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Abstract
In this paper, numerical techniques are used for solving boundary value problems of nonlinear fractional differential equations. Variational iteration method is applied to approximate solutions for this equation with boundary conditions. Numerical
examples are presented to illustrate the efficiency and accuracy of the proposed method, and we compare between the numerical
solutions and the exact solution of these examples.
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1. Introduction
In recent years, many researchers have been focused on the numerical solutions of fractional differential equations. They are generalizations of differential equations that replace integral order derivatives by
fractional order derivatives [11, 25]. In general, differential equations are applied on describing dynamic
phenomena in different fields such as physics, biology and chemistry. However, for some complicated
systems the common simple differential equations cannot provide agreeable results. Therefore in order to
obtain better models, fractional differential equations are employed instead of integer order one [2, 5, 6].
On the other hand the exact solutions for the majority of nonlinear of fractional differential equations
are not known. Then numerical techniques and approximates are used such as polynomials method [21],
wavelet method [3, 26], B-spline operational matrix method [9], variational iteration method, [8, 10, 17, 22],
Adomian decomposition ,method [15, 16], the collocation method [19], and fractional differential transform method [1].
In this article, we consider the nonlinear of fractional differential equations of the form
m
Dα
∗ y (t) +g(t)[y(t)] =f (t) ,

0 6 t 6 1, 1 < α 6 2,

(1.1)

subject to the boundary conditions
y (0)=ρ,
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(1.3)

y (1)=σ,

whereρ, σ are constants, y (t) is the solution of (1.1) in [0,1], f (t) , g (t) are a known functions, m is
a positive integer. This problem is studied in [14] when g (t) =1 by alternative Legendre polynomials
method when 0 < α 6 1. In this paper we used variational iteration method for solving this problem.
This paper is organized as follows. In Section 2, we present some definitions and notations. Section
3, is devoted to the construct our numerical solutions for fractional differential equations by variational
iteration method. Finally, in Section 4, we present some examples to show the efficiency and accuracy of
the method and compared with their results by their exact solutions.
2. Some definitions and notations
In this section we present some basic definitions and properties of the fractional calculus theory, which
are used in this paper.
Definition 2.1 ([4]). A real function f (t) , t > 0, is said to be in the space Cα , α∈R, if there exists a real
number p > α, such that f (t) =tp f 6 (t), where f 6 (t)∈C[0, 6 ).
k
Definition 2.2 ([18]). A real function f (t) , t > 0, is said to be in the space Ck
α , k∈N, if f ∈Cα .

Definition 2.3 ([4]). Iα denotes the fractional integral operator of order α in the sense of RiemannLiouville, defined by:

Rt f(x)
1
α
0 (t−x)1−α dx, α > 0,
Γ(α)
I f (t)=
f(t),
α = 0.
Definition 2.4 ([18]). Let f ∈Cm
−1 , m ∈N. Then the Caputo fractional derivative off(t), is defined by:

Dα
∗ f (t) =

1
Γ(m−1)
dm f(t)
dxm ,

Rx

f(m) (x)
0 (t−x)α−m+1 dx,

0 6 m−1 < α 6 m,
α = m ∈ N.

Now, we introduce some basic properties of fractional operator listed as below [12]:
For f∈Cµ , µ 6 −1, γ 6 −1, α, β 6 0:
(i) Iα Iβ f (t) =Iα+β f (t) =Iβ Iα f (t) ;
Γ(γ+1)
tα+γ ;
(ii) Iα tγ = Γ(α+γ+1)
α
(iii) Dα
∗ [I f (t)] =f (t) ;
Pm−1 k + tk
(iv) Iα [Dα
∗ f (t)] =f (t) −
k=0 f (0 ) k! , 0 6 m−1 < α 6 m ∈ N.

3. Analysis of the numerical method
Consider the nonlinear fractional differential equation (1.1) with initial conditions (1.2) and (1.3). According to variational iteration method (VIM) [8, 10, 17, 22], we construct the correction functional for
(1.1) as:
ei (t)]m −f (t) )] ,
yi+1 (t) =yi (t) +Iβ [ µ ( Dα
∗ yi (t) +g(t)[y

(3.1)

or
Zt
yi+1 (t) =yi (t) +
0

!
(t−s)β−1
ei (t)]m −f (t)) ds,
µ (s) (Dα
∗ yi (t) +g(t)[y
Γ (β)

(3.2)
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where Iβ is the Riemann-Liouville fractional integral operator of order β= α+1−m, mN, µ is a gene denotes restricted variation, i.e., δe
eral Lagrange multiplier and y
yk =0. We make some approximation
for the identification of an approximate Lagrange multiplier, so the correctional functional (3.2) can be
approximately expressed as:
Zt

yi+1 (t) =yi (t) + µ (s) D2∗ yi (t) +g(t)[yei (t)]m −f (t) ds.
0

Making the above correction functional stationary, we have the following stationary conditions:
1−µ 0 (s)

t=s

µ (s)|t=s =0.

=0,

This gives the following Lagrange multiplier
(3.3)

µ (s) =s−t.
We obtain the following iteration formula by substitution of (3.3) into functional (3.1)
m
yi+1 (t) =yi (t) − (α−1)) Iα [( Dα
∗ yi (t) +g(t)[yi (t) ] −f (t) )] .

(3.4)

The initial approximation y0 (t) can be chosen in a form which satisfies the boundary condition (1.2),
hence y0 (t) =ρ+ A t, where y 0 (0) = A .
According to variational iteration method and by using the equation (3.4); an iteration scheme for the
equation (3.4) can be constructed as follows:
y0 (t) = ρ+ A t,

yi+1 (t) =yi (t) −(α−1) Iα [( g (t) [yi (t)]m −f (t) )] .

(3.5)

4. Examples
In this section, we apply variational iteration method to solve four examples of nonlinear fractional
differential equations, compared with their results by their exact solutions.
Example 4.1. Consider the following nonlinear fractional differential equation
2
3
Dα
∗ y (t) +t y (t) =t ,

1 < α 6 2,

(4.1)

subject to the boundary conditions
y (0) =0,

y (1) =1,

(4.2)

where the exact solution at α=2 is
y (t) =t.
The initial approximation y0 (t) can be chosen by a form which satisfies the condition y (0) =0, hence
y0 (t) = A t. Substituting the initial condition (4.2) into equation (3.5), we obtain the following recursive
relations:


y0 (t) =At, yi+1 (t) =yi (t) − (α−1) Iα t yi 2 (t) −t3 ,
hence, we have
y0 (t)=At,


y1 (t)=y0 (t) −(α−1) Iα t y0 2 (t) −t3 ,


y2 (t)=y1 (t) −(α−1) Iα t y1 2 (t) −t3 ,


y3 (t)=y2 (t) −(α−1) Iα t y2 2 (t) −t3 .
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By using the above recursive relationship, we have

y0 (t) =A t,

y1 (t) =A t− (α−1)


 α+3
Γ (4)
2
A −1 t
,
Γ (α+4)

where A can be determined by using the boundary condition y (1) =1 in y1 (t) (see Table 1).
Table 1: Values of the constant A for different value of α.

A

α=1.25
1

α=1.5
1

α=1.75
1

α=2
1

The numerical solutions obtained for the equation (4.1) by using VIM are the same exact as solution
y (t) =t when α=1.25, 1.5, 1.75, and α=2 .
Example 4.2. Consider the following nonlinear fractional differential equation
2
5
Dα
∗ y (t) +t y (t) =2+t ,

1 < α 6 2,

(4.3)

subject to the boundary conditions
y (0) =0,

(4.4)

y (1) =1,

where the exact solution at α=2 is:
y (t) =t2 .
The initial approximation y0 (t) can be chosen in the form y0 (t) = A t. Substituting the condition (4.4)
into equation (3.5), we obtain the following recursive relations:


y0 (t) = A t, yi+1 (t) =yi (t) −(α−1) Iα t yi 2 (t) −2−t5 , . . .
hence, we have
y0 (t) =A t,


y1 (t) =y0 (t) −(α−1) Iα t y0 2 (t) −2−t5 ,


y2 (t) =y1 (t) −(α−1) Iα t y1 2 (t) −2−t5 ,


y3 (t) =y2 (t) −(α−1) Iα t y2 2 (t) −2−t5 .
By using the above recursive relationship, we have

 2
Γ (6) α+5
A Γ (4) ff+3 2 Γ (2) ff+1
t
−
t
−
t
,
y0 (t) =A t, y1 (t) =A t− (α−1)
Γ (ff+4)
Γ (ff+2)
Γ (α+6)
where A can be determined by using the boundary condition y (1) =1 in y1 (t) (see Table 2).
Table 2: Values of the constant A for different value of α.

A

α=1.25
0.8055417187

α=1.5
0.6946948654

α=1.75
0.6560107423

α=2
0.6649692020

The numerical results obtained for the equation (4.3) by using VIM are shown in Table 3. The evolution
results of Example 4.2 when α=1.25, 1.5, 1.75 and α=2 comparing with the exact solution of the equation
(4.3) by VIM are shown in Figure 1. The value α=2 is the case which the approximate solution in a good
agreement with the exact solution of the equation (4.3).
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Table 3: Numerical results of Example 4.2 by VIM.

T
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

Exact
0.00000000
0.01
0.04
0.09
0.16
0.25
0.36
0.49
0.64
0.81
1.0

α=1.25
0.0000000000
0.08165558343
0.08165558343
0.2545749067
0.3466954330
0.4428916531
0.5433818778
0.6485102935
0.7588785007
0.8755027965
0.9999999999

α=1.5
0.0000000000
0.07042015485
0.1443027816
0.2231314766
0.3079622212
0.3996715857
0.4991066925
0.6072445839
0.7253863006
0.8553971091
1.000000000

α=1.75
0.000000000
0.06620372309
0.1352479772
0.2091037529
0.2894407486
0.3777783860
0.4756030503
0.5845139631
0.7064186103
0.8437905894
1.000000000

α=2
0.000000000
0.06683011129
0.1356538699
0.2084423923
0.2871337341
0.3736463594
0.4699286118
0.5780561863
0.7003896018
0.8398036758
1.000001000

Figure 1: The evolution results of Example 4.2 when α=1.25, 1.5, 1.75 and α=2 comparing with the exact solution by VIM.

Example 4.3. Consider the following nonlinear fractional differential equation
t 3
t
4t
Dα
∗ y (t) +e y (t) =e +e ,

1 < α 6 2,

subject to the boundary conditions
y (0) =1,

y (1) =e,

(4.5)

where the exact solution at α=2 is:
y (t) =et .
The initial approximation y0 (t) can be chosen in the form y0 (t) =1+ A t. Substituting the initial condition
(4.5) into equation (3.5), we obtain the following recursive relations:


y0 (t) =1+ At, yi+1 (t) =yi (t) −(α−1) Iα et yi 3 (t) −et −e4t
, ...
hence, we have
y0 (t)=1+ At,


y1 (t)=y0 (t) − (α−1) Iα et y0 3 (t) −et −e4t ,


y2 (t)=y1 (t) −(α−1) Iα et y1 3 (t) −et −e4t ,


y3 (t)=y2 (t) −(α−1) Iα et y2 3 (t) −et −e4t .

(4.6)

In order to avoid the difficult fractional integration and to show the efficiency of this method, we taking
2
the truncated Taylor expansion for the exponential terms in (4.6) by use the form et ≈1+t+ t2 , we have
y0 (t)=1+At,
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Γ (1) α
3A Γ (2) α+1 3A2 Γ (3) α+2 A3 Γ (4) α+3
y1 (t)=1+A t− (α−1) −
t +
t
+
t
+
t
Γ (α+1)
Γ (α+2)
Γ (α+3)
Γ (α+4)
−

4 Γ (2) α+1 3A Γ (3) α+2 3 A2 Γ (4) α+3 A3 Γ (5) α+4 8 Γ (3) α+2 (1.5) A Γ (4) α+3
t
+
t
+
t
+
t
−
t
+
t
Γ (α+2)
Γ (α+3)
Γ (α+4)
Γ (α+5)
Γ (α+3)
Γ (α+4)

(1.5) A2 Γ (5) α+4 (0.5) A3 Γ (6) α+5 (10) Γ (4) α+3 (8.5) Γ (5) α+4 5Γ (6) α+5
t
+
t
−
t
−
t
−
t
Γ (α+5)
Γ (α+6)
Γ (α+4)
Γ (α+5)
Γ (α+6)
1
) Γ (9) α+8 
2 Γ (7) α+6 (0.5)Γ (8) α+7 ( 16
−
t
−
t
−
t
,
Γ (α+7)
Γ (α+8)
Γ (α+9)

+

where A can be determined by using the boundary condition y (1) =e in y1 (t) (see Table 4).
Table 4: Values of the constant A for different value of α.

A

α=1.25
1.366180567

α=1.5
1.454677539

α=1.75
1.479241881

α=2
1.494118634

The numerical results obtained for the equation (4.6) by using VIM are shown in Table 5. The evolution
results of Example 4.3, when α=1.25, 1.5, 1.75 and α=2 comparing with the exact solution of the equation
4.17 by VIM are shown in Figure 2. The value α=1.25 is the case which the approximate solution in a
good agreement with the exact solution of the equation (4.6).
Table 5: Numerical results of Example 4.3 by VIM.

t
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

Exact
1.00000000
1.105170918
1.221402758
1.349858808
1.491824698
1.648721271
1.822118800
2.013752707
2.225540928
2.459603111
2.718281828

α=1.25
1.0000000000
1.148914452
1.301958627
1.456346111
1.611255242
1.766888474
1.924893765
2.089152825
2.266910201
2.470293628
2.718300001

α=1.5
1.0000000000
1.157112401
1.322714211
1.491825441
1.661502909
1.829563376
1.994984895
2.158846946
2.325785238
2.506050272
2.718300000

α=1.75
1.000000000
1.156034381
1.322157314
1.494532945
1.669966292
1.845376458
2.018212650
2.187357719
2.354576006
2.526638686
2.718300000

α=2
1.000000000
1.154303906
1.317725253
1.488706504
1.664958372
1.843616780
2.021646147
2.196597597
2.367857312
2.538550418
2.718300001

Figure 2: The evolution results of Example 4.3, when α=1.25, 1.5, 1.75, and α=2 comparing with the exact solution by VIM.

Example 4.4. Consider the following nonlinear fractional differential equation
2
2
Dα
∗ y (t) +t y (t) = −sin t+t sin t,

1 < α 6 2,

(4.7)
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subject to the boundary conditions
y (0) =0,

y

π
2

(4.8)

=1,

where the exact solution at α=2 is:
y (t) =sin t.
By substitute the initial condition (4.8) into equation (3.5), we obtain the following recursive relations:


y0 (t) =At, yi+1 (t) =yi (t) −(α−1) Iα t yi 2 (t) +sin t−t sin2 ,
hence, we have
y0 (t)=At,


y1 (t)=y0 (t) −(α−1) Iα t y0 2 (t) +sin t−t sin2 t ,


y2 (t)=y1 (t) −(α−1) Iα t y1 2 (t) +sin t−t sin2 t ,


y3 (t)=y2 (t) −(α−1) Iα t y2 2 (t) +sin t−t sin2 t .

(4.9)

In order to avoid the difficult fractional integration and to show the efficiency of this method, we take the
3
t5
, hence we have
truncated Taylor expansion for the function sin t in (4.9) by the form sin t= t− t6 + 120
y0 (t)=A t,


41
Γ (2) α+1 A2 Γ (4) α+3 76 Γ (4) α+3
120 Γ (6) α+5
y1 (t)=A t− (α−1)
t
+
t
−
t
+
t
Γ (α+2)
Γ (α+4)
Γ (α+4)
Γ (α+6)



1
1
2

45 Γ (8) α+7
360 Γ (10) α+9
14400 Γ (12) α+11
+
−
,
t
t
t
−
Γ (α+8)
Γ (α+10)
Γ (α+12)

where A can be determined by using the boundary condition y π2 =1 in y1 (t) (see Table 6). The


Table 6: Values of the constant A for different values of α.

A

α=1.25
0.7823792232

α=1.5
0.9842587260

α=1.75
1.226212972

α=2
1.347858413

numerical results obtained for the equation (4.7) by using VIM are shown in Table 7. The evolution results
of Example 4.4, when α=1.25, 1.5, 1.75, and α=2 comparing with the exact solution of the equation (4.7)
by VIM are shown in Figure 3. The value α=1.5 is the case which the approximate solution in a good
agreement with the exact solution of (4.7).
Table 7: Numerical results of Example 4.4 by VIM.

t
0.0
π
16
π
8
3π
16
π
4
5π
16
3π
8
7π
16
π
2

Exact
0.00000000
0.1950907723
0.3826842808
0.5555713783
0.7071080799
0.8314708878
0.9238805868
0.9807859074
1.000000000

α=1.25
0.0000000000
0.1511264131
0.2956877538
0.4332271426
0.5641414795
0.6886169428
0.8055489413
0.9114824045
0.9997668569

α=1.5
0.0000000000
0.1906961696
0.3721232083
0.5404188940
0.6924528671
0.8241059215
0.9283840258
0.9933407797
1.000094232

α=1.75
0.000000000
0.2388299842
0.4683165450
0.6809074862
0.8678183155
1.016789294
1.109348700
1.117568393
1.000603048

α=2
0.000000000
0.2633807649
0.5188956128
0.7573912083
0.9667172289
1.129261448
1.218558349
1.195005526
1.000930472
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Figure 3: The evolution results of Example 4.4, when α=1.25, 1.5, 1.75, and α=2 comparing with the exact solution by VIM.

5. Conclusion
In this paper variational iteration method has been successfully applied to find the solution of a non
linear fractional differential equations are presented in Tables 3, 5, and 7 for differential results of t to
show the stability of the method. The approximate solutions obtained by variational iteration method are
compared with the exact solutions which shown in Figures 1, 2, and 3.
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