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Abstract

This paper introduces a new four-parameter lifetime model called the Marshall-Olkin generalized Burr XII (MOGBXII)
distribution. We derive some of its mathematical properties, including quantile and generating functions, ordinary and incom-
plete moments, mean residual life, and mean waiting time and order statistics. The MOGBXII density can be expressed as a
linear mixture of Burr XII densities. The maximum likelihood and least squares methods are used to estimate the MOGBXII
parameters. Simulation results are obtained to compare the performances of the two estimation methods for both small and
large samples. We empirically illustrate the flexibility and importance of the MOGBXII distribution in modeling various types
of lifetime data.
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1. Introduction

The quality of statistical analysis depends on the chosen statistical distribution. Modeling real life
data is frequently used to describe various phenomena finance, economics, environmental, biomedical
sciences and engineering, among others. Many extended distributions have been developed and applied
in several fields to model survival data. However, there still remain many important problems involving
real data, which are not contemplated by existing models.

The Burr XII (BXII) distribution is proposed by Burr [9] and it has many applications in many ar-
eas including failure time modeling, reliability and acceptance sampling plans. For example, Shao [23]
used the three-parameter BXII distribution to model extreme events with applications to dood frequency:.
Tadikamalla [24] studied the BXII model and its related models, namely: loglogistic, compound Weibull
gamma, Pareto II (Lomax) and Weibull exponential distributions.

Aiming at a more flexible BXII distribution, there are various generalizations modified forms of the
BXII distribution with different numbers of parameters. For example, the beta BXII (Paranaiba et al.,
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[21]), Kumaraswamy BXII (Paranalba et al., [20]), McDonald BXII (Gomes et al., [11]), Marshall-Olkin
extended BXII (Al-Saiarie et al., [8]), beta exponentiated BXII (Mead, [18]), exponentiated Weibull BXII
(Abouelmagd et al., [2]), Kumaraswamy exponentiated BXII (Mead and Afify, [19]), Weibull BXII (Afify et
al., [4]), odd exponentiated half-logistic BXII (Aldahlan and Afify, [7]) and odd Lindley BXII (Abouelmagd
et al., [1]) distributions.

The survival function (SF) and probability density function (PDF) of the BXII distribution are given by

G B)=(1+x*)"P and glxap)=apx* 1 (1+x¥) P x>0, (1.1)

where G(x; &, ) =1— G(x; &, B) and & > 0 and B > 0 are shape parameters.

The aim of this paper is to propose and study a new lifetime model called the Marshall-Olkin gener-
alized Burr XII (MOGBXII) distribution. Its main feature is that two additional positive shape parameters
are inserted in equation (1.1) to provide more 4exibility for the generated distribution. We construct the
MOGBKXII distribution using the Marshall-Olkin generalized-G (MOG-G) family of distributions due to
Yousof et al. [25], and give some of its mathematical properties. We prove that the MOGBXII distribution
is capable of modeling various shapes of data using two data sets. It can provide better fits to both data
sets.

Let G(x;,) = 1— G(x;,) denotes the SF of a baseline model with parameter vector ,, Yousof et al. [25]
defined the cumulative distribution function (CDF) of their MOG-G family by

_ 1-Gx )
C1-(1-98)G(x,,)°
where are two positive shape parameters representing the different patterns of the MOG-G family. The
corresponding PDF of (1.2) is

F(x;6,a,,)

, x€R, (1.2)

_dag(x;,) G(x, )t

f(x;8,a,,) = — ,
[1—(1-5)G(x, )]’

x € R, (1.3)

where g (x;,) is the baseline PDF, § > 0 and a > 0 are two shape parameters. Generally a random
variable X with PDF (1.3) is denoted by X ~MOG-G(3, a,,). If & = 1, then the MOG-G class reduces to
the generalized-G (G-G) family (Gupta et al., [13]). We have the Marshall-Olkin-G (MO-G) class (Marshall
and Olkin, [17]) for a = 1. Finally, for 6 = a = 1, we obtain the baseline distribution.

The hazard rate function (HRF) of the MOG-G family is

t(x;6,a,,) = = H(XQ) , Xx€R,
1-(1-8)G(x,,)®

where 7 (x; ) = g (x;,) /G(x, ) is the baseline HRF.

Using Equations (1.1) and (1.2), we obtain the four-parameter MOGBXII CDF

1—(1+x%) P

F(x;«,B,6,a) = I (1—5) (14 xo) %P’ x > 0. (1.4)
The PDF amd HRF of the MOGBXII model are given by
f(x; 00 B,8,a) = afdax® 1 (1+x%) P! [1 —(1-9)(1 +x°‘)_aﬁ]72, x>0 (1.5)
and
T(x; o, B,0,a) apax* (1 +x°‘)_1 x>0,

1 (1-8)(1+xx) @B’
where «, 3,6 and a are positive shape parameters. The random variable X having PDF (1.5) is denoted by
X ~MOGBXII(«, 3, 5, a).

The MOGBXII distribution contains some special cases.
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For 6 =1, the MOGBXII model reduces to the generalized BXII distribution.
For a = 1, we have the Marshall-Olkin BXII distribution.

The case o« = 1, refers to the MOG-Lomax (MOGLXx) distribution.

The case 3 =1, refers to the MOG-log-logistic (MOGLL) distribution.

The MOGBXII model reduces to the generalized Lx distribution for 6 = & = 1.
The MOGBXII model reduces to the generalized LL distribution for 6 = 3 = 1.
The case a = & = 1, refers to the MOLXx distribution.

The case a = 3 = 1, refers to the MOLL distribution.

For 6 = a = 1, we obtain the BXII distribution.

For 6 = a = o« = 1, we obtain the standard Lx distribution.

11. For 8 = a = 3 = 1, we obtain the standard LL distribution.
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Some plots of the PDF of the MOGBXII distribution for some selected parameter values are displayed
in Figure 1. Figure 2 shows some plots of the MOGBXII HRF for some parameter values. One can see that,
the MOGBXII HRF can be increasing, decreasing and upside down bathtub. Its PDF can be reversed-J
shaped, symmetric, left skewed and right skewed.
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Figure 1: Plots of the PDF of the MOGBXII distribution  Figure 2: Plots of the HRF of the MOGBXII distribution
for some parameter values. for some parameter values.

The remainder of the paper is organized as follows. In Section 2, we investigate some mathematical
properties of the MOGBXII distribution including linear representation for its PDF, quantile and gen-
erating functions, ordinary and incomplete moments, mean residual life, mean waiting time and order
statistics. The maximum likelihood and least squares estimation methods are discussed in Section 3. A
simulation study is carried out to compare the performance of the two methods of estimation in Section 4.
In Section 5, the MOGBXII distribution is applied to two real data sets to illustrate its importance. Finally,
in Section 6, we give some concluding remarks.

2. Properties of the MOGBXII distribution

We provide some mathematical properties of the MOGBXII distribution including linear represen-
tation, quantile function (QF), moment generating function (MGF), ordinary and incomplete moments,
mean residual life, mean waiting time and order statistics.
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2.1. Linear representation
According to Yousof et al. [25], the CDF of the MOG-G family can be rewritten as

= ivk G(x)"
k=0

where vy = (2/8) and for k > 1, we have

1 1
Lk = 35 <(Pk—SZCr Uk—r) ’
r=1

where @ = (—1)%"! () and ¢, = (1-98) (1) (7). Then, the PDF of the MOG-G family can be
expressed as

x) =) U1 hep(x),

k=0

where hy 11(x) = (k+1)g (x) G (x)* is the exp-G density with power parameter k > 0.
Then, the PDF of the MOGBXII can be expressed as

ad k
= Z Uit (k+Dapx*1(1 +x%) k1 [1 —(1+x%)"P
k=0
n
Consider the power series (1—z)" Z z , |zl < 1 and n positive integer, for the term
5 m=0
[1 —(1 +x°‘)*5} , then we have
oo k K (
f(x) = _1m x—1 oy =B (m+1)—1
(=Y 3 v (1) (m> (ko 1)apx® (14 x%)

k=0 m=0

Then, the MOGBXII density (1.5) can be expressed as a linear mixture of BXII densities as follows
f(x) =) lmglxe(m+1)p), (2.1)
m=0

where g (x; o, (M +1)B) = x(m+1)px* 1 (1+x%)~ B(m+D)=1 is the BXII PDF with parameters « > 0

and (m+1)p >0, and
e vk (CD™(k+1) [k
Cm = Z m+1 (m)

k=m

Based on equation (2.1), several properties of the MOGBXII distribution can be obtained from those
properties of the BXII distribution.

Let Y be a random variable with BXII distribution (1.1) with positive parameters « and 3. For s < «f3,
the st ordinary and incomplete moments of Y are, respectively, given by

Wy =BB(B—>1+-)  and o) =BB(tSB——1+-),

where B(b,c) = [¢°t®7! (14t)~(PT¢)dt is the beta function and B(z;b,¢) = [ t°~ 1 (1+t)~(PT¢)dt is the
incomplete beta function of the second type.
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2.2. Quantile and generating functions
The QF of X is obtained by inverting (1.4) as

1—u ap .

By setting u = 0.5 in (2.2), we obtain the median of X. Simulating the MOGBXII random variable is
straightforward. If U is a uniform variate on the unit interval (0, 1), then the random variable X = x,, at
u = U follows equation (1.5).

The MGF of X, Mx(t) = E[exp(tX)], can be obtained from (2.1) as

Mx(t) = > &m Mmi1 (1),
m=0

where M, 41 (t) is the MGF of the BXII distribution with parameters o and (m +1)p3. We provide a
simple representation for the MGF, M(t), of the BXII(«, 3) model similarly to Paranaiba et al. [21] who
derived a simple representation for the MGF of the three-parameter BXII distribution.

For t < 0, one can write

M(t) = xp L exp (wt) w1 (1 —i—w"‘)_ﬁ_1 dw.

The Meijer G-function is defined by

Grm <X| C1,---,Cp ) 1 J H]'Tilr(dj—i_t)n?:lr(l_c]'_t)
P.q L H

= X
dy,...,dq 2mi PTG+ I, T(A—dj—1)

where i = v/—1 is the complex unit and L denotes an integration path (Gradshteyn and Ryzhik, [12,
Section 9.3]). The Meijer G-function contains as particular cases many integrals with elementary and
special functions (Prudnikov et al., [22]). We now assume that « = r/3, where v and 3 are positive
integers.

Hence, we have the following result, which holds for r and k positive integers, o > —1 and p > 0
(Prudnikov et al., [22, p. 21]),

T o0 \V T A (=), A B, v+1)
_ — _ 98 — B,R+ o Ky, 7
I<p,u,6,v> JO exp (—px)x <1+xf5) dx DGB+M3 <p*| A (B,0) ,
where D = . )f};;r(”?) - and A (B,b) = %,%ﬂ,...,%. Hence, we can write (for t < 0)
U —Vv)pH
T T
M(t):r1<—t,—1,,—ﬁ—1>.
B B
Then, the MGF of X reduces to
> T T
Mx (t) = I(—t, -1, ,— 1)—1).

2.3. Ordinary and incomplete moments
The " ordinary moment of X is given by

S 0

W, =E(X") = Z CmJ x" g (% & (m+1)B) dx.

m=0 -
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Then, we obtain
- T T
:TnZ_OCm (m—f—l)BB((m—{—l)B—&,l—F&),r<o([3(m_|_1). (23)

We have the mean of X, by setting r =1 in (2.3).
The incomplete moment, ¢(t), of the MOGBXII distribution is defined using equation (2.1) as

er(t) = J: x"f(x)dx = mZ_O {m JZ x"g(x 0 (m+1)p)dx.
Then, we can write
° T T
=Y m (m+1) BB( (m+1)ﬁ—a,1+&),r<cx[5(m+1). (2.4)

m=0
The first incomplete moment of X, is determined from equation (2.4) by setting r =1 as

o0

o)=Y im (m+1)BB<Z“;(m+1)ﬁ—i,1+i>, (2.5)

m=0

which has important applications related to the mean residual life, mean waiting time, Bonferroni and
Lorenz curves.

2.4. Mean residual life and mean waiting time

The mean residual life (MRL) (or life expectancy at age t) represents the expected additional life length
for a unit, which is alive at age t and it is defined by mx(t) =E(X—t|[X >1t), t > 0.

The MRL has some applications in life insurance, biomedical sciences, economics, demography, prod-
uct technology, maintenance and product quality control (Lai and Xie, [14]).

The MRL of X, can be defined as

mx(t) =[1—e@1(t)]/S(t) -t (2.6)

where S (t) =1 —F(x) is the SF of the MOGBXII distribution and ¢1(t) is given in (2.5).
By substituting (2.5) in equation (2.6), we have MRL of the MOGBXII distribution as

1 & N 1 1
S—Zcm (m+1) [313<z ;(m+1)6—a,1+“>—

m=0

The mean waiting time (MWT) (or mean inactivity time) is defined by Mx(t) = E[t—X | X <], t > 0,
represents the waiting time elapsed since the failure of an item on condition that this failure had occurred
n (0,t).

The MWT of X can be defined as

Mx(t) =t —[@1(t)/F (t)]. 2.7)
By inserting (2.5) in equation (2.7), the MWT of the MOGBXII distribution reduces to

Mx (t) = F(lthm (m+1) BB( (m—i—l)B—i,l—Fi).

m=0
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2.5. Order statistics
Let X1, ..., X, be a random sample of size n from the MOGBXII distribution and let Xj.n,, ..., Xn:n
be the corresponding order statistics. Then, the PDF of the of ith order statistic, Xi.,,, is defined by

n! i—1 n—i
fim (x) = A=D1 f(x) F(x)" [1—F(x)] .
Then, the PDF of the ith order statistic of the MOBXII distribution reduces to
n! aBdax* 1 (14 xx)"aB~1

fim (x) =

i—1!(n—1)! {1_(1_5) (Hxaragr

X 1—(1+x%)" P o 1— 1—(1+xx)" P n
1—(1—8) (14xx) P 1—(1—8) (1+xx) 9B '

Hence, the PDF of the first order statistic Xi.,, follows from (2.8) with i =1, as

ndtaBax® L (1 4+ xx) bl

11 5) (14 xe)of]""

(2.8)

f1n (X) =

The PDF of the largest order statistic Xy.n is given by

napsax 1 (1+x) P 1 (14 xm)ef]"
frmn (X) = ]
1 (1=8) (1+x) ]

3. Estimation methods

3.1. Maximum likelihood estimation

The estimation of the MOGBXII parameters from complete samples only is considered by the maxi-
mum likelihood method. Let Xy, ..., x, be a random sample of the MOGBXII distribution with parameter
vector 0 = («, 3,9, a)T. The log-likelihood function for 0 is

{=nlogx+nlogp +nlogd+nloga+ (x—1) Z log x;

i=1

(3.1)
n n
—(ap+1) Y log(1+xf)—23 log [1 —(1—8) (1+x%) "B,
i=1 i=1
The maximum likelihood estimators (MLEs) can be obtained by maximizing (3.1) either by using the
different programs such as R, SAS or by solving the nonlinear likelihood equations obtained by differen-
tiating (3.1).

T
The score vector elements, U (©) = % = (— , == —) , can be obtained from the corresponding

author upon request.

3.2. Least squares estimation

The estimation of the MOGBXII parameters is performed using least squares as an alternative method
to maximum likelihood estimation. Let xj., < X2.n < -+ < Xn:.n be the sample order statistics of size n
from the MOGBXII distribution, hence the least squares estimators (LSEs) of the MOGBXII parameters «,
3, 6 and a can be obtained by minimizing

" 1—(14+x%,) P i
V((X/ ﬁ/ 6/ (1) - L _ -
; 1—(1-8) (14x& ) *F n+l

with respect to «, 3, 6 and a. Furthermore, the LSEs follow by solving the non-linear equations

7
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= 1- (14_X§L>f'r1)_a(3

>

4. Simulation study

Sl-0-8)(1+xg,) ntl

2

Ap (x|, B,0,a) = @F (Xinle, B,0,a),
2

Ay (ximlx, B,0,a) = —F (ximlex, B,A),
)

A3 (Xiln|(xl B/ 5/ G.) — 7F (Xi:n|(xl [31 6/ Cl) 7

0
A4 (Xi:n|a/ B/ 5/ G.) =—F (X"i.ZTl.|(XI [3/ 6/ Cl) .

op
06

da

AS (Xi:n|(x/ B/ 6/ a) - 0/ S = 1/ 2/ 3/4/

In this section, we conduct a simulation study for different sample sizes to assess the accuracy of the
MLEs and LSEs for the parameters of the MOGBXII distribution. We consider eight different combinations
(Comb) for the parameters «, 3,6 and a. Comb 1: « =35, 3 =0.5,5 = 1.5, a = 0.75. Comb 2: «x = 3.5,
B=050=075a=07. Comb3 ax=235p=150=075a=075 Comb4 «=15 =15,
5=075,a=075 Comb5: « =15, =15,6=5,a=25. Comb6: x =35, 3 =15,6=5,a=25.
Comb 7: x=35,=0506=5a=25 Comb8 a«=35=050=5 a=075.

The simulation results are obtained from 1000 Monte Carlo replications using the R software by taking
sample sizes n = 20, 50, 100, and 200.

Tables 1-4 list the mean values of the estimates and mean square errors (MSEs) (in parentheses) of the
MLEs and LSEs of the MOGBXII parameters. The values in these tables illustrate that the MSEs decrease
when the sample size increases as expected under first-order asymptotic theory for the MLEs and LSEs.

Table 1: Average values of the estimates and their corresponding MSEs.

Parameters n =20 n =50
MLEs LSEs MLEs LSEs
o =350 | 3.7470(0.5967) 3.4506(0.6373) | 3.6297(0.4264) 3.5040(0.4754)
p =0.50 | 0.5196(0.0099) 0.5180(0.0097) | 0.5230(0.0088) 0.5224(0.0082)
5§ =150 | 1.5971(0.1554) 1.4914(0.1565) | 1.5488(0.1366) 1.5048(0.1383)
a=0.75 | 0.7356(0.0161)  0.7403(0.0155) | 0.7377(0.0148) 0.7398(0.0142)
n =100 n =200
o =3.50 | 3.5890(0.2942) 3.5185(0.3594) | 3.5743(0.1787) 3.5578(0.2375)
B =050 | 0.5158(0.0079) 0.5161(0.0081) | 0.5221(0.0067) 0.5193(0.0070)
§=150 | 1.5408(0.1171) 1.5256(0.1240) | 1.5321(0.0918) 1.5175(0.0979)
a =075 |0.7391(0.0135) 0.7416(0.0129) | 0.7270(0.0135) 0.7284(0.0125)
n =20 n=>50
o =3.50 | 3.7242(0.5096) 3.4965(0.5427) | 3.6081(0.3311) 3.5001(0.3604)
B =050 | 0.5134(0.0104) 0.4936(0.0106) | 0.5131(0.0095) 0.5047(0.0089)
6 =0.75 | 0.7537(0.0375) 0.6871(0.0458) | 0.7483(0.0336) 0.7165(0.0389)
a =075 | 0.7340(0.0174) 0.7161(0.0186) | 0.7302(0.0165) 0.7147(0.0167)
n =100 n = 200
o =350 | 35849(0.1997) 3.5538(0.2381) | 3.5474(0.1123) 3.5604(0.1404)
p =0.50 | 0.5158(0.0080) 0.5026(0.0087) | 0.5191(0.0071) 0.5083(0.0080)
§=0.75 | 0.7531(0.0277) 0.7247(0.0328) | 0.7482(0.0224)  0.7226(0.0283)
a =075 |07290(0.0131) 0.7219(0.0148) | 0.7262(0.0129) 0.7159(0.0141)




A. Z. Afify, A. D. Abdellatif, ]. Nonlinear Sci. Appl., 13 (2020), 133-146

141

Table 2: Average values of the estimates and their corresponding MSEs.

Parameters n=20 n =50
MLEs LSEs MLEs LSEs
o« =3.50 | 3.7338(0.4084) 3.5265(0.4225) | 3.6181(0.2155) 3.5294(0.2231)
=150 | 1.6188(0.0658) 1.5779(0.0567) | 1.6095(0.0574) 1.5774(0.0477)
6 =0.75 | 0.7374(0.0416) 0.6975(0.0461) | 0.7312(0.0398) 0.7103(0.0431)
a=0.75 | 0.7037(0.0227) 0.6669(0.0270) | 0.6976(0.0193) 0.6821(0.0218)
n = 100 n =200
o =350 | 3.5831(0.1339) 3.5492(0.1496) | 3.5571(0.0837) 3.5473(0.0908)
3 =1.50 | 1.5800(0.0473) 1.5679(0.0452) | 1.5824(0.0455) 1.5728(0.0435)
6 =0.75 | 0.7436(0.0385) 0.7279(0.0423) | 0.7370(0.0345) 0.7234(0.0390)
a=0.75 | 0.7090(0.0183) 0.6953(0.0206) | 0.7050(0.0163) 0.6952(0.0189)
n =20 n =50
o =150 | 1.5902(0.0603) 1.5049(0.0569) | 1.5581(0.0396) 1.5220(0.0390)
3 =150 | 1.5779(0.0484) 1.5322(0.0449) | 1.5583(0.0391) 1.5470(0.0372)
0 =0.75 | 0.7359(0.0477) 0.6932(0.0516) | 0.7360(0.0453) 0.7115(0.0465)
a=0.75 | 0.7193(0.0246) 0.6870(0.0273) | 0.7123(0.0201) 0.6907(0.0227)
n =100 n =200
o =1.50 | 1.5382(0.0236) 1.5182(0.0255) | 1.5174(0.0148) 1.5132(0.0168)
3 =1.50 | 1.5553(0.0366) 1.5507(0.0365) | 1.5487(0.0359) 1.5458(0.0355)
6 =0.75 | 0.7406(0.0400) 0.7274(0.0433) | 0.7582(0.0335) 0.7282(0.0373)
a=0.75 | 0.7146(0.0177) 0.6998(0.0197) | 0.7317(0.0145) 0.7071(0.0177)
Table 3: Average values of the estimates and their corresponding MSEs.
Parameters n =20 n =50
MLEs LSEs MLEs LSEs
o =1.50 | 1.5739(0.0216) 1.5371(0.0158) | 1.5544(0.0155) | 1.5324(0.0127)
3 =1.50 | 1.5549(0.0145) 1.5523(0.0143) | 1.5358(0.0093) | 1.5379(0.0098)
0 =>5.00 | 5.1006(0.3603) 5.0812(0.3492) | 5.0458(0.3306) | 5.0653(0.3196)
a =250 | 2.4944(0.0211) 2.4877(0.0205) | 2.4682(0.0154) | 2.4722(0.0158)
n =100 n =200
o =150 | 1.5367(0.0104) 1.5231(0.0089) 1.5204(0.0061) 1.5108(0.0057)
3 =1.50 | 1.5226(0.0058) 1.5270(0.0064) 1.5216(0.0047) 1.5220(0.0044)
6 =>5.00 | 4.9702(0.3007) 4.9831(0.2780) 4.9564(0.2879) 4.9861(0.2635)
a =250 | 24598(0.0121) 2.4603(0.0127) 2.4523(0.0109) 2.4595(0.0108)
n =20 n =50
o =350 | 3.6632(0.4254) 3.4344(0.3882) | 3.5765(0.2043) | 3.4491(0.2226)
3 =1.50 | 1.5543(0.0148) 1.5500(0.0135) | 1.5434(0.0100) | 1.5436(0.0098)
0 =>5.00 | 5.1037(0.3538) 5.2474(0.3836) | 5.1027(0.3624) | 5.2676(0.3714)
a =250 | 2.4927(0.0202) 2.4820(0.0189) | 2.4761(0.0147) | 2.4820(0.0148)
n =100 n =200
o =3.50 | 3.5207(0.1004) 3.4468(0.1168) | 3.5300(0.0555) | 3.4802(0.0638)
3 =1.50 | 1.5313(0.0068) 1.5367(0.0070) | 1.5286 (0.0055) | 1.5339(0.0057)
0 =>5.00 | 5.1160(0.3671) 5.2257(0.3428) | 5.0689(0.3510) | 5.1916(0.3217)
a =250 | 2.4707(0.0123) 2.4698(0.0116) | 2.4626(0.0113) | 2.4718(0.0103)
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Table 4: Average values of the estimates and their corresponding MSEs.

Parameters n =20 ‘ n =50
MLEs LSEs MLEs LSEs
o =3.50 | 3.6384(0.4344) 3.3653(0.3974) | 3.5883(0.3283) 3.4301(0.3217)
p =0.50 | 0.5164(0.0061) 0.5249(0.0067) | 0.5110(0.0044) 0.5195(0.0046)
§=5.00 |5.2787(0.4241) 5.1641(0.3808) | 5.2082(0.3843) 5.1764(0.3577)
a =250 | 24732(0.0162) 2.4872(0.0153) | 2.4771(0.0150) 2.4890(0.0146)
n =100 n = 200
o =3.50 | 3.5574(0.1993) 3.4742(0.2104) | 3.5151(0.1204) 3.4712(0.1351)
=050 | 0.5087(0.0033) 0.5130(0.0034) | 0.5055(0.0023) 0.5099(0.0024)
0 =>5.00 | 5.1954(0.3654) 5.1834(0.3469) | 5.1570(0.3455) 5.1824(0.3311)
a =250 2.4877(0.0138) 2.4968(0.0139) | 2.5055(0.0142) 2.5083(0.0131)
n =20 n =50
o =350 | 3.8010(0.6536) 3.3419(0.4971) | 3.6868(0.5638) 3.3831(0.4880)
p =0.50 | 0.5223(0.0080) 0.5577(0.0115) | 0.5287(0.0077) 0.5553(0.0103)
6 =5.00 5.2373(0.4039) 5.0769(0.3543) | 5.2130(0.3801) 5.0983(0.3481)
a=0.75 0.7071(0.0060) 0.7312(0.0047) | 0.7150(0.0051)  0.7293(0.0043)
n =100 n = 200
o =350 | 3.6362(0.4524) 3.4557(0.4469) | 3.6017(0.3412) 3.4615(0.3839)
p =0.50 | 0.5289(0.0071) 0.5463(0.0089) | 0.5265(0.0059) 0.5435(0.0078)
5§ =500 |51916(0.3544) 5.1315(0.3382) | 5.1326(0.3124)  5.1133(0.3048)
a=0.75 0.7131(0.0050)  0.7213(0.0042) | 0.7160(0.0043) 0.7225(0.0041)

One can see, from Tables 2-4, that the maximum likelihood method performs better than least square

method in most cases in terms of minimum MSEs, however, the two methods perform very well.

All in all, the results show that the MSEs tend to zero as the sample size increase in all cases which
indicate that the MLEs and LSEs are consistent.

5. Two applications

In this section, we illustrate the flexibility and importance of the MOGBXII distribution empirically
by two real data applications. The first data set consists of 128 observations of bladder cancer patients
which represents the remission times (in months) (Lee and Wang, [15]). These data have been analyzed
by Cordeiro et al. [10] and Afify et al. [6]. The second data set contains 346 observations and refers to
nicotine measurements, made from several brands of cigarettes in 1998, collected by the Federal Trade.
These data have been analyzed by Afify et al. [5].

Table 5 lists the competitive models of the MOGBXII distribution which will be compared with it.

Table 5: Fitted competitive distributions of the MOGBXII model.

Distribution Abbreviation Author(s)

Burr XII (special case of MOGBXII)  BXII Burr [9]

Transmuted BXII TBXII Afify et al. [3]

Weibull BXII WBXII Afify et al. [4]

Odd exponentiated half-logistic BXII OEHLBXII Aldahlan and Afify [7]
Odd Lindley BXII OLBXII Abouelmagd et al. [1]
Transmuted transmuted BXII TTBXIIL Mansour et al. [16]
Generalized Lomax GLx Special case of MOGBXII
Marshall-Olkin log-logistic MOLL Special case of MOGBXII
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We consider the Kolmogorov Smirnov (KS) statistic, its P-value (PV ), Cramér-von Mises (W*) and
Anderson-Darling (A*) statistics to compare the fitted distributions.

Tables 6 and 7 list the values of the MLEs and their corresponding standard errors (in parentheses) of
the MOGBXII parameters and other fitted models parameters. These tables also show the values KS, PV,
W* and A* statistics for both data sets.

In Tables 6 and 7, we compare the MOGBXII model with the TBXII, WBXII, OEHLBXII, OLBXII,
TTBXII, GLx, MOLL and BXII distributions. We note that the MOGBXII model gives the lowest values for
the KS, W* and A* statistics and the largest value of the PV among all fitted models. So, the MOGBXII
model could be chosen as the best model to explain both data sets.

Table 6: The MLEs, their (SEs) and the KS, PV, W* and A* measures for cancer data.
Model Estimates KS PV % A*
MOGBXII 0.8125, 0.4586, 93.2647, 5.8515 0.0301 0.9998 0.0137 0.0871

(x,B,05,a) (0.6229)(7.4929)(195.018)(95.880)
TBXII 6.5235, 6.3067, 3.5559, 0.211 0.0304 0.9997 0.0152 0.0987
(x,3,6,7) (0.964)(6.009)(0.372)(1.077)
WBXII 0.7186, 0.1317, 41.6406, 2.7679 0.0479 09300 0.0469 0.3105
(e, B,a,b)  (0.2890)(0.2015)(264.275)(1.0101)
OEHLBXII 2.9623, 0.7077, 0.5081, 1.1006 0.0406 0.9839 0.0325 0.2136
(o, A, q,b) (4.8260)(1.7634)(1.1386)(3.1994)
OLBXII 1.4463, 0.1016, 9.8827, 16.8443 0.0349 09976 0.0199 0.1353
(e, B,0,0) (0.2040)(0.3702)(9.4003)(74.818)
TTBXII 1.4215, 0.7035, -0.8918, -0.8521 0.1084 0.0983 0.3144 2.0176
(a,B,A, a) (0.2759)(0.1490)(0.1369)(0.1029)

GLx 0.6317, 0.7928 03157 0.0000 02738 1.7756
(a,B) (19.446)(24.406)
MOLL 0.5885, 2.8383 02460 0.0000 0.0969 0.6657
(a,8) (0.0446)(0.4342)
BXII 2.3348, 0.2337 02506 0.0000 0.7497 4.5548
(, B) (0.3540)(0.0399)

Table 7: The MLEs, their (SEs) and the KS, PV, W* and A* measures for nicotine data.
Model Estimates KS PV w* A*
MOGBXII  1.8333, 0.4300, 19.1264, 12.6791  0.0969 0.0030 0.4072 2.2308

(x,B,5,a) (0.2994)(3.9518)(13.004)(116.51)
TBXII 2.3141, 453.203, 11.7134, -0.5970 0.1094 0.0005 0.4481 2.5409
(,3,0,A)  (0.1617)(3746.6)(42.499)(0.1504)
WBXII 0.7219, 2.1970, 0.0339, 2.7274 0.1086 0.0005 0.4522 2.6372
(x,,a,b)  (0.2657)(0.8762)(0.0526)(1.3047)
OEHLBXII 1.6929, 0.0832, 0.7468, 4.7463 0.1000 0.0019 0.3813 2.1561
(,A,a,b)  (0.2605)(0.1383)(0.3093)(2.2878)
OLBXII 1.6515, 1.5005, 0.4585, 0.2357 0.1014 0.0016 0.3967 2.2496
(,,0,0) (0.4752)(0.4752)(0.1488)(0.1586)
TTBXII 2.7767,2.6801, -0.4546, -0.4733  0.1277 0.0000 0.6798 3.8391
(x,B,A,a) (0.2093)(0.2063)(0.1576)(0.1518)

GLx 1.6340, 1.0203 03902 0.0000 1.7429 10.384
(a,B) (59.979)(37.454)
MOLL 3.7511, 0.4695 0.1357 0.0000 13148 7.6356
(,5) (0.1617)(0.0443)
BXII 3.4864, 1.8087 0.1513 0.0000 0.8847 5.1203
(«, B) (0.1538)(0.0973)

The histogram of both data sets, and the estimated CDEF, SF and PP plots for the MOGBXII distribution
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are shown in Figures 3 and 4. The plots in these figures show that the MOGBXII distribution has a close
tits to both data sets.
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Figure 3: Fitted PDF, CDEF, SF and PP plots of the MOGBXII distribution for cancer data.
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Figure 4: Fitted PDF, CDF, SF and PP plots of the MOGBXII distribution for nicotine data.
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Figure 5 displays the HRF plots of the MOGBXII distribution for both data sets. It is seen that, the
HREF is upside down bathtub for both data sets.
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Figure 5: The HRF plots of the MOGBXII distribution for cancer data (left panel) and nicotine data (right panel).

6. Conclusions

In this paper, we propose a new four-parameter model called the MarshallOlkin generalized Burr
XII (MOGBXII) distribution, which contains the Burr XII (BXII), Marshall-Olkin BXII, Marshall-Olkin
log-logistic and generalized Lomax distributions, among others as special cases. The MOGBXII density
function can be expressed as a linear mixture of BXII densities. Explicit expressions for some of its math-
ematical quantities including the quantile and generating functions ordinary and incomplete moments,
mean residual life, mean waiting time and order statistics are derived. The MOGBXII parameters are
estimated by the maximum likelihood and least squares methods. Monte Carlo simulation results are
reported for both estimation methods. The proposed distribution provides better fits than some other

nested and non-nested models by using two real data sets.

Acknowledgment

The authors would like to thank the editor and the anonymous referees, for their valuable and very
constructive comments, which have greatly improved the contents of the paper.

References

[1] T. H. M. Abouelmagd, S. Al-mualim, A. Z. Afify, M. Ahmad, H. Al-Mofleh, The odd Lindley Burr XII distribution

with applications, Pakistan J. Statist., 34 (2018), 15-32. 1, 5
[2] T. H. M. Abouelmagd, M. S. Hamed, A. Z. Afify, The extended Burr XII distribution with variable shapes for the hazard

rate, Pak. J. Stat. Oper. Res., 13 (2017), 687-698. 1

[3] A. Z. Afify, G. M. Cordeiro, M. Bourguignon, E. M. Ortega, Properties of the transmuted Burr XII distribution,
regression and its applications, J. Data Sci., 16 (2018), 485-510. 5

[4] A. Z. Afify, G. M. Cordeiro, E. M. M. Ortega, H. M. Yousof, N. S. Butt, The four-parameter Burr XII distribution:
properties, regression model, and applications, Comm. Statist. Theory Methods, 47 (2018), 2605-2624. 1, 5

[5] A.Z. Afify, G. M. Cordeiro, H. M. Yousof, A. Saboor, E. M. M. Ortega, The Marshall-Olkin additive Weibull distribu-

tion with variable shapes for the hazard rate, Hacet. ]. Math. Stat., 47 (2018), 365-381. 5


https://www.researchgate.net/profile/Ahmed_Afify10/publication/323112008_The_odd_Lindley_Burr_XII_distribution_with_applications/links/5a81d92a45851504fb354b9d/The-odd-Lindley-Burr-XII-distribution-with-applications.pdf
https://www.researchgate.net/profile/Ahmed_Afify10/publication/323112008_The_odd_Lindley_Burr_XII_distribution_with_applications/links/5a81d92a45851504fb354b9d/The-odd-Lindley-Burr-XII-distribution-with-applications.pdf
http://dx.doi.org/10.18187/pjsor.v13i3.2083
http://dx.doi.org/10.18187/pjsor.v13i3.2083
http://dx.doi.org/10.6339%2fJDS.201807_16(3).0003
http://dx.doi.org/10.6339%2fJDS.201807_16(3).0003
https://doi.org/10.1080/03610926.2016.1231821
https://doi.org/10.1080/03610926.2016.1231821
https://doi.org/10.15672/HJMS.201612618532
https://doi.org/10.15672/HJMS.201612618532

A. Z. Afify, A. D. Abdellatif, ]. Nonlinear Sci. Appl., 13 (2020), 133-146 146

[6]

A. Z. Afify, A. K. Suzuki, C. Zhang, M. Nassar, On threeparameter exponential distribution: properties, Bayesian and
non-Bayesian estimation based on complete and censored samples, Commun. Stat. Simul. Comput., 2019 (2019), 21
pages. 5

M. A. D. Aldahlan, A. Z. Afify, The odd exponentiated half-logistic Burr XII distribution, Pak. J. Stat. Oper. Res., 14
(2018), 305-317. 1, 5

A.Y. Al-Saiari, L. A. Baharith, S. A. Mousa, Marshall-Olkin extended Burr Type XII distribution, Int. J. Statist. Prob.,
3 (2014), 78-84. 1

L. W. Burr, Cumulative frequency functions, Ann. Math. Statistics, 13 (1942), 215-232. 1,5

G. M. Cordeiro, A. Z. Afify, H. M. Yousof, R. R. Pescim, G. R. Aryal, The exponentiated Weibull-H family of distribu-
tions: theory and applications, Mediterr. ]. Math., 14 (2017), 22 pages. 5

A. E. Gomes, C. Q. da-Silva, G. M. Cordeiro, Two extended Burr models: Theory and practice, Comm. Statist. Theory
Methods, 44 (2015), 1706-1734. 1

I. S. Gradshteyn, I. M. Ryzhik, Table of integrals, series, and products, Academic Press, San Diego, (2000). 2.2

R. C. Gupta, P. L. Gupta, R. D. Gupta, Modeling failure time data by Lehmann alternatives, Comm. Statist. Theory
Methods, 27 (1998), 887-904. 1

C.-D. Lai, M. Xie, Stochastic Ageing and Dependence for Reliability, Springer, Berlin, (2006). 2.4

E. T. Lee, J. W. Wang, Statistical methods for survival data analysis, Wiley-Interscience, Hoboken, (2003). 5

M. M. Mansour, E. M. Abd Elrazik, A. Z. Afify, M. Ahsanullah, E. Altun, The transmuted transmuted-G family:
properties and applications, ]. Nonlinear Sci. Appl., 12 (2019), 217-229. 5

A. W. Marshall, 1. Olkin, A new method for adding a parameter to a family of distributions with application to the
exponential and Weibull families, Biometrika, 84 (1997), 641-652. 1

M. E. Mead, A new generalization of Burr XII distribution, J. Stat. Adv. Theory Appl., 12 (2014), 53-73. 1

M. E. Mead, A. Z. Afify, On five parameter Burr XII distribution: properties and applications, South African Statist. J.,
51 (2017), 67-80. 1

P. F. Paranaiba, E. M. M. Ortega, G. M. Cordeiro, M. A. R. de Pascoa, The Kumaraswamy Burr XII distribution: theory
and practice, J. Stat. Comput. Simul., 83 (2013), 2117-2143. 1

P. FE. Paranaiba, E. M. M. Ortega, G. M. Cordeiro, R. R. Pescim, The beta Burr XII distribution with application to
lifetime data, Comput. Statist. Data Anal., 55 (2011), 1118-1136. 1, 2.2

A. P. Prudnikov, Y. A. Brychkov, O. I. Marichev, Integrals and Series, Vol. 4, Gordon and Breach Science Publishers,
New York, (1992). 2.2

Q. Shao, Notes on maximum likelihood estimation for the threeparameter Burr XII distribution, Comput. Stat. Data Anal.,
45 (2004), 675-687. 1

P. R. Tadikamalla, A look at the Burr and related distributions, Internat. Statist. Rev., 48 (1980), 337-344. 1

H. M. Yousof, A. Z. Afify, S. Nadarajah, G. Hamedani, G. R. Aryal, The Marshall-Olkin generalized-G family of
distributions with applications, Statistica, 78 (2018), 273-295. 1, 2.1


https://doi.org/10.1080/03610918.2019.1636995
https://doi.org/10.1080/03610918.2019.1636995
https://doi.org/10.1080/03610918.2019.1636995
http://www.pjsor.com/index.php/pjsor/article/download/2285/662
http://www.pjsor.com/index.php/pjsor/article/download/2285/662
https://www.researchgate.net/profile/Lamya_Baharith/publication/272804850_Marshall-Olkin_extended_Burr_Type_XII_distribution/links/57a9985c08aed76703f9730d/Marshall-Olkin-extended-Burr-Type-XII-distribution.pdf
https://www.researchgate.net/profile/Lamya_Baharith/publication/272804850_Marshall-Olkin_extended_Burr_Type_XII_distribution/links/57a9985c08aed76703f9730d/Marshall-Olkin-extended-Burr-Type-XII-distribution.pdf
https://projecteuclid.org/euclid.aoms/1177731607
https://doi.org/10.1007/s00009-017-0955-1
https://doi.org/10.1007/s00009-017-0955-1
https://doi.org/10.1080/03610926.2012.762402
https://doi.org/10.1080/03610926.2012.762402
https://scholar.google.com/scholar?cluster=5259633389261068711&hl=en&as_sdt=0,5
https://doi.org/10.1080/03610929808832134
https://doi.org/10.1080/03610929808832134
https://books.google.com/books?hl=en&lr=&id=GnbwLwKFgmgC&oi=fnd&pg=PA1&dq=Stochastic+Ageing+and+Dependence+for+Reliability&ots=Z9iAhKsjHE&sig=vUoR0r3mkKjDrLCI8EylRYVli3U
https://books.google.com/books?hl=en&lr=&id=3QiBBonpRW0C&oi=fnd&pg=PR7&dq=Statistical+methods+for+survival+data+analysis&ots=KcQyDPo2uo&sig=bDyFFlyK-lkOytxh2vgg1oy89XM
http://dx.doi.org/10.22436/jnsa.012.04.03
http://dx.doi.org/10.22436/jnsa.012.04.03
https://doi.org/10.1093/biomet/92.2.505
https://doi.org/10.1093/biomet/92.2.505
https://pdfs.semanticscholar.org/1300/fe283674bd5b122a05296d69a3b7691088b5.pdf
https://hdl.handle.net/10520/EJC-677147147
https://hdl.handle.net/10520/EJC-677147147
https://doi.org/10.1080/00949655.2012.683003
https://doi.org/10.1080/00949655.2012.683003
https://doi.org/10.1016/j.csda.2010.09.009
https://doi.org/10.1016/j.csda.2010.09.009
http://cds.cern.ch/record/250637
http://cds.cern.ch/record/250637
https://doi.org/10.1016/S0167-9473(02)00367-5
https://doi.org/10.1016/S0167-9473(02)00367-5
https://doi.org/10.2307/1402945
https://doi.org/10.6092/issn.1973-2201/7662
https://doi.org/10.6092/issn.1973-2201/7662

	Introduction
	Properties of the MOGBXII distribution
	Linear representation
	Quantile and generating functions
	Ordinary and incomplete moments
	Mean residual life and mean waiting time
	Order statistics

	Estimation methods
	Maximum likelihood estimation
	Least squares estimation

	Simulation study
	Two applications
	Conclusions

