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1. Introduction

Mustafa and Sims [11] introduced the concept of G-metric spaces as a generalization of a metric space,
since then, several interesting results for existence of fixed point in G-metric spaces have been obtained
(see [2-4, 7, 10, 11]).

In the other hand, Papa et al. are proved some fixed point theorems for functions satisfying an implicit
relations in metric spaces and G-metric spaces (see [9, 13-18]).

The notion of b-metric space was introduced by Czerwik [8], and many authors studied fixed point
theorems in b-metic spaces (see[1, 6, 9, 12, 19]). Recently, Aghajani et al. [5] generalized the concept of
b-metic spaces by using the notions of b -metric spaces and G-metric spaces, which is called Gy,-metric
spaces and they discussed some properties and common fixed point results of Gy-metric.

The aim of this paper is to introduce (3,c)-implicit contractive of two mappings on two generalized
b-metric spaces and derive some new fixed point theorems for (f3,c)-implicit contractive in two complete
and compact generalized b-Metric spaces.

We recall some basic definitions and results, for details on the following notions (see [5]). Throughout
this paper, R denotes the set of all real numbers, R denotes the set of nonnegative reals and N denotes
the set of natural numbers.

Definition 1.1. Let X be a non empty set and & > 1 be a given real number. A mapping G : X°> — R
is said to be a generalized b-metric (Gp-metric on X) if for all x, y, z, a € X, the following axioms are
satisfied:
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(Gpl) G(x,y,z2)=0ifx=y =1z

(Gp2) 0 < G(x,x,y), with x # y;

(Gv3) G(x,x,y) < G(x,y,z), withz £ y;

(Gv4) G(x,y,z) = G(p(x,z,9)) where p is a permutation of x,y, z (symmetry);
(Gp5) G(x,y,z) <8(G(x,a,a)+ G(a,y,z)), (rectangle inequality).

A pair (X, G) is called a generalized b-metric.

Example 1.2. Let (X,G) be a G-metric space. Consider Gy(x,y,z) = (G(x,y,z))P, where p > 1, is a real
number. Then Gy, is a Gp-metric space with & = 2r—1

Each G-metric space is a Gy,-metric space with 6 = 1. The following example shows that a Gy,-metric
space on X does not need to be a G-metric space on X.

Example 1.3. Let X = R and Gy = %(I x—yl+|ly—z|+|z—x|)% Then Gy is a Gp-metric space on
R but not a G-metric space on R. Indeed, let x =3,y =5,z =7 and a = %, we have Gy (3,5,7) = %,
Gb(31 %/%) = % and Gb(%/5/7) = % SO Gb(3/5/7) > Gb(3/ %/%) + Gb(%/517)

We present some definitions and propositions in Gy-metric space.

Proposition 1.4. Let (X, G)be a Gy-metric space. Then for any x,y,z and a € X, it follows that:

(1) f G(x,y,z) =0thenx =y =z;

(2) G(x,y,2) <8(G(x,x,y) + G(x,x,2));
() Glx,y,y) <20G(y,x,x);

4) G(x,y,z) <8(G(x,a,z)+G(a,y,z)).

Definition 1.5. Let (X, G) be a Gy-metric space, and (xn ) be a sequence of points of X, we say that (xn) is
Gyp-convergent to x if for any ¢ > 0, there exists ng € N such that G(x, xn,xm) < ¢, for all n, m > ny.

Proposition 1.6. Let (X, G) be a Gy-metric space. Then the following are equivalent:

(1) (xn) is G-convergent to x;
(2) G(Xn,Xn,x) — 0,as 1 — oo,
(3) G(xn,x,x) — 0,as n — oo.

Definition 1.7. Let (X, G) be a Gp-metric space, a sequence (xn,) is called Gy-Cauchy if given & > 0, there
is Ny € N such that G(xn, xm,x1) < ¢, forallm,m,1 > n,.

Proposition 1.8. Let X be a Gy,-metric space, then the following are equivalent:

1. the sequence {xn} is Gp-Cauchy;
2. for any € > 0, there exists ng € N such that G(Xn, Xm,Xm) < €, for all m,n > ny.

Definition 1.9. Let (X, G) and (X*, G*) be Gy-metric space and let h : (X,G) — (X*, G*) be a function,
then h is said to be Gp-continuous at a point a € X, if given ¢ > 0, there exists 8 > 0 such that x,y €
X, G(a,x,y) < b implies G*(h(a), h(x), h(y)) < .

Definition 1.10. A Gy-metric space (X, G) is said to be Gy-complete if every Gy-Cauchy sequence in
(X, G) is Gp-convergent in (X, G).

Definition 1.11. A Gp-metric space (X, G) is said to be a compact Gp-metric space if it is Gy-complete
and Gy-totally bounded.
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2. Main results

Now, in this paper, we introduce (f3,x)-implicit contractive and prove our first new results in two
complete Gy,-metric spaces.

Definition 2.1. Let 7 be the set of all upper semi-continuous function in each variable h(ry, 12, 73,714, 75) :
R? — R satisfying:
(1) his non-decreasing in variable r; and non-increasing in variables 13, 14, T5;

(7'[2) if either h(}l, v, 0, L, 26V) < 0or h(l»l/ v, 1, 0/ 0) < 0 for all W, v = 0/ then 25 < ﬁv'

1 1
Example 2.2. h(ry,T2,73,T4,T5) = 11 — 53 max(r2, T3, T4, 5575)-

1 1 1
Example 2.3. h(ry,T2,713,74,75) =711 — 55372 + 553 max(26%13,26%1y, 55T5)-

Example 2.4. h(r,72,73,T4,75) =11 — érz +134T14— 8%1‘5.

Definition 2.5. Let ¢ : X — Y, : Y —X be a mappings and o: X x X — [0,00),  : Y x Y= [0, 00).

We say that ¢ : X — X is an x-admissible if xq,x2 € X, a(x1,%2) > 1 = a(Pe(x1),Pe(x2)) > 1 and
e Y — Yis an B-admissible if y1,y2 € Y, B(y1,y2) = 1 = B(o¥(y1), e¥(y2)) = 1.

Definition 2.6. Let (X, G1) and (Y, G2) be complete Gy-metric spaces, ¢: X — Y, P :Y —X be two given
mappings and «: X x X — [0,00), B : Y x Y= [0,00). The pair (¢,) is said to be an (f3, o)-implicit

contractive pair of mappings whenever there exists h, g € 7t such that

h(B(Sl,(Pll)Sl)Gz((Pt,(Pll)S],(pll)Sz),Gl(t,ll)Sl,ll)Sz), Gz(sll 82,(pt), Gz(Sl,(plpSL(p'll)Sz),Gl(t,t,ll)(pt)) <
g(OC(t,ll)(Pt)Gl(ll)sl,ll)Sz,ll)(pt),Gz(Sl, 52/(pt)/ G1(t/‘~p51ﬂ~l’52)/ Gl(tl t,'ll)(pt), 62(511(011’51/@11)52)) <

forallte X,s1,s0 €Y.

Theorem 2.7. Let (X, G1) and (Y, Gz) be complete Gy,- metric spaces, and @: X — Y, P ;Y — X be an (3, )-
implicit contractive mappings. Suppose that:
(1) @ is an B-admissible and b is an «-admissible;
(ii) there exists xg € X and yo € Y such that o(xo, b (x0)) = 1, B(yo, eW(yo)) = 1,
(iii) x(x,x)) > 1, B(yy) =1L, xeXyeY.
Then P, @\ have a unique fixed points & in X and q in Y, respectively. Further @& = qandpq =&,

Proof. Define two sequences (t) in X, and (sn) in Y, by t, = (b@)™t, sn = @(Wbe)" 1t, for n =
1,2,...,t € X. Suppose that t,, # tn1 and s # sn41, for all n. Applying (2.1), we have

h(B(sn, @bsn)G2(@tn—1, @Psn, @Psn), G1(tn—1,Ysn, Ysn), Ga(sn, Sn, Ptn-1),
Ga(sn, @sn, @¥sn), Gi(tn—1,tn—1,tn)) <0,

h(B(sn,Sn+1)G2(sn, Snt+1,Sn+1), Giltn—1,tn, tn), 0, G2(Sn, Snt1, Snt1),
Gi(tn, tho1,tn-1)) <0.

By using the conditions (i) and (ii), we deduce that 3(so, s1) = B(so, W (so)) = 1 = B(PP(so), @
B(s1,s2) > 1. By iterating the process, we get B(sn,5nt1) = 1, and «(tg, t1) = a(to, Ve(ty)) >
a(pe(to), Ye(t1)) = x(ty, t2) > 1. By iterating the process, we get &(tn,tn4+1) > 1.

Applying (1), (n2) we have

b(s1)) =
1

—

h(GZ(STL/ Sn+1,Sn+1 )/ Gl (tnfll tn, tTL)/ 0/ GZ(STU Sn+1,5n+1 )/ 26G1 (tnfl/ tn, tTL)) < 0/

1 (2.3)
GZ(STL/ Sn+1, 5n+1) < EGl (tnflr tn, tn)-
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Similarly, applying the inequality (2.2),

gloc(tn, Yotn)Gi(bsn, Psn, botn), Ga(sn, sn, ©tn), Gi(tn, bsn, bsn),
G1(tn, tn, tni1), Ga(sn, @Psn, @Psy)) <0,
gl(tn, tn11)G1(tn, tn, tni1), Ga(sn, Sn, Snv1), Giltn, tn, tn), Gi(tn, tn, tni1), Ga(sn, Sni1, Sni1)) <
glee(tn, tn+1)G1(tn, tn, tnt1), Ga(sn, sn, Snt1), Giltn, tn, tn), Giltn, tn, tnt1),26G2(sn, S0, snv1)) <

0,
0
and using the property (nl), (n2), we have

Q(G] (tn/ th, tn+1)/ G2 (Sn/ Sn,Sn+1 )r 0, Gq (tn/ th, thet )r 286Gy (Sn/ Sn,Sn+1 )) <0,

(2.4)
G (tn/ tn, tn+1) 4536 (S'ru St 5n+1)-
Using Proposition 1.4, we get,
1
%Gl(tnr tn+1/ tn+1) < Gl(thrl/ tn, tn) = Gl(tnz tn, tn+1)r (25)
and
G2(sn, Sn, Sn+1) = Ga(Snt1,Sn, 5n) < 280G (Sn, Snt1, Snt1)- (2.6)
From (2.5), (2.6), and (2.4), we obtain
1
Gl(tn/ thit, tn—!—l) < EGZ(STL/ Sn+1, Sn—!—l)- (2-7)

Now it follows from the inequalities (2.3) and (2.7) that

1
< le(tnflz tn, tn)-

Gl(tn/ thrl/thrl) 45

Hence, by induction we get

1
MGyt ty,t1),m=1,2,....

G (tTl/ tn+1/ tn+1) (464

Hence, lim Gi(tn,tni1,thy1) =0. Putk = 54, for any pe N, we get
n——oo

Gl(tn/tn+p/tn+p) < 6G (tn/ n+1s 'r1+1)"|"6 Gl( n+1/tn+2/tn+2)+ 48P Gl(tn+p—1/tn+p/tn+p)
< OK"Gi(t, tr, 1) + 821Gy (b, 1y, 1) 4+ + 8Pk P TIG (4, 1, 1)
= 6k™(1 40Kk + -+ P IP )Gy (t, 1y, 1)
1—(dk
= 6|<“(1_(6K))G1(t,t1,t1)-

Since 0k™ < 1, we have lim Gi(tn,tnip, tnip) =0, thisdueto lim Gi(tn,tm,tm) =0, follows that t,
n—aoo n—aoo

and sy, are Gy-Cauchy sequences with limits & in X and q in Y. Using the inequality (2.1), we have

h(B(sn,@Wsn)G2(@tn, @bsn_1, @Psn_1), G1(tn, Ysn_1,Vsn—1), G2(Sn—1,Sn—1, Ptn),
Ga(sn—1, @Wsn—1, PPsn_1), G1(tn—1, th—1, Potn_1)) <O,
h(ﬁ(sn,5n+1)G2((Ptn, Sn, ST\.)/ Gl (tnl tTl*lI tnfl)l GZ(STLfll Sn—1, (Ptn)/ GZ(STLfll Sn, STL)/ Gl (tnflr tnfli tn)) g 0

Taking n tend to oo, we have

h(B(q, q)G2(@¢, q,q),0,G2(q, g, ¢&),0,0) <O,
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by the condition(iii), we get h(G2(¢é&, q,q),0,G2(q, q, 9&),0,0) < 0, hence q = @&. Using the inequality
(2.2), we have

gloc(tn, Wotn)Gi(Wsn, Ysn, Yoty 1), Ga(sn, sn, Otn-1), G1(tn—1,¥sn, Ysn),
Gi(tn—1, th—1, Votn_1), G2(sn—1, @Psn_1, @Psy_1)) <O,

g(&(tn, th41)G1(Wsn, Psn, tn), Ga(sn, Sn, @tn—1), G1(tn—1,Psn, bsn),
G1(tn—1,th—1,tn), G2(Sn—1,5n,5n)) < 0.

Taking n tend to co, we obtain

9(G1(¥q,¥q,&),0,G1(&,1qg,1q),0,0) <0,

we get £ = q. Thus Y& =Pq =&, ppq = @& = q, and so P has a fixed point & and ¢ has a fixed
point (.

Suppose that P has a another fixed point &; and @1 has a another fixed point q;. We apply (2.1),
(iii) and using the property (n2), we get

h(B (g1, e q1)G2(E, g1, 1), G1(&Pq1,Mq1), G2(q1, 91, ©E),
G2(q1, g1, eq1), G1(bq, g, Yedq)) <O,

h(B(d1,q1)G2(0bq, g1, ebq1), G1(&,¥q1,¥d1), Ga(q1, 41, ©E),
Ga(q1, g1, eq1), G1(bq, g, bedhq)) <0,

h(G2(q, q1,91), G1(¥q,Pq1,bq1), G2(q1, 91,9),0,0) <O,

from which it easy to see that

1
G2(d, 1, q1) < 453G1(¥d, a1, bas). (2.8)
We apply the inequality (2.2) and (iii), we obtain

gla(bq1, vodq1)Gi(bevg, Yebg, Yoebqi), G2(edhq, pbq, ebq1),
G1(bg1, Yeq, bebq), Gi1(Pg,bg, bebq), G2(q1, g1, qr)) <0,

g(e(bq1,Pq1)Gi(Pg,bq,Pq1), Ga(q, g, 91), G1(bq1,¥q,1q),0,0) <O,

9(G1(¥q,¥q,¥q1), G2(q, 9, 41), G1(bq1,¥q,¥q),0,0) <O,

which implies that
1
Gl(ll)q/ lbqﬂl)ql) < EGZ(q/ q, ql)
Again by using the propositionl.4, we get,

1 1 1
gGl(quwazll)ql) < G1(bg,Pq,Pqr) < EGz(q,q,ql) < ﬁGz(q,ql,qﬂ, 29)

1
G1(Wq,Pqi,Par) < ng(q, qi,q1).

Now it follows from the inequalities (2.8) and (2.9) that

1
G2(q,91,91) < Ga(q,q1,91)

1
GZ(q/ q1, ql) < @Gl(wq/q’)ql/wa) < E

and so q = ¢ since 41? < 1. Now @&, = &; implies pp@&; = @&; and so 9&; = q. Thus & = P& =
g =Yoe&; = &. [
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Corollary 2.8. Let (X, G1) and (Y, G2) be complete Gy-metric spaces, and @: X — Y, :Y —X be a mappings.
Suppose that there exists a functions o: X x X — [0,00), f : Y x Y= [0, 00), such that

1
B(Sll (pll)Sl)GZ((pt, (pll)sll (pll)SZ) < @ maX(Gl(t/ .Ll)sll lI)SZ)/ GZ(Sl/ SZI(pt )/
1
Ga(s1, @s1, es2), 5o Gt L et))

1
(X(t,ll)(pt)G]('ll)Sl,ll)Sz,ll)(Pt ) < @max GZ(sll S2, (pt)/

1
%Gz(sll sy, ePsy))

Gl (t/ I‘I)Sl/ 1-I)SZ)/ Gl (t/ t, ll)(pt)/
forallt € X,sq,82 € Y. Suppose also that:

(1) @ is an B-admissible and b is an «-admissible;
(ii) there exists xo € X and yo € Y such that o(xo, W@ (x0)) = 1, B(yo, eW(yo)) = 1,
(iii) «(x,x)) 21, By, y) 2L xe X, yeY.

Then \p and @\ have a unique fixed points & in X and q in Y, respectively. Further @& = qandpq =&,
We prove an analogous results for compact Gp-metric spaces.

Definition 2.9. Let 7* be the set of all upper semi-continuous function in each variable h(r{,17, 13,74, 75) :
R - R satisfying:

(m*1) h is non-decreasing in variable r; and non-increasing in variables 13,14, 15;

(7'[*2) if either h(}l, v, 0, L, 26V) < 0or h(H/ v, W, OIO) <0 fOI' all W, v > 0/ then n< %V.

Definition 2.10. Let (X, G1) and (Y, G2) be compact Gp-metric spaces, ¢: X — Y, P :Y —X be two
given mappings and «: X x X — [0,00), B : Y x Y= [0,00). The pair (¢,1) is said to be an (3, x)-implicit

contractive pair of mappings whenever there exists h, g € m* such that

h(B(Sll(plbsl)G2( (pt/(pll)sll(plpSZ)lGl (t/ U)Sl, 1])82),62(51, SZ,(pt),Gz(Sl,(Plpsl,(plpSZ),Gl(t,t, d)(Pt)) <0 ’ (210)
g(oc(t, 1p(pt)(gl( 11)51/11’52/ 1P(Pt)/ GZ(Slf 52/(pt)/G1 (t/ 1J)Sll 11) Sz),Gl(t,t, ﬂ)@t)/Gz(sp(Pll)Sl/(Plez)) <0 (211)
forallte X,s1,s0 €Y.

Theorem 2.11. Let (X, G1) and (Y, G2) be compact Gy,-metric spaces, and @: X — Y, Y —X be an (f3, x)-
implicit contractive continuous mappings satisfying the conditions:

(1) @ is an B-admissible and \pis an x-admissible;
(ii) there exists xo € X and yo € Y such that o(xg, W@(x0)) = 1, B(yo, eW(yo)) >
(iii)) a(x,x) =1, B(y,y) =1L, xe X,yeY.

Then @ has a unique fixed point &; in X and @\p has a unique fixed point q in Y. Further, &1 = q and \pq = &;.

Proof. Let w : X — R* defined by w(t) = G1(t, Yot Ppet) is Gp-continuous on X. Since X is compact,
there exists a point & in X such that

w(&) = G1(E V@&, heE) = min{Gi(t, pot, Pot); t € X}
Suppose that @& # @ @&. Then & # Pppé&. Put s; =52 = @&, t =Ps = P& in (2.11), we get

g(x(W &b @&)Gi(WeE, bl boel), Ga( @&, @&, @), Gi(VWe& Veé, heé),
Gi(We& V&, bohel), Ga(@, pheé, pheé)) <0
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glo(Pe&, Ve e&)G1 (W&, Y&, vebeE), Go 9&, &, phE),0,
G1(We&E V&, Yo eé),28G2(@E, &, @) < 0.

By using the condition (i) and (ii), we obtain «(&, P @&) > 1 = x(Ve&, bePpef) > 1, and using
(*1),(t*2), we get

1
G1(pe&,pe&, boheé ) < %Gz(cpé,cpi, o @f). (212)

Using Proposition 1.4 and (2.12), we get

Go(UP @&, &, &) < 20G2 (@&, @&, e @E), G1(Ve& V@&, bobel) < Go(@E, e, phef). (2.13)

Putting s; = s, = @&, t = & in (2.10), we have

h(B(@&, @V @E&)Ga(@E, e @&, b @E), G1(E, V&, bef), Ga(@E, 9, 9&),
G2(@&, 0V, o), G1(E, & Vel)) <0,

h(B(PE&, @V @&)Ga (P&, @&, o), G1(E, V&, VL), 0, Ga(@E, @b @&, b eE),
25G1(&,pe&, beé)) < 0.

Applying conditions (i) and (ii), put xg = @&, B( @&, P& ) > 1, and using (7*1),(7*2), we obtain

1
G2(@E, PWPE, ehel) < 5-Gi(E WRE peL). (2.14)
From (2.13) and (2.14), we obtain

1
Gi(be& & behel ) < %Gl(a,tbcpa,tbcpé),

561(11)@&,11)@11)(0&,11)@11)@6) < GiVove& veé, Peé),

1
5Gl(tbcp£,tbcptb<p£,tbcptbcp£) < %Gl(i, V&, k).

Hence @ (V&) < w(§), and we have a contradiction. So e @§ = @&. If & = q and Pq = &;, then we

have Yo (Pp&) = P(ehel) =he& =1Pq =&, and q = 9§ = eP(9E) = (V&) = @&;. ThenPpq = &
is a fixed point of P and @&; = q is a fixed point of .
Suppose that ¢ has a another fixed point &;. Then applying (2.11), we have,

g(o(&2, 0 0&)G1 (W&, Y&, be&s), Gal@&r, 9&1, 9&2), G1(&2, &1, &1),
G1(&2, &2, V9&2), Ga(@l, oY@ &, e eéy)) <0,
gla(&2, 0 0&)G1(&1, &1, &2), Ga @&, 01, 0&2) , G1(&2, &1, &1),
G1(&2, &2,V 9&2), Ga(@&, ©&1, 0&1)) <O,
g(o(&2, &2)G1(&1, &1, &) , Ga(@&1, ©&1, ©&2), G1(&2, &1, &1),0,20Ga (@&, 9&2, 9&2)) < 0.

Applying condition (iii) and using (7r*1),(7*2), we obtain

1
G1(&1, &1, 82) < %Gz(@&,@&,@&)- (2.15)

Using (2.10) we have,

h(B(p&, @ @&)Ga( @&, &, e @&r), G1(&1, V@&, beéy),
Ga(@&, 0&, 9&1), Ga(@&, &y, &), G1(&, &2, V@éy)) <O,
h(B(@&, e @&)Ga(@ly, &, ©&r), Gi(&1, &2, &2), Ga(@En, 9&p, ©&1),0,0) <0,
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and it follows that

1
Ga(@&1, 9&, &) < %Gl(&, &2, &2),
1 1
%GZ((PE&(P&/(P&]) < GaAp&19&,08) < ﬁGl(El,iz, &2). (2.16)

From (2.15) and (2.16), it follows that

1 1
Gi(&1, &1, &2) < 55Gil&1, &2, &2) < 520G (&, &1, &2),
which gives a contradiction and so the fixed point & must be unique. Similarly, q is the unique fixed
point of @. O

Corollary 2.12. Let (X, G1) and (Y, G2) be compact Gy-metric spaces, and @: X — Y, :Y — X be a continuous
mappings. Suppose that there exists a functions oc: X x X — [0,00), f : Y x Y= [0, 00), such that

1
B(Sll (pll)sl)G2((pt/ (Plpslz (pll)SZ) < % maX(Gl(tr 1'l)sll 1pSZJI GZ(Sll S2, (pt)r

1
GZ(Sll (Pll)slz (pll)SZ)/ %Gl (t/ trll)(Pt))/

1
OC(t,‘ll)(pt)Gl(lp81, Il’SZ/lb(Pt) < % max GZ(sll S2, (Pt)/ Gl(t/ l'l)sll 11)52)/

1
Gi(t, t, het), %62(51/ sy, Psy))

forallt € X,sq,82 € Y. Suppose also that:

(1) @ is an B-admissible and b is an x-admissible;
(ii) there exists xg € X and yo € Y such that o(xo, V@(x0)) = 1, B(yo, @ (yo)) = 1;
(iil)) a(x,x)) =1, B(y,y) =1, xeX,yeY.

Then @ has a unique fixed point & in X and @\p has a unique fixed point q in Y, furthermore @& = q and \q = &,
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