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Abstract

In this paper, we introduce the notion of fuzzy bipolar metric space and prove some fixed point results in this space. We
provide some non-trivial examples to support our claim and also give applications for the usability of the main result in fuzzy
bipolar metric spaces.
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1. Introduction and preliminaries

In 1960, Schweizer and Sklar [13] introduced the notion of continuous triangular norm. After that in
1965, Zadeh [14] introduces the theory of fuzzy sets. Using the concept of fuzziness, in 1975, Kramosil
and Michalek [6] defined the fuzzy metric space with the help of continuous t-norm. The fuzzy approach
to the distance follows from the idea that it is not necessary that there always exist a real number to define
the distance between any two points which we have to approximate or to find, but it is a fuzzy notion.

In 1994, George and Veeramani [1] modified the definition of fuzzy metric spaces as following.

Definition 1.1 ([1]). Let Y be a nonempty set. An ordered triple (Y, M, %) is called a fuzzy metric space
if M is a fuzzy set on Y? x (0, 00) and * is a continuous t-norm satisfying the following conditions for all
x,y,z€ Yand t,s > 0;

(1) M(x,y,t) >

(2) M(x,y,t) —1 1ffx—y,

() M(x,y,t) = M(y,x, t);

4) M(x,z, t+s) > M(x,y,t) *x M(y, z,s);

(5) M(x,y,.): (0,00) — (0,1] is continuous.
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v x,y e Randt € (0,00). Define continuous t-norm as

Example 1.2. Let M(x,y,t) = [exp(b‘_tm)]

u*xv=uv. Then (X, R, %) is a fuzzy metric space.

Lemma 1.3 ([8]). Let (X, M, %) be a fuzzy metric space. For all x,y € Xand t >0,
M(x,y,kt) > M(x,y,t),
where k € (0,1), then x = y.

Numerous of generalizations of metric space have been introduced by many eminent mathematicians.
Recently, Mutlu and Gurdal [9] generalized metric space which was called bipolar metric spaces and give
a new concept of measurement of distance between the elements of two different sets as:

Definition 1.4 ([9]). The 3-tuple (X, Y, d) is said to a bipolar metric space if X and Y are two nonempty sets
and d is a function on defined on X x Y to R", where R* denotes the set of nonnegative real numbers,
satisfying following properties:

(i) if d(x,y) =0, then x =y for all (x,y) € X xY;
(ii) if x =y, then d(x,y) =0 for all (x,y) € X xY;
(iii)) d(x,y) =d(y,x) forall x,y € XNY;
(iv) d(x1,y2) < d(x1,y1) + d(x2,y1) + d(x2,y2) for all x1,x2 € X and yy1,yz €Y.

Example 1.5. Let f : R — [1,3] and d : C x R — R be defined as d(f,x) = f(x). Then (C,R, d) is a bipolar
metric space where C is the set of all functions.

The new notions of generalization and improvement of metric spaces leads to give existence and
development of fixed point theorems. As in bipolar metric spaces a lot of significant work has been done
by researchers (see, [5, 10-12]) and in fuzzy metric spaces, Grabeic [2] extend the well known fixed point
theorem of Banach to fuzzy metric spaces in the sense of Karamosil and Michalek [6]. After that, Gregori
and Sapena [3] extended the fuzzy banach contraction theorem to fuzzy metric space in the sense George
and Veeramani’s [2]. Recently, Gupta et al. [4] proved some applications for fixed point theorems in fuzzy
metric spaces.

Definition 1.6 ([4]). Define a function © : [0,00) — [0,00), such that O(t) = f; Y(t)dt, Vvt > 0, be
non-decreasing and continuous. Moreover for each € >0, Y(e) > 0and Y(t) =0iff t =0.

The aim of this paper is to introduce a new generalization of the fuzzy metric space, which can handle
the distance between points of two different sets. We define some basic definitions and extend the Banach
contraction theorem for this new generalization. In addition, we also provide examples and applications
for the validity of our main results.

2. Fuzzy bipolar metric spaces

Definition 2.1. Let X and Y be two non-empty sets. A quadruple (X, Y, My, ) is said to be fuzzy bipolar
metric space (FB-space), where * is continuous t-norm and My, is a fuzzy set on X x Y x (0, o), satisfying
the following conditions for all t, s, r > 0:

(FB-1) My
(FB-2) My
(FB-3) My
(FB-4) M,
(FB-5) My
(FB-6) My

x,y,t) >0 forall (x,y) € XX Y;

x,y,t)=1lifand onlyif x =y forx e Xandy € Y;

x,Yy,t) = Mp(y,x, t) forall x,y € XNY;

X1, Y2, t+s+71) = Mp(x1,Y1,t) * Mp(x2,Y1,8) * Mp(x2,yz, 1) for all x1,xp € Xand y1,y2 € Y;
x,Y,.) : [0,00) — [0, 1] is left continuous;

X,Y,.) is non-decreasing for all x € Xand y € V.

—_ —~ —~ — — —
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Remark 2.2. In fuzzy bipolar metric space (X,Y, My, *), Mp(x,y,t) can be thought of as the degree of
nearness between x and y with respect to t, where (x,y) € X x Y.

Example 2.3. Let (X,Y, d) be an bipolar metric space. For all x € X, y € Y, and t > 0, denote

Mb(X,y,t) = m

Then (X,Y, My, %) is fuzzy bipolar metric space, where is a t-norm defined as a*b = ab or a*xb =
min{a, b}.

Remark 2.4. In a fuzzy bipolar metric space (X,Y, My, %), if X =Y then (X, My, *) is fuzzy metric space.

Definition 2.5. Let (X,Y, My, ) be a fuzzy bipolar metric space. The points belong to X, Y and XNY are
called as Left, Right and Central Points respectively and sequences belong to X, Y and XNY are named
as Left, Right and Central sequences respectively.

Lemma 2.6. Let (X,Y, My, *) be a fuzzy bipolar metric space such that
Mo (x,y, kt) = My (x,y, t)

forx e X,yeYandk € (0,1). Then x =vy.

Proof. We have
My (x,y,kt) > Mp(x,y,t) fort > 0. (2.1)

Since kt < t for all t > 0 and k € (0, 1), by (FB-6) we have
My (x,y, kt) < My (x,y, t). (2.2)
From (2.1) and (2.2) and definition of FB-space we get x = y. O

Definition 2.7. Let (X,Y, My, *) be a fuzzy bipolar metric space. A sequence {x,} € X converges to a right
point y if and only if for every € > 0 and t > 0, there exists ng € IN such that My (xn,y,t) > 1 —€ for all
n > ny, i.e, Mp(xn,y,t) =+ 1asn — oo for all t > 0 (symbolically {xn} =y or T}Ego Xn =Y as n — 0o).
Similarly, a right sequence {yn} converges to a left point x if and only if for every € > 0 and t > 0, there
exist ng € IN such that My, (x,yn,t) > 1—¢€ for all n > ny, i.e., Mp(x,yn,t) > lasn — oo forall t > 0
(symbolically {yn} — x or nlgr;o Yn =X asn — oo).

Remark 2.8. If X =Y, then convergent of any sequences in FB-space is equivalent to its convergence in
fuzzy metric space.

Definition 2.9. Let (X, Y, My, %) be a fuzzy bipolar metric space then:

(i) Sequence (xn,yn) € X x Y is named as a bisequence on (X,Y, My, *).

(ii) If both x,, and yn converge, the sequence (xn,yn) € X x Y is said to be a convergent sequence.
If both x,, and yn converge to same center point, bisequence (xn,yn) is said to be a biconvergent
sequence.

(iif) A bisequence (xn,Yn) on FB-space (X,Y, My, *) is said to be a Cauchy bisequence if for each € > 0,
there exists ng € IN such that for all n,m > ng (n, m € IN), we have My (xn,ym,t) > 1 — € for each
t > 0, i.e., a bisequence (xn,yn) is said to be a Cauchy bisequence if My, (xn, Yym,t) = 1asn, m = oo
forall t > 0.

Definition 2.10. The fuzzy bipolar metric space (X,Y, My, *) is said to be complete if every Cauchy
bisequence in X x Y is convergent in it.
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Proposition 2.11. In a fuzzy bipolar metric space, every convergent Cauchy bisequence is biconvergent.

Proof. Let (X,Y, My, *) be a fuzzy bipolar metric space and a bisequence (xn,yn) € X X Y such that
{xn} =y € Yand {yn} — x € X. Since (xn,yn) is convergent Cauchy bisequence, so for all t > 0 we have

My (Xn,Yn,t) = Lasn — oo,

which implies that
My (x,y,t) =1 forall t > 0.

Hence by (FB-2) bisequence (xn,yn) is biconvergent. O
Proposition 2.12. In a fuzzy bipolar metric space, every biconvergent bisequence is a Cauchy bisequence.

Proof. Let (X,Y, My, *) be a fuzzy bipolar metric space and bisequence (xn,yn) € X X Y converges to a
point xp € XNY for allm,m € N and t > 0, by FB-4 we have

t t t
Mb (anym/t) > Mb (XT‘L/XO/ 5) * Mb(XO,XO, g) * Mb(u/ym/ 5)

asn, m — oo, we get
My (Xn,Ym,t) =1 forall t>0.

Which implies that My, (xn, Ym,t) — 1 for all t > 0. Hence, (xn,yn) is a Cauchy bisequence. O

Lemma 2.13. Let (X,Y, My, ) be a fuzzy bipolar metric space and w € XNY is a limit of a sequence then it is a
unique limit of the sequence.

Proof. Let {xn} € X be a sequence. Suppose that x,, =y € Y and also {x,} - u € XNY, then for t,s,r > 0
we have
Mb (u/y/t +s+ 1") 2 Mb (u/ u, t) * Mb (Xn/u/ S) * Mb (melf)

asn — oo we get
Mp(wy t+s+1) =1,

which implies that u =y, i.e., sequence {x, } have a unique limit. O

3. Main results

In this section, we prove the extension of some well known fixed point theorems to fuzzy bipolar
metric spaces.

Theorem 3.1. Let (X,Y, My, *) be a complete fuzzy bipolar metric space such that

tlim Mp(x,y,t) =1 forall xe X, yeY. (3.1)
—00

Let T: XUY — X UY be mapping satisfying

(i) T(X) C Xand T(Y) CY;
(il) Myp(T(x), T(y), kt) > Myp(x,y,t) forall x € X,y € Yand t >0, where k € (0,1).

Then T has a unique fixed point.

Proof. Fix xg € X and yp € Y and assume that T(xn) = xn41 and T(yn) = yn41 for all n € NU{0}. Then
we get (xn,Yn) as a bisequence on fuzzy bipolar metric space (X, Y, My, *). Now, we have

t
Mb (Xllyllt) = Mb(T(XO)/T(UO)/t) > Mb (XOIUOI E)

for all t > 0 and n € IN. By simple induction we get
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t
Mp (X, Yn,t) = My (T(xn-1), T(yn—1),t) = My (%0, Yo, kq) (3.2)

and ¢
Mb (Xn+1/yn/t) — Mb(T(Xn)/T(yn—l)rt) 2 Mb (XLUO; kiﬂ) (33)

forallt >0and n € IN.
Letting n < m, for n,m € IN; if we take g; € (0,1) fori =n,...,2(m —n) + 1, satistying gn +--- +
g2(m—n)+1- Then from the definition of FB-space, (3.2) and (3.3), we get

Mb (anym/ t) 2 Mb (XTL/ Yn, Qnt) * Mb (Xn+11 Yn, 9T1+1t) ORI
* Mb (Xm/ym—lr 92(m7n)t) * Mb (Xm/Um, 92(m—n)+1t)

t t
> My (%0, Yo, %) * My (X1, Yo, gT]jll ) *

92(m—n)+1t
km

92(m—
* Mb (XLUO/ %) * Mb (XOIUOI

).
From (3.1), as n, m — oo we get
My (Xn,Ym,t) = 1 forall t > 0.

Which implies that bisequence (xn,yn ) is a Cauchy bisequence. Now, FB-space (X,Y, My, ) is a complete
space. So, bisequence (xn,Yn ) is a convergent Cauchy bisequence. According to the Proposition 2.11 the
bisequence (xn,yn) is biconvergent sequence.

As, bisequence (xn,Yn ) is biconvergent then there exist a point u € X N'Y which is a limit of the both
sequences {xn} and {yn}. By Lemma 2.13, both sequences {x,,} and {yn} has a unique limit.

Let we claim that u € XN Y is a fixed point of T. From FB-4, consider

Mo (T(), 1, 1) > Mo (T(w), T(yn), 5) % Mo (T0m), Tlyn), 5)* Mo (T(xn), )

foralln € N and t > 0 and as n — oo we have
Mp(T(u),u,t) > 1x1x1=1.

From FB-2 we get T(u) =u.
For the uniqueness of the fixed point assume that a point v € XNY is another fixed point of T. We
have

Mo (1, v, 1) = My (T(w), T(v), 1) > My (as,v, )
for k € (0,1) and for all t > 0. By Lemma 2.6 we get u =v. O
Example 3.2. Let X = [0,1] and Y = {0} UIN —{1}. Define My, = t+|;<£—9| forallt > 0 and x € X and

y € Y. Clearly, (X,Y, My, *) is a complete fuzzy bipolar metric space, where * is a continuous t-norm
defined as a*b = ab.
Let T: XUY — XUY be a mapping given by

T(u):{ , ifuelo1],
0, ifueN-{1},

for all u € XUY. T satisfies the condition (i) of Theorem 3.1. Now, suppose that k = % then for all

t > 0, condition (ii) of Theorem 3.1 also satisfies by T. We can construct the bisequences T(xn) = Xn41
and T(yn) = Yn41 for all n € N U{0} by assuming xo = 1 and yop = 2, we obtain a non-trivial sequence as

(xn,yn) =1{(1,2), (%, 0), (21—2, 0),...}. By Theorem 3.1, we get T have a unique fixed point, i.e., x = 0.
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Corollary 3.3. Let (X,Y, My, %) be a complete fuzzy bipolar metric space such that
tlim Myp(x,y,t) =1forall x e X, y €Y. (3.4)
—00

Let T: XUY — XUY be a mapping satisfying

(i) T(X)SYand T(Y) C X;
(ii) Mp(T(y), T(x), kt) > Mp(x,y,t) forall x € X,y € Yand t >0, where k € (0,1).

Then T has a unique fixed point.

Proof. Fix xg € X and assume that T(xn) = yn and T(yn) = xn41 for all n € N U{0}. Then we get (xn, yn)
as a bisequence on fuzzy bipolar metric space (X, Y, My, *). Now, we have

t
Mb (X1/y0/t) = Mb(T(UO)/T(XO)/t) > Mb (XO/UO/ 7)

k
for all t > 0 and n € IN. By simple induction we get
t
Mb (anyn/ t) - Mb (T(yn—l)/T(Xn)/t) 2 Mb (XOIyOI kZiTL) (35)
and ¢
Mp (xnt1,Yn, t) = Mo (T(yn), T(xn), 1) > My (x0, Yo, 15777 ) (3.6)

forallt >0and n € IN.
Letting n < m, for n,m € IN; if we take g; € (0,1) for i =n,...,2(m —n) + 1, satisfying gn +--- +
92(m-n)+1, then from the definition of FB-space, (3.5) and (3.6), we get

Mp (Xn, Ym, t) ZMp (%n, Yn, gnt) * Mo (Xn11,Yn, gnr1t) - -
* My (erym—lz 92(m—n)t) * Mp (Xm/ymr 92(m—n)+1t)

t t
=My (x0, Yo, %) * Mp (%0, Yo, i;:il )%

92(m—n)t 92(m-—m)+1t
* My (x0, Yo, %) * My (x0, Yo, (Tn]@i:l)"').

From (3.4), as n, m — oo we get
My (Xn,Ym,t) =1 forall t>0.

Which implies that bisequence (xn,yn ) is a Cauchy bisequence. Now, FB-space (X,Y, My, ) is a complete
space. So, bisequence (xn,Yn) is a convergent Cauchy bisequence. According to the Proposition 2.11 the
bisequence (xn,Yn) is biconvergent sequence.

As, bisequence (xn,Yn ) is biconvergent then there exist a point u € XN'Y which is a limit of the both
sequences {xn} and {yn}. By, Lemma 2.13 both sequences {x,} and {yn} have a unique limit. Now, to
prove u € XNY as the fixed point of mapping T, Let we consider

t t t
Mb (T(u)/u/ t) 2 Mb (T(u)/T(Xn)/ g) * Mb (T(Un)/T(Xn)/ g) * Mb (u/T(XTl)/ g)
foralln € N and t > 0 and as n — oo we have
Mp(T(w),u,t) > 1x1x1=1.

from FB-2 we get T(u) = u.
For the uniqueness of the fixed point assume that a point v € XNY is another fixed point of T. We

have ¢
Mb(u,v,t) = Mb (T(\)),T(u),t) P Mb(u,v, E)

for k € (0,1) and for all t > 0. By Lemma 2.6 we get u = v. O
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Example 3.4. Let X ={0,1,2,7} and Y = {0, %, %,3} and define a continuous t-norm as r * s = min{r, s}.
Now, define My (x,y,t) = exp*@ forallt > 0,x € Xand y € Y. Then (X,Y, My, %) is a complete fuzzy
bipolar metric space. Suppose we define a mapping T : XUY — X UY such that

T(u):{i, if ue{7,2),

0, ifue{0 31,3}

T satisfies condition (i) of Corollary 3.3. Fix xg = 7 and assume T(xn) = yn and T(yn) = xn+1 for all
n € IN U{0}, we get a non-trivial bisequence (xn,yn) = {(7, %), (0,0),...}. Letting k = % we can easily get
condition (ii) of Corollary 3.3. Now, according to the hypotheses of Corollary 3.3, T has a unique fixed
point, that is x = 0.

For weak B-contraction, Mihet [7] defined an increasing function ¥: (0, 1] — (0, 1] such that li_{n Yn(k)=
n o

1 and ¥(k) > « for all k € (0,1]. We are proving following fixed point theorem in Bipolar fuzzy metric
spaces by using weak B-contraction.

Theorem 3.5. Let (X,Y, My, *) be a complete fuzzy bipolar metric space and T : XUY — XUY a mapping
satisfying:

i) T(X) S Xand T(Y)CY;

(i) Forx e X,yeYandt >0, Mp(x,y,t) >0 = My (T(x),T(y),t) > ¥Y(Mp(x,y,t)).
Then T has a fixed point.

Proof. Let xgp € X and yp € Y be such that T(xn) = xn4+1 and T(yn) = Yn41 for all n € N U {0}, then
(xn,Yn) be a bisequence on fuzzy bipolar metric space (X,Y, My, *). By the definition of (FB-1) for all
t > 0 and condition (ii) we have

Mp (xn, Yn, t) 2 ¥™ My (x0, Yo, t)) (3.7)

and
Mb (Xn+1/yn1 t) = \yn(Mb (XllyOI t)) (38)

Letting n < m, and defining g; same as Theorem 3.1 for alli =n,...,2(m —n) + 1, then from (3.7), (3.8),
and definition of FB-space we have

Mp (Xn, Ym, t) ¥ (My (%0, Yo, gnt)) * WMy ((x1, Yo, gny1t)) * - -
* \_ym—l (Mb (XLUO/ 92(m—n)t)) * \ym(Mb (XO/ Yo, 92(m—n)+1t))-

Now as n, m — oo, we have My (xn,Ym,t) — 1 for all t > 0. Apply same lines of the proof of Theorem 3.1
here. We have, if u € XN Y is a unique limit of sequences {x,,} and {yn}, then we have to show that u is a
fixed point of T. Since we have My, (xnn, u,t) = tforallt > 0and My (xn4+1, T(u), t) = My (T(xn), T(u),t) >
Y(Mp (xn,u,t)) = Myp (xn,u,t), and it follows that x,, -1 — T(u), which implies that T(u) = u. O

Example 3.6. Let X ={1,3,20,31},Y ={1,2},a*b = ab for all a,b € [0, 1] and define

_ min{x,y} +t
My (x,y,t) = —max{x,y}+ " forall x € X, y € Yand for all t > 0.
Then (X,Y, My, %) is an complete fuzzy bipolar metric space. Now, define ¥ : (0,1] — (0,1] such that
Y(k) = v/k. Clearly, ¥(k) = /k satisfies conditions of ¥ function.
Let T: XUY — XUY be a mapping such that T(1) = T(2) =T(3) =1, T(20) = T(31) = 3. Then all the
conditions of Theorem 3.5 are satisfied. The fixed point of T is x = 1.
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Corollary 3.7. Let (X,Y, My, *) be a complete fuzzy bipolar metric space and T : XUY — XUY a mapping
satisfying:

i) TX)CYand T(Y) C X;

(i) forx e X,y e Yand t >0, Myp(x,y,t) >0 = Myp(T(y), T(x),t) = ¥Y(Myp(x,y,1)).
Then T has a fixed point.

Proof. Proof of the Corollary follows on the lines of proof of the Theorem 3.5 and Corollary 3.3. O

4. Applications

As a consequence to fuzzy Banach contraction result, we obtain existence of a fixed point in fuzzy
bipolar metric space.

Theorem 4.1. Let (X,Y, My, ) be a complete fuzzy bipolar metric space such that

tlim Myp(x,y,t) =1forallx € X, y €Y.
—00

Let T: XUY — X UY be mapping satisfying

() T(X) C Xand T(Y) CY;
i) [ TOOTOIRD vy > (MY y()dt forallx e X, yeY, t>0,

where k € (0,1) and Y € ©. Then T has a unique fixed point.

Theorem 4.2. Let (X,Y, My, *) be a complete fuzzy bipolar metric space such that tlim My (x,y,t) = 1 for all
—00
xeX,yeY. Let T: XUY — XUY be mapping satisfying

(i) T(X) CYand T(Y) C X;
Gi) [ (TWTIR) yiap > MOV y()at forallx € X,y €Y >0,

where k € (0,1) and Y € ©. Then T has a unique fixed point.

Proof. Proof of both Theorems 4.1 and 4.2 follows immediately from Theorem 3.1 and Corollary 3.3,
respectively, by assuming Y (t) = 1 in the above results. O
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