the authors have generalized spaces given in [20] and have given the following
AtV ={p=(p;) €Q: (Alpy) €V},
where 1 is non-negative integer and Alpj = Alflpj — Alpyy, so that

1
Alpz = Z(_l)t <1> Pz+t-

t=0

These are Banach spaces with the following norm
1
loll =D lpel + [ Alloo-
t=0

n
Choose the sequence of positive numbers as (qi) and for je N set 2, = ) gj. So the matrix RY = (ry;)
i=0
as defined in [25] is defined as follows

This as in [29], we have following space

ﬂzqmg){p(pj)en:z

1 j
E Z 9j qupm
j

) m=0

)

n
Choose the sequence of positive numbers as (qx) and for je Nset %, = 3 ;. So the matrix R9 = (ry;)
i=0
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as defined in [25] is defined as follows

1

Ty =4 A ?f(.)\.]\l'
0, ifj>1i.

For a positive proper fraction 7, the author in [3] has defined a new pattern of this kind as follows

o0

Mt+1)
Apr =Y (1) piy,

for i € IN, where the function I'(T) (or the Euler gamma function) of a real number T with T ¢ {0,—1,—2,---}
has be represented as follows:
r'(t) = J e ttT 1 dt.
0
It is important to note that

(i) T(t+1)=r!, for Tt N;
(ii)) T'(t+1) =1l(7), for T€ R\{0,—1,-2,...}.

Some definitions of non-integral derivatives have been generalized by using techniques of new differ-
ence sequence spaces of non-integral order as can be seen in [3, 19] etc. To establish a new space with
the help of matrix methods were studied by several authors as can be found in [1, 11-17], [23-31, 33]
and many more. Following the references cited, the scenario here is to put forward and synthesis the
spaces R9(Af, k) of order k (non-integral) for which Ag'()-transform is in space {(p), where g = (gi) is a
sequence with g; #0, Vi € N.

2. The space R4 (AS, K)

In this section, we introduce the space R (A}, k) of non-integral order k and discuss some of its basic
properties.

A linear topological space R is said to be paranormed space over R if for a function & : & — R which is
subadditive satisfies &(0) = 0, &(—p) = &(p) and continuity of scalar multiplication holds, which means
for lan, —al — 0 and &(pn, — p) — 0 imply K(anpn —ap) — 0,V a’s € R and p’s € R with zero vector as
0 and is in space K. From here on words, (pi) will represent a bounded sequence of strictly positive real
numbers with sup px = H and M = max{1, }}. Then, as in [22, 32], we write

k

tp) ={p=(px): D) _lpwlP* < oco}.
k

Under the following paranorm, this space is complete

1

S(p) = [me] .
k

Throughout the text, we employ the fact that pi_1 + {p;}*1 =1lonlyif 1 <infp;<H < oo.
Following the authors as cited in the references [2, 5, 6, 9, 29], the space R4 (AE, k) is defined as the
set of those sequences whose R4 (Ag) transform is in the space {(p), this shows that
RI(AF, k) = {p=(pj) € Q: RI(A")p e Lp)},

where, 0 < px < H < oo.
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Using (1.1), the space R4 (AS, k) can be redefined as
R4 (AS, k) ={l(p)}ra (A5)-

We define the sequence o = (o) as the R (Ag)—transform of a sequence p = (pn) withn € N, via,

& Mt+1) g di g q
— _1\)i—k i n
G“_kz_o ;f LR i v e s v Tl T 1)

Definition 2.1. For the space R49 (Ag) we have

k+1
K M(—tt1) 2A )
. D™ Y e gk H0Sk<m,
(qu(Ag)) = 2A =K .
nk e ifk=n,
0, ifk>n,

which is known as the inverse of R4 (Ag ).
Definition 2.2. By choosing different values of k and g, we have following deductions:
(i) For k =0, this space is reduced to R*(g, p) introduced and studied in [29].
(i) For k =1, this space is reduced to R*(A, g, p) introduced and studied in [24].
(iii) For k =0 and g = 1, this space is reduced to R*(p) introduced and studied in [1].

Theorem 2.3. For 0 < px < H < oo, the space RI(AY, «) is a complete linear metric space paranormed by $H
given by

Halp) = [Z)[ﬂzqm;)p]m]p’“] "

Proof. To prove R9(A, k) is linear with respect to the coordinate wise addition and scalar multiplication,
we first let T, p € RI(Af, k) and have

m—1r-m

Anlp+1) = [; ;O LZ_j(—l)i—i (i—j)!;E:tille+1) ggji](pj )
Fontng o]
NS gy F(t+1) gmdi . Pm] (2.2)
) {% =0 sz(l) J(i_j)!r(T—i+j+1) A | Pt T, P ]
m1[ m o
+{; j=0 sz(l)ij(ij)!FEI+illtj+1)g;:i Cﬁg;{imcm ] ,

and for any 3 € R (see, [22])
BIP™ < max(1,|BIM). (2.3)
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It is clear that, 4 (0)=0 and HA(p) = Ha(—p), for all p € RI(A], k). Again the inequality (2.2) and (2.3),
yield the subadditivity of $ and

Ha(Bp) < max(1, [B)HA(P).

Let {p™} be any sequence of points of the space R4 (AB, k) such that HA(p™ —p) — 0 and (Bn) is a
sequence of scalars such that 3, — 3. Then, since the inequality,

HaP™) < Halp) +9Ha(P™ —p),
holds by subadditivity of Ha {$HA(p™)}is bounded and we thus have

N m—1lrm i MNt+1) Igmdi
ABnp™ —PBp) = [; > [Z(_” ](i—j)!F(T—i+j+1) ™Am ]

=0 li=j

1

pm:| M

and approaches to zero as n — co. This shows that the continuity of scalar multiplication. Hence, A is
paranorm on the space RI(AF, k).

We now show the completeness property of R9(A}, k). For that, let {p'} be any Cauchy sequence in
R9(Af, k), where p' = {p§, p}, - - }. Then, for a given e > 0. we can find a positive integer ng(e) such that

Aalpt—p) <e, (2.4)

for all i,j > ng(e). Using definition of A and for each fixed m € N, we have

< (Bnp} —Bpy) + T2 (Brpf — Bpy)

< B — BT HA (™) + B Ha (0™ — p),

L
M

‘(IRq(A;)p) — (R9(A ’ [Z‘qu —(Rq(Ag)pj)m’pm] <e,

for i,j > np(e). This shows that {(qu(Ag)pO)k, (R4 (Ag)pl)k, ---} is a Cauchy sequence of real numbers
for every fixed m € N. Since R is complete and hence converges, say, (qu(Ag)pi)m — (qu(Ag)p)m

for i — oco. Utilizing these infinitely many limits (R9(Ag)p)o, (RY(Ag)p)1, -+, we consider the sequence
{(R4 (Ag)p)g, (R4 (Ag)ph, ...}. Now for each m € N and 1,j > ng(e), we see from (2.4) that

D (RUAS) P m — (RIAS P ) [P™ < Ha(pt — p)) M < M. (2.5)

Take any 1i,j > ng(e), letting first j — oo in (2.5) and then r — oo, we obtain

Halpt—p) <e

Finally, taking € = 1 in (2.5) and letting i > ny(1) we have by Minkowski’s inequality for each r € IN that

1
M

Pl <ALt =) FHAY <T+HA VY,

3 |(RIAL)P)m
k=0

which shows that v € RI(A}, k). Since HA(p—p Y e, forall i > ng(e), it follows that p* — p as i — oo,
hence we have shown that R9(A}, k) is complete. O
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Remark 2.4. 1t is easy to see that the property of absoluteness is not satisfied for R9(A§, ), this implies
that Ha(p) # Ha(lpl) for atleast one sequence in the given space and thus RI(Af, k) is a sequence space
with non-absolute nature.

We will now study for computing the linear isomorphism property of R9(AF, k).
Theorem 2.5. For 0 < px < 3 < oo, the introduced space is linearly isomorphic to space {(p).

Proof. In order to establish the result, we should determine the presence of a linear bijection to the spaces
RI(AE, k) and {(p). Employing (2.1), consider the mapping G : RI(A}, k) — {(p) given by p — o = Gp.
Its linearity is trivial and p = 0 for Gp = 0 and consequently the injective property of G follows.

For 0 = (o) € {(p) and k € IN, choose sequence v = (pm ) given by

k—1 |j+1
_3 r(—’t-f—l) A Qlk
- S L pr— : o5 | + Ok
P Z |:Z( ) (k—l)!l“(—'r—k—i—H—l)gjqi ]] gjqk k

i=0 Li=j
So that

— I( ) Pk ™
T+1 gkdi| , 9kdk
L ;0 ll ; (1—1')!F(T—i+j+1) Ay ] P+ o0, P

ﬁ
o

= [ZI@I”] = 6(0) < oo,
k

where, Kronecker delta dy; is given by

s 1L ifk=j,
STl 0, ifk#j

Hence, it follows that p € RI(AF, k), which implies that § is surjective and hence preserves the property
of paranorm. Thus, it follows that R9(AF, k) and £(p) are linearly isomorphic. O

3. The Schauder basis of the given space
This section deals with the calculation of Schauder basis of the given space.
Definition 3.1. Let X be a Banach space. A sequence (w,) C X is a Schauder basis if for every v € X

o0
there exists a unique convergent series of the form v = } ajwj, where (a;) is a sequence of scalars and

j=0
is known as expansion of v.
Theorem 3.2. Consider the sequence %™ (q) = o8 )} of objects of space RY(AY, k) for all fixed v € N given
by
i 1 T—j M(—t+1) 21 0 <
- izj(_ O e o gy FOST<MY,
0 =< 'Y
n (@) Ao ifr=n
grdn ’
0, ifr>n.

Then, the basis for R9(AY, k) is ®")(q)} and any p € RY(AY, k) can be expressed in one and only one way as
p= Zm(q)s“)(q), (3.1)

where, Ar(q) = (RI(Ag)p) ., forall v € Nand 0 < pr < H < oo.
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Proof. Trivially, we have 9(™)(q) C R9(A}, k), it is due to the fact that
RI(A5)D™ (q) = e™ € t(p), formeN, (32)

and 0 < pm < H < oo, where e(™) is that sequence having non-zero entry as unity in m*" place with
me N.
We now suppose that p € RY(Af, k) and write

1
=Y Ac(@)9(q), (33)
r=0
for all non-negative integer 1. Then, clearly by using R9(Ag) to (3.3) with (3.2), we see that
1 1
RIAS)PY =3 A (qRIA5O T (q) = ) (RI(AF)) e,
=0 r=0

al’ld . cic
qu f O fO\L\L,

with 1,1 € N. Since ¢ > 0, there exists an integer lp in such a way that

o €
q Pr _
(ZI (R(A5)p), | ) <3

for all 1 > 1y. Hence,

for every 1 > 1y, employing there by p € RI(A}, k) is represented as (3.1).
We now need to prove this representation to be unique for p € RI(A}f, k) given by (3.1). On contrary,
assume that we can find another form of the type p = Y (q)b"(q). Since the mapping G : R9(Af, k) — £(p)

-
employed is continuous, thus for m € N, we see

(RI(AY)p Z‘;r A§)D(q)),

This is contradiction to the fact that (qu (Ag)p)m = Am(q), Vm € N. Consequently, the representation
which is set by (3.1) is unique. O
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