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Abstract

In this paper, a Halpern type iterative scheme for finding a common element in the set of fixed points of generic 2-
generalized Bregman nonspreading mappings and the solution set of equilibrium problem have been proposed. We also prove
that the sequence generated by the scheme converges strongly to the element in a real reflexive Banach space. Our results
improve and generalize some announced results in the literature.
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1. Introduction

Let C be a nonempty subset of a real Hilbert space H and T: C — H be a nonlinear map. A point
x € H is called a fixed point of T if Tx = x. Let the set of fixed points of T be denoted by F(T),
ie, F(T) ={x € C: Tx = x}. A mapping T:C — H is called 2-generalized hybrid [22] if there exist
o1, %2, B1, B2 € R such that

oq || T — Tyl + o[ Tx — Ty + (1 — &1 — &) ||x — Ty||?
< Bl T —y* + B2 Tx —y|> + (1 — B1 — B2)[[x —y|[>, Vx,y € C.

Let g : C x C — R be a bifunction, the equilibrium problem with respect to g is to find a point x € C such
that g(x,y) > 0 for all y € C. Let the set of solutions of the equilibrium problem be denoted by EP(g).
Numerous problems can be reduced to finding solution of the equilibrium problem among which can be
found in physics, optimization and economics. To solve equilibrium problems, some of the methods have
been proposed; see, for example, Blum and Oettli [9] and Combettes and Hirstoaga [14].

*Corresponding author
Email addresses: bashiralik@yahoo.com (Bashir Ali), yulah121@gmail.com (Lawal Yusuf Haruna)

doi: 10.22436/jnsa.013.06.01
Received: 2019-12-18 Revised: 2019-12-18  Accepted: 2020-02-10


http://dx.doi.org/10.22436/jnsa.013.06.01
http://crossmark.crossref.org/dialog/?doi=10.22436/jnsa.013.06.01&domain=pdf

B. Alij, L. Y. Haruna, J. Nonlinear Sci. Appl., 13 (2020), 303-316 304

In 2016, Alizardeh and Moradlou [5] obtained weak convergence theorems for finding common ele-
ment of the set of solutions of an equilibrium problem and the set of fixed points of 2-generalized hybrid
mappings in Hilbert spaces.They proved that the sequence generated by

X1 =% €E,

U, € E such that f(un,y)+ %<y —Un,Un —Xn) =0, VyeC(,

Yn = (1= Bn)xn + BnSxn,

Xnt+1 = (1 —an)xn +onSyn Vn e NN,
converges weakly to v = limy o Pr(s)nep(f)X1, where Pr(s)nep(f)x1 is the metric projection of C on
F(S)NEP(f), E is a nonempty closed convex subset of a real Hilbert space H, S is a 2-generalized hy-
brid mapping and f is a bifunction from E x E to R. Takahashi [28] in 2018 proved weak and strong
convergence theorems for noncommutative 2-generalized hybrid mappings in Hilbert spaces.

Kondo and Takahahasi [19] introduced a mapping which contain 2-generalized hybrid mapping in

Hilbert spaces. A mapping T : C — C is called normally 2-generalized hybrid [19] if there exist
1, 02, &3, B1, B2, B3 € R such that

o[ T2x — Ty |2 + oz Tx — Ty * + oxs | x — Ty |
+ B[ Tx —yl? + B2 Tx —y|* + Bsllx —y|I* <0, Vx,y € C,

where (a) Y_3_, (i + Bi) > 0and (b) Y 3_; &; > 0.

In 2018, Hojo, Kondo and Takahashi [17] proved weak and strong convergence theorems for commu-
tative normally 2-generalized hybrid mappings in Hilbert spaces. Recently, Takahashi et al. [29] proved
strong convergence theorem by hybrid method for two noncommutative normally 2-generalized hybrid
mappings in Hilbert spaces. They established that the sequence {x,} C C defined by

x1 =x € C,

Yn = QnXn + bn('YnS +(1 _'Yn)T)Xn + Cn(6n52 +(1— 5n)T2)an
Cn={z€C:yn—z[ < xn—z}

Qn={z€C:{xn—2z%x —xn) =0},

Xn4+1 = Pcannxl, vn €N,

converges strongly to zo = Pr(s)nr(T), where Pg(s)~r(T) is the metric projection of C on F(S) NF(T), C is
a nonempty closed convex subset of a real Hilbert space H, S and T are normally 2-generalized hybrid
mappings.

Let E be a real Banach space and f : E — (—o00,+00] be a convex function. We denote by domf the
domain of f; that is domf = {x € E: f(x) < oo}. For any x € int(dom(f)) and y € E, the derivative of f at x
in the direction y is defined by

folx,y) = PH}) f(x—i—t}i) — f(x).
%

(1.1)
The function f is said to be Gdateaux differentiable at x if lim_g At —f(X) oyists for any y. In this
case, the gradient of f at x is the linear functional Vf(x) : E — (—o0,+00] defined by (Vf(x),y)=f°(x,y),
for any y € E . The function f is said to be Gateaux differentiable if it is Gateaux differentiable at
every x € int(dom(f)). The function f is said to be Fréchet differentiable at x if the limit in (1.1) is attained
uniformly iny, ||y|| = 1. Finally, f is said to be uniformly Fréchet differentiable on a subset C C int(dom(f))
if the limit (1.1) is attained uniformly for x € E and ||y|| = 1. It is well known that if a continuous convex
function f is Gateaux differentiable (resp. Fréchet differentiable) in int(dom(f)), then Vf is norm-to-weak*
continuous (resp. continuous) in int(dom(f)) (see also [6]).

Let E be a real Banach space and f: E — (—o0, +o0] a strictly convex and Gateaux differentiable func-
tion. The function D¢ : domfx int(dom(f)) — [0, 4+o0), defined by

D¢(x,y) = f(x) — f(y) — (Vf(y),x —y), (1.2)
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is called the Bregman distance with respect to f (see [13]).
Remark 1.1. If E is a smooth Banach space and f(x) = ||x||? for all x € E, then we have Vf(x) = 2Jx for all x €
E where ] : E — E* is the normalized duality mapping. Hence D¢(x,y) = $(x,y) = |[x||* —2(x, Ju) + [y,
for all x,y € E. Also if E is a Hilbert space, then D¢(x,y) =[x —y||?, ¥x,y € E.

Observe that from (1.2), we have for any x € domf and y, z € int(dom(f)).

D¢(x,z) = D¢(x,y) + D¢ly, z) + (x —y, VI(y) — Vf(z)),

which is called the three point identity. As an extension and generalization of the normally 2-generalized
hybrid mapping, Ali and Haruna [3] introduced a generic 2-generalized Bregman nonspreading map-
ping in a real reflexive Banach space. A mapping T: C — C is called a generic 2-generalized Bregman
nonspreading mapping if there exist o, 02, a3, 31, B2, B3, Y1, Y2, 81,02 € R such that

() Y31l +Bi) >0
(i) 33y o >0;
(iii) for all x,y € C,
0 D¢ (T2, Ty) + 02D (Tx, Ty) + oD (x, Ty) + B1D+(T?x,y) + B2D¢(Tx, y) + BsD¢(x,y)
<v1(D¢(Ty, T>x) — D¢(Ty, x)) +v2(D¢(Ty, Tx) — D¢(Ty, x))
+ 61 (Df(y/TZX) - Df(U/X)) + 62 (Df(leX) - Df(y/X))'

Such mapping is called (1, x2, &3, 1, B2, B3,Y1,V2, 01, 2)-generic 2-generalized Bregman nonspreading
mapping. For some mappings in which the generic 2-generalized Bregman nonspreading mapping con-
tained as special cases in the space, see, for example, [2, 4, 15, 23].
Remark 1.2. If E = H is a real Hibert space, then D¢(x,y) = ||x —y||*> and consequently the generic
2-generalized Bregman nonspreading mapping reduces to (], o, o5, B, B5, B5) normally 2-generalized
hybrid in the sense of [19] where &} = o1 —v1, &) = %2 — V2, &% = a3+ Y1 +7v2 and B} = B1—81,p5 =
B2 — 02, B3 = B3+ 01 + O2.

Motivated and inspired by the above results, it is our purpose in this paper to prove that the sequence
generated by the proposed iterative scheme converges strongly to the common element of the set of fixed
point of noncommutative generic 2-generalized Bregman nonspreading mappings and the set of solutions

of the equilibrium problem in Banach spaces. Our result improves and generalizes the results of Alizadeh
and Moradlou [5] and Takahashi et al. [29].

2. Preliminaries

Let E be a real reflexive Banach space with norm || - || and E* the dual space of E. Let f : E — (—o00, +00]
be a proper, lower semi-continuous and convex function. The Fenchel conjugate of f is the convex function
f*: E¥ — (—o0, +0o0] defined by

f*(x*) = sup{(x*,x) — f(x) : x € E}.
Observe that the Young-Fenchel inequality holds:
(x*,x) < f(x)+f*(x"), Vx € E, x* € E".

It is well known that if f : E — (—oo, +00] is a proper, convex and lower semi-continuous, then f* :
E* — (—o0, +00] is proper, convex and weak* lower semi-continuous function; see for example [27].

A sublevel of f is the set of the form lev’;r ={xek:f(x)<rtforreR.

A function f on E is coercive [16] if every sublevel of f is bounded, equivalently

lim f(x) = 4o0.
[|x||—-+o0

Let B :={x € E:||x|| <r}forallr > 0and Sg :={x € E: ||x|| = 1}. A function f on E is said to be
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(i) strongly coercive [31] if

f(x)
im —— = +4o0;
IPell—+c0 [IX]
(ii) locally bounded if f(B) is bounded for all r > 0;
(iii) locally uniformly smooth ( Grt(t) = 0, where o, : [0, +00) — [0, 400] is
the function defined by
or(t) = sup (of (x4 (1 — o)ty) 4 (1 — ) f(x — aty) — f(x)) x ((1 — )"

x€Br,yeSe,xe(0,1)

forallt > 0.

(iv) locally uniformly convex (or uniformly convex on bounded subsets of E ([31])) if for all r,t > 0,
pr(t) > 0, where p; : [0, +00) — [0, 4+00] is the gauge of uniform convexity of f, defined by

pr(t) = inf (ocf(x) + (1 — a)f(y) — flax + (1 — o)y)) x (x(1— o))
xYEBy, || x—y||l=t,x€(0,1)

forallt > 0.
Let x € int(dom(f)), the subdifferential of f at x is the convex set defined by

of(x) ={x" e E" : f(x) + (x*,y —x) < f(y), Yy € E}.

Definition 2.1 ([8]). The function f is said to be:

(i) essentially smooth, if 9f is both locally bounded and single-valued on its domain;

(ii) essentially strictly convex, if (0f) ! is locally bounded on its domain and f is strictly convex on
every subset of domf;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.

Remark 2.2. Let E be a reflexive Banach space. Then we have:

(i) fis essentially smooth if and only if f* is essentially strictly convex (see [8] Theorem 5.4);

(i) (af) ' =of;

(iii) fis Legendre if and only if f* is Legendre (see [8, Corrolary 5. 5],

(iv) if f is Legendre, then VT is a bijection satisfying Vf = (Vf*)~!, ranVf = domVf* = int(dom(f*))
and ran Vf* = domVf = int(dom(f)), (see [8, Theorem 5.10].

Various examples of Legendre functions were given in [7, 8] . One important and interesting Legendre
function is 1||-|[’ (1 <p < co) when E is a smooth and strictly convex Banach space. In this case,
the gradient Vf of f coincides with the generalized duality mapping of E, i.e, Vf = J, (1 <p < 00). In
particular, Vf = I the identity mapping in Hilbert spaces.

Definition 2.3 ([11, 18]). Let E be a Banach space. The function f : E — R is said to be a Bregman function
if the following conditions are satisfied:

(i) fis continuous, strictly convex and Gateaux differentiable;
(ii) the set{y € E: D¢(x,y) < r}is bounded for all x € E and r > 0.

The following result can be found in [1] (see also [12, 18]).

Lemma 2.4. Let E be a reflexive Banach space and f : E — R be a strongly coercive Bregman function. Let
Vi : E x E* = [0, +00) be a function associated with f defined by

Ve(x, x*) = f(x) — (x,x™) +*(x*), ¥Yx € E, x* € E". (2.1)

Then the following assertions hold:
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(i) Vi(x,x*) = D¢(x, Vf*(x*)), ¥x € E,x" € E;
(i) Ve(x, x*)+ (y*, VI*(x*) —x) < Vi(x,x* +y*), Vx € E, x* € E*.

Also from equation (2.1), it is obvious that D¢(x,y) = V¢(x, Vf(y)) and V¢ is convex in the second
variable. Therefore for t € (0,1) and x,y € E, we have

D¢(z, VI*(tVFf(x) + (1 —1)Vf(y))) < tD¢(z,x) + (1 —t)D¢(z,y).

A Bregman projection [10] of x € int(dom(f)) onto the nonempty, closed and convex set C C domf is the
unique vector PL(x) € C satisfying

D¢ (P& (x),x) = inf{D¢(y,x) 1y € Ch
The following is well-known concerning Bregman projections.

Lemma 2.5 ([12]). Let C be nonempty, closed and convex subset of a reflexive Banach space E. Let f : E — R be a
Gateaux differentiable and totally convex function and let x € E. Then

(@) z=PLxifand only if (Vf(x) — Vf(z),y—z) <0,Vy € C;

(b) D+(y,Pcx) +D(Pex,x) < De(y,x), ¥x € Ey € C.

The following result is proved in [31].

Lemma 2.6 ([31]). Let E be a reflexive Banach space and let f: E — R be a continuous convex function which is
strongly coercive. Then the following assertions are equivalent

(1) fis bounded on bounded sets and uniformly smooth on bounded sets;
(2) f* is Fréchet differentiable and f* is uniformly norm-to-norm continuous on bounded sets;
(3) domf* = E*, f* is strongly coercive and uniformly convex on bounded sets.

Lemma 2.7 ([24]). Let E be a Banach space and let g : E — R be a Gateaux differentiable function which is
uniformly convex on bounded subsets of E. Let {xnlnen and {Unlnen be bounded sequences in E. Then the
following are equivalent.

(1) limp 00 D(xn,yn) =0;

(2) limn o0 ||Xn —yn || = 0.

Let f: E — (—o0, +00] be a convex and Gateaux differentiable function. The modulus of total convexity
of f at x € int(dom(f)) is the function v¢(x,.) : int(dom(f)) x [0, +o00] — [0, +o0] defined by

ve(x,t) = inf{D¢(y, x) : y € domf, [y — x| = t}.

The function f is totally convex at x if v¢(x,t) > 0 whenever t > 0. The function f is called totally convex
if it is totally convex at every point x € int(dom(f)) and is said to be totally convex on bounded sets if
v¢(B,t) > 0, for any nonempty bounded subset B of E and t > 0, where the modulus of total convexity of
the function f on the set B is the function V¢ : int(dom(f)) x [0, +00] — [0, +00] defined by

V¢ (B, t) = inf{v¢(x, t) : x € BN domf}.

Lemma 2.8 ([26]). If x € int(dom(f)), then the following statements are equivalent:
(i) the function f is totally convex at x;

(ii) for any sequence {yn} C domf,

nLITJl;IOODf(UmX) =0= nLHEOO [yn —x|| =0.



B. Alij, L. Y. Haruna, J. Nonlinear Sci. Appl., 13 (2020), 303-316 308

Lemma 2.9 ([21]). Let f : E — (—o0, +00] be a Legendre function such that V* is bounded on bounded subsets of
int(domf*). Let x € int(dom(f)). If {D¢(X, xn)menN is bounded, then so is the sequence {Xn }neN-

Lemma 2.10 ([25]). Let f: E — (—oo,400] be a Legendre function. Let C be a nonempty closed convex subset of
int(domf) and T : C — C be a quasi -Bregman nonexpansive mapping. Then F(T) is closed and convex.

The following results will play vital roles in establishing our main results

Lemma 2.11 ([30]). Let {an} be a sequence of nonnegative real numbers satisfying the following relation:
an+1 < (1 - ‘Xn)an + ondn, N 2= Mo,

where {on} C (0,1) and {8} is a real sequence satisfying the following conditions limn 0o 6n =0, Y 70 _; 0tn =
oo and limsup,, _, . 0n < 0. Then limy, o an = 0.

Lemma 2.12 ([20]). Let {an} be a sequence of real numbers such that there exists a subsequence {ni} of {n} such
that an, < an 41 for all i € IN. Then there exists a non-decreasing sequence {my} C IN such that my — oo and
the following properties are satisfied by all (sufficiently large) numbers k € IN:

Amy € Omyt1, Ok < Qmy 41
Infact, my = max{j < k:qaj < ajq1}.

To solve equilibrium problem, the bifunction g : C x C — R is assumed to satisfy the following
conditions as can be seen in [9]:

(A1) g(x,x) =0, ¥xeC;

(A2) g is monotone thatis, g(x,y) +g(y,x) <0, Vx,yeC;

(A3) limsup, . gx+tlz—x),y) <glxy), VxyzecC

(A4) the function y — g(x,y) is convex and lower semi continuous.

The resolvent of the bifunction g [14] is the operator T, : E — 2¢ defined by

1
Tx={xeC:g(xy)+ ;(fo—sz,y —x) >0, Wy € ChL

Lemma 2.13 ([25]). Let E be a real reflexive Banach space and C be a nonempty closed convex subset of E. Let
f:E — (—o0,+00] be a Legendre function. If the bifunction g : C x C — R satisfies conditions (A1)-(A4), then
the following hold:

(i) T is single-valued;
(ii) Tv is a Bregman firmly nonexpansive operator;
(iii) F(Ty) = EP(g);
(iv) EP(q) is closed and convex;
(v) forall x € Eand p € F(T;) we have D¢(p, Trx) + D¢(Trx, x) < D¢(p, x).

3. Main results

In this section, E is consider to be a real reflexive Banach space and by x, — x and x, — xin E
we mean that the sequence {x } converges strongly and weakly to x respectively. We propose a Halpern
type iterative scheme for noncommutative generic 2-generalized Bregman nonspreading mappings with
equilibrium in Banach spaces. We then prove that the sequence generated by such algorithm converges
strongly to the common element of the set of fixed point of noncommutative generic 2-generalized Breg-
man nonspreading mappings and the set of solutions of the equilibrium problem in the space. We begin
with the following Lemma.
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Lemma 3.1. Let f: E — R be a strictly convex function which is uniformly Fréchet differentiable on bounded
subsets of E. Let C be a nonempty subset of int(dom(f)) and T:C — C be a generic 2-generalized Bregman
nonspreading mapping. If xn — p, (xn — Txn) = 0and (xn — T?xn) — 0as n — oo, then p € F(T).

Proof. Let{xn} C C be a sequence such that x, — P, (xn —Txn) — 0and (xn — T*x,) — 0asn — co. Since
T:C — Cis a generic 2-generalized Bregman nonspreading mapping then following similar techniques
as in [3, Lemma 3.6] , we see that D¢(p, Ty) < D¢(p,y) for all y € C. Thus, setting y = p together with
strict convexity of f we get p € F(T). This completes the proof. O

Proposition 3.2. Let C be a nonempty subset of int(dom(f)) and T : C — C be a generic 2-generalized Bregman
nonspreading mapping. If F(T) # 0, then T is quasi Bregman nonexpansive.

Proof. Since T: C — C is a generic 2-generalized Bregman nonspreading mapping with F(T) # ) then let
x € F(T) so that x = Tx = T?x. Thus, from the definition of T we get

o D¢(x, Ty) + oD (x, Ty) + asDr(x, Ty) + B1D+(x,y) + B2D¢(x,y) + B3Dr(x,y)
<71 (Df(Ty/ X) - Df(Ty/ X)) +Y2 (Df(Tyrx) - Df(Ty/X))
+ 61 (Df(ylx) - Df(yrx)) + 62 (Df(y/ X) - Df(y/ X))

for all y € C. This implies
(o1 + a2 + &x3)De(x, Ty) + (B1 4 B2 + B3)D¢(x,y) <0, vy € C.
Since Y 3_, &; > 0, then it holds that

—(B1+ B2+ B3)

(1 4+ 2 + «3)

Df(X/TU) g Df(X/U)/ vy € C.

Also, using the fact that Y"3_ (ot + B3) > 0, we get
D¢(x, Ty) < D¢(x,y), Vy € C.
Hence T is quasi Bregman nonexpansive. This completes the proof O

Theorem 3.3. Let f: E — R be strongly coercive, Legendre, uniformly Fréchet differentiable and totally convex
function which is bounded on bounded subsets of E. Let C be a nonempty, closed and convex subset of int(domf) and
g: C x C = R bea bifunction satisfying (A1)-(A4). Let S, T : C — C generic 2-generalized Bregman nonspreading
mappings such that ¥ = F(S) NF(T) NEP(g) # (. Let {xn} be a sequence generated by u,x; € C

Xni1 = PEVF* (5, VIu+ (1 —8,)Vfyn), Vn € N, 3-1)

where un = VI (enVISxn + (1—en)VITxn), Vi = VI* (A VIS2xn + (1 — A ) VIT2x1 ) with the real sequences
{on b ABnt {ynh {en) {An} C [a, bl C (0,1) satisfying on + Pn +vn = 1 and (Cq) : limn 0000 = 0, (C2) :
> % &n = +oo. Then {xn} converges strongly to z = P& (u).

n=1

Proof. Since S and T are generic 2-generalized Bregman nonspreading mappings with nonempty fixed
points then by Proposition 3.2, they are quasi Bregman nonexpansive mappings. Thus, it follows from
Lemmas 2.10 and 2.13 that F is closed and convex. Hence Pg(u) is well defined. Now, let z = Pff(u) cF
so that

D¢(z,un) = D¢(z, VI (€nVISxn + (1 — €1)VITxy))
< enDs(z,S%n) + (1 —en)D¢(z, Txn)
< enDt(z,xn) + (1 —€n)D¢(z,xn) = Df(z,xn).
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Put z, = T, un so that
Df(Z/ZTl) = Df(ZITTnun) < Df(zlun) - Df(T‘rnun/un) < Df(Z/Xn)'
Similarly,
D¢(z,vn) = D¢(z, VF* (A VIS* X + (1 — A ) VIT?xp )
< }\TLDf(Z/ an) + (1 - )\n)Df(Zz Txn)
< AnDt(z,xn) + (1 —=An)D¢(z,xn) = Df(z,xn).
Also,
Df(Z/yn) - Df(Z/ (XanXn + BTLVfZ’TL +YanVn))
< oanD¢(z,xn) + BnDt(z,zn) +vDt(z,vn)
< oanDi(z,xn) + BD¢(z,xn) + 08D¢(z,xn) = Df(z,xn).
And
D¢(z, Xn41) = D¢(z, VPEF* (8, ViU + (1 — 8,) Vyy))
< O0nD¢(z,u) + (1 —061)D¢(z,yn) (3.2)
< San(z,u) + (1 - 6n)Df(Z/Xn)'

Thus, by induction

Df(Z, XTL+1) < maX{Df(Z,u),Df(Z, XTL)}/ vn 2 1.

This implies that the sequence {D¢(z,xn)} is bounded. Therefore, by Lemma 2.9 the sequence {xn} is
bounded. Hence, {un}, {vn}, {yn} and {z,,} are all bounded. Since f is bounded on a bounded subsets of
E then by proposition 1.1.11 of [11], VT is also bounded on bounded subsets of E*. Hence the sequences
{V(xn)} {VFf(un)}, {Vf(va)} and {Vf(z,)} are bounded in E*. We know from [31, Proposition 3.6.3] that
domf* = E* and f* is strongly coercive and uniformly convex on bounded subsets of E*.

Let s = sup{||Vf(xn)|, [Vf(un)|, [Vf(v)l, [|Vf(zn)||} and p : E¥* — R be the gauge function of
uniform convexity of the conjugate function f*. Thus,

D¢(z,yn) = D¢(z, VI (an VX + B VIzn +ynVivy))

Thus,

Similarly,

= Vi(z, dn Vixn + Bn Vizy +vnVivy))
=f(z) — (z, an Vixn + BnVizn + ynVivn) + f (an Vixn + BnVizn +ynVivy)
< f(z) — an(z, Vixn) — Bn(z, VF(zn)) + vn(z, VI(vn))
+ o (VE(xn)) + Bnf* (VE(zn)) + Y f (VE(vn)) — on Bnps ([VF(xn) — V(zn)])
= on (f(2) — (2, VI(xn)) + F(VI(xn))) + Bn(f(z) — (2, VI(zn)) + £ (VF(zn))
+vn(f(z) = (z, Vivn) + 5(VF(zn))] — on Bnps (HVf(Xn) - Vf(zn)H)
= on Vi(z, VI(xn)) + BnVi(z, VI(zn)) + Yn Vi(z, VI(vn))
— anPnps (HVf(Xn) — Vf(zn) ||)
= anD¢(z,%n) + BnDs(z,zn) + YnDt(z,vin) — otn Bnps (HVf(Xn) - Vf(zn)H)
< onDe(z,xn) + BnD¢(z,%n) + YnD¢(2,Xn) — an Pnp i ([ VE(xn) — VE(zn)||)
= Dr(z,xn) — on PP ([VF(xn) — VF(zn) ).

Df(zryn) < Dg(z,xn) — anﬁ’np:(HVf(Xn) - Vf(zn)”)'

D¢(z,yn) < Df(z,xn) — anynps ([|[VE(xn) — VE(vn)])).

(3.3)

(3.4)
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It follows from (3.2), (3.3), and (3.4) that

5nD¢(z,u) + (1—8x)D+(z,yn)

50Dz, 1) + (1 — 81)D¢(z,%n) — (1 — 8n)atn Bup’ (| VF(xn) — VE(zn) )
=6n[D¢(z,u) —Ds(z,xn) + ocn[Snp:(HVf(xn) — Vf(zn)H)]

+D¢(z,xn) — anBnps ([ VE(xn) = VE(zn) ).

D¢(z,xn+1) <
<

Put k; = sup{|D¢(z,u) — D¢(z, xn )| 4+ atn Brpi ([ VF(xn) — VF(zn) )} and ko = sup{|D¢(z,u) — D¢(z, xn )| +
nYnPi (HVf(xn) — Vf(vn)H)}/ then we get

D¢(z,xn+1) < D¢z, xn) — OéanPZ(HVf(Xn) - Vf(zn)”) +dnky

and

D¢(z,xn+1) < Df(z,xn) — anynPs ([VE(xn) — VE(vn)]]) + Snka.
These imply

an BnPs ([VF(xn) = VF(zn)[l) < D¢z, xn) — Dz, Xn41) + dnks (3.5)
and

onYnps (|VE(xn) — Vf(vn)|]) < D¢z, xn) — D¢(2z, Xn41) + dnko. (3.6)

We now consider the following cases.

Case 1. Assume the sequence {D¢(z,xn)} is non-increasing. Since it is bounded, then it is convergent.
Thus, we have that
D¢(z,xn) — D¢(z,xn41) — 0as n — oo. (3.7)

Now, with the use of (C;), equations (3.5), (3.6), and (3.7) we have
OCanp:(HVf(Xn) - Vf(zn)H) —0asn — oo

and

onYnps (|[VF(xn) — Vf(vn)||) = 0asn — oco.

By using the property of p} and the fact that &, B, vn € la,b] C (0,1), we obtain

n—oo

Also, from (3.1) and (3.8) we get

||Vf(xn) - Vf(yn)” < “n||Vf(Xn) - Vf(xn)H + BnHVf(Xn) - Vf(Zn)H

3.9
+Yn||VE(xn) — VF(vn)|| = 0 as n — oo. (3.9)

Since f is strongly coercive and uniformly convex on bounded subsets of E, then by Lemma 2.6 (2), f* is
Fréchet differentiable and Vf* is uniformly norm-to-norm continuous on bounded subsets of E. Thus, we
obtain from (3.8) and (3.9) that

lim ||xn —zn|| =0, lm ||xn —vn||=0, lim |[xn —ynl|/ =0. (3.10)
n—oo n—oo n—o0

Thus, by Lemma 2.7, we get that limy 00 D¢(vn,xn) = 0. Since D¢(z,zn) + D¢(zn, un) < Df(z,un) <
D¢(z,xn), then

< D¢(z,xn) — D¢z, zn)
< ID¢(zn, xn) + <Vfln —Vixn,z— Xn>|
< D¢(zn, xn) + [|Vfzn — Vixa |||z —xn|| — 0 as n — oo.
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Thus, by Lemma 2.8 we get

lim ||zn —un| =0.
n—oo

This together with (3.10) implies

lim ||xn —un|| =0.
n—oo

Thus, by Lemma 2.7, we get that limy,_, D¢(un, xn) = 0. On the other hand,

D¢(z,un) < €nD¢(z, Sxn) + (1 — €n)D¢(z, Txn) — en(l — €n)p:(HVfSXn - VfTXnH)
=D¢(z,xn) —€en(l— €n)p:(”VfSXn - VfTXnH)-

This implies,
en(l - en)p:(Hstxn - VfTXnH) < Df(Z/ Xn) - Df(z’/ un)
< De(un, xn) + [[Viun — Vixa|[|lz = xn ||
—0 as n — oo.
Similarly,

< Df(Z/Xn) _Df(Z/VT‘L)
< Dilvn, xn) + [Vvn — Vixn ||z — xnl|
—0

as m — oo.

A (1=An) i (| VES?xp — VET?x0|)

Thus,
[VESxn — ViTxn| = 0 and ||VfS*x, — VIT?xn|| =0 as n — oo.

From (3.12), we get
[Sxn —Txn|| = 0 and [|S*xn —T?xn| =0 as n — oo.
Using (3.11) and (3.12), we see that

IVExn — VITxn|| < ||[Vfxn — Viun || + [[fun — VITxy||
= ||fxn — Viun|| + en||VISxn — VITx, |
—+0 as mn — oo

Similarly, using (3.8) and (3.12) we have

|VExn — VET?xn || < ||Vxn — Viva|| + [[fon — VET?xy ||
= [|fxn — VFvn || + An || VES*xn — VT2, ||
—0 as n — oo.

From (3.14) and (3.15) we get
lim [[xn —Txn||=0 and lim ||x, — T?xn| = 0.
n—oo n—oo

Using (3.13) and (3.16), we get

lim [[xn —Sxn|| =0 and lim |xn — S$*xn|| = 0.
n—oo n—oo

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Since E is reflexive and the sequence {xn} is bounded, there exists a subsequence {xn, } of {xn} such that

Xn, — X. This together equations (3.16), (3.17), and Lemma 3.1 implies that x € F(S) N F(T).
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Also, using (3.10), we obtain z,,, — x. Since z,, = T, uy, from the definition of T,, we get

1
9(zn,y) + 7<szn —Vfun,y—zn) 20, VyeC.
mn
Hence

1
g(zn,, y)+ r—(sznk —Vfun,,y—2zn,) >0, VyeC.

Ny

Using (A2), we get

1
9(y,zn,) < —9(zn,,y) < —(Vfzn, —Vfun, ,y—2zn,)

Ny

1
< 7||sznk —VfunkH”y _anHI Vy e C

LA

Taking limit as k — oo of the above inequality and with use of (A4) and the fact that z,,, — x, we get
g(y,x) < 0. Defineyt =ty+(1—t)xfor0 <t <1landy € C. Since x,y € C then y¢ € C which yields
that g(y¢,x) <0.

Using (A1) we see that

0=9t,yt) <tglye,y) + (1 —-1)g(ye, x) < tglye,y).

Thus, g(y¢,y) = 0. Now letting t — 0 and using (A3) we see that g(x,y) > 0 for any y € C. This implies
x € EP(g). Hence x € J.
Now, let
wn = VI [0, VI(u) + (1 —8,)Vf(yn)l,

so that

Df(ynrwn) = Df(yn/ % [6an(u) + (1 - én)VﬁJn])
< nDf(Yn,u) + (1 —=81)D¢(Yn, Yn)
=0nDs(yn,u) > 0asn — oo.

It follows from Lemma 2.8 that

lim |lyn —wn]| =0. (3.18)
n—o0
Also, from (3.10) and (3.18) we see that
lim ||xn —wn| =0. (3.19)
n—oo

Using (a) of Lemma 2.5 and equation (3.19), we can conclude that

lim sup(Vf(u) — Vf(z), wn — z) = limsup[(Vf(u) — Vf(z), wn —xn) + (Vf(u) — VFf(z), xn — 2)]

n—oo n—oo
= lim sup(Vf(u) — Vf(z), xn —z)
n—o00 (3.20)
= lim (Vf(u) — Vf(z),xn, —2)
k—o0

= (Vf(u) —Vf(z),x—z) <0,, VxeF.
Using Lemmas 2.4 and 2.5, we see that

D¢(z, Xn+1) = D¢(z, PE (wn))

g Df(Z,Wn)
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= Vi(z, Vf(wn))
< Vi(z, VI(wn) — an (VFf(u) — VI(z)) + 0n (VF(u) — VF(z), wn —2)
= Vi(z, 6an( )+ (1— Sn)Vf(yn) ocn(Vf(u) Vt(z)) + on(VFf(u) — Vf(z),wn, —z) (3.21)
= Vi(z, (1= 04)Vf(yn) + 0. VIf(z <Vf(u) Vi(z),wn —z)
< (1—0n)V(z, VI(yn)) + 0n Vf(z,Vf )) 4+ on(VF(u) — VI(z), wn —z)
= (1—0n)D¢(z,yn) +0nD¢(z,2) + 0n(Vf(u) — VF(z), wn — z)
< (1= an)Df(z,xn) + 60 (VF(u) — VF(z), wn —2).
Therefore by Lemma 2.11, inequalities (3.20) and (3.21), we obtain that D¢(z,x,) — 0 as n — oco. Hence
by Lemma 2.8, x, =z = P}}(u) as n — oo.

Case 2. Let assume that the sequence {D¢(z,xn)} is not non-increasing and take {®,} = {D¢(z,xn)}. Let
there exists a subsequence {n;} of {n} such that for all i € N, ®,,;, < ®,, 1. For some sufficiently large N
and for all n > N, let the map t:IN — IN be defined by

T(n) =max{k < n: ® < Dy, 1},

so that from Lemma 2.12 we see that the sequence t(n) is non-decreasing with t(n) — co as n — co and
Orn) € Orny41, Pn < Prny)41. Using the fact that 6,(,,) — 0 as T(n) — oo and by equation (3.5) and
(3.6) we obtam

P IV () = VEzem)ll) = 0, pE(IVF(xen)) = VEVem)ll) — 0.

Following similar argument as in Case 1, we see that

Hm [Xc(n) — Txemy| =0, Hm [[xXe(n) — TXe ()| =0
n—oo n—oo

and
lim HXT SXT || = 0 lim ”XT(TL) —SZXT(H)H =0.
n—oo Nn—00

Also,

lim sup(Vf(u) — Vf(z), w(n) —2z) <0.

T(n)—oo

It follows from equation (3.21) that
Q)41 < Oopn) + 8 (m) V(W) = VIF(2), X (n) —2) — D]
From the fact that ®(;,) < Q)41 and P () > 0, the previous inequality yields
D) < (VF(u) = VF(z), We(n) —2) = 0as t(n) — oo.

Thus, lim () 00 Pr(n) = M) 00 Prn)4+1 = 0. Since 0 < Oy, < D)1, it implies that limy oo Oy =
limp 00 D¢(z,%n) = 0. Therefore, by Lemma 2.8, we arrived at x, — z as n — oo. Hence in view of the
above two cases, we see that the sequence {x,} converges strongly to z = P! (u). This completes the
proof. O

As a consequence, in view of Remark 1.2, the following result is obtained by applying Theorem 3.3.

Corollary 3.4. Let C be a subset of a real Hilbert space and g : C x C — R be a bifunction satisfying (A1)-(A4). Let
S, T: C — C be normally 2-generalized hybrid mappings with f(x) = ||x||? such that ¥ = F(S)NF(T) NEP(g) # 0.
Let {xn} be a sequence generated by u,x; € C,

{ Yn = OnXn + BnTrnun +YnVn,
Xn+1 = dnu+(1— 5n)yn/

where Wy = €nSxn + (1 — €n)Txn,vn = AnS?xn + (1 — An) T?xy, with the real sequences {on}, {Bn}, {¥n}, {€n},
{An} C la,b] C (0,1) satisfying on + Bn +yn = 1 and (C1) : limn_y006n =0, (C2) : > 31 6n = +o0. Then
{xn} converges strongly to z = P5(u), where P () is the metric projection of C onto .
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Proof. By remark 1.2, the generic 2-generalized Bregman nonspreading mapping reduces to normally
2-generalized hybrid mapping in Hilbert space, i.e., there exists «}, ), &3, 7, B5, B5 € R such that

o || T — Ty|[* + o[ Tx — Ty||* + o] [x — Ty||* + B4 T>x — yl|* + B4 Tx —y|I* + B3/ x —y|I* <0, Vx,y € C,

where o] = oy —v1,0 = X2 —v2, &5 = o3 +v1+v2 and ] = P1—081,B5 = P2— 2,5 = B3+ 51+
satisfying Y 3_, (o, + B/) = Y3 (i +Bi) >0and Y3, &, = Y ;_; oy > 0. Thus, by Theorem 3.3 we see
that the sequence {x,} converges strongly to z = P4(u). This completes the proof. O
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