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Abstract

In this paper, we introduce two new subclasses of x-convex functions and study the applications of Jack’s Lemma in the
characterization of functions in these classes.
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1. Introduction

Let E :={z € C: |z| < 1} be the open unit disk and J(E) represent the class of all analytic functions f
defined in E. For a positive integer n and a € C, let

Hla,n] == {f € H(E) : f(z) = a+ anz™ + anp1z2™ ' +---, z€ E}.

Also, we denote

(n)
An = {f € H[0o,n] : f n(O) = } (1.1)

For n =1, we have
A=A :={feH[0,1]:f(0)=1}.

Let 8, denote the subclass of A,, consisting of univalent functions defined in E. Also for x € R,0 <5 < 1
and n € IN, some well investigated subclasses of 8;, include the classes 8* (n, ), € (n,d) and M (n, «, d)
of starlike, convex and x-convex functions of order 0 respectively. For n = 1, the above mentioned classes
reduce to the classes of starlike, convex and «-convex functions of order & respectively; for detail, see
[10] with references therein. We also note that M (n,0,0) = $* (n,0), M (n,1,0) = € (n,0); for details see
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[1-5, 7, 9-12]. Moreover, throughout our discussion, we will assume that n € IN,x € R,0 < < 1. Also,
for a function f € M (n, «, 8), we write

Re [(1 — ) (Z:(S)> +a (1 + Z:,(Z)ﬂ >8,  (z€E). (1.2)
For f € A,, given by (1.1), we set the functional p such that
plz)=z [;(_Zi CC((ZZ))) } a ,  (z€BE), (1.3)

where p (0) = 0 and if the exponents are not integers, we can select a suitable branch so that p is analytic
in E. On differentiating (1.3) and taking real part of the resultant positive, we have

zp’(z)] 1 zf' (2) zf" (z)
Re{m) ] ‘1—6Re{(1_°‘)<f(z) >+°‘<1+ () >_5}>O'

This shows that the function p is starlike in E.

Definition 1.1. Let M8, (n, «, 8) be the subclass of A,, consisting of all x-convex functions f of order &
given by (1.2), which satisfy the condition
plz) 1

1
@ 1.1 Gen,
zp'(z) p| P

for some p (0 < p < 1), where p is defined by (1.3).

We also define
feMC,(n,«8), ifandonlyif, zf € M8, (n,«,8).

The following lemma due to Jack [6] is of fundamental importance.

Lemma 1.2. Let w be analytic in the open unit disk E with
w(0) =0 and |w(z)] <1, (zeE).
If lw (z)| attains its maximum value on the circle |z| = r at a point zy, then we have
zoW' (zo) = kw (z0),

where k > 1 is a real number.

In the past years various applications of Jack Lemma have been explored in the literature of the subject,
for details, we refer [1-5, 7-9, 11-13] and others with references therein.
2. Main results

Theorem 2.1. Let f € A, is an o-convex function of order & and let p be given by (1.3) satisfy

' (z) 2" (2)
Pz P

‘1+ <1l-—p, (ze€ E),

for some p : % <p<1. Then

p (2)
zp’ (z)

zf!' (z) zf" (2) -1
s (7)) ra (155 o)

_1’:

1
< —-—1.
p

Therefore, f € M8, (n, &, ).
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Proof. Consider the function w such that

w(z) = L (pp(z) —1)—1, (zeE).
p—1\"zp'(z)

Then clearly w (0) =0 and w is analytic in E. We prove that w satisfies the condition |w (z)| < 1 in E. By
the above definition for w, we write

plz) =1 =P DwiE+e

zp’ (z) p p

On logarithmic differentiation of above equation, we write

zp’ (z)  zp” (2)

Zw
—1| =1lp—1] ‘ <1—
Pl P ‘ Tl NwE+ °
Suppose that there exists a point zy € E such that
|zl < lzol lw (2)] = lw (z0)| = 1. (2.1)
Applying Lemma 1.2, we can write
/
w(z) = e and 2w (z0) _ k, (k>1).
w (zo)
This implies that
zop’ (z0)  zop” (20) ‘ k ‘ 1
’ plzo) (20 P e =1 7 T (o= 1)+ pe 0
which proves that
zop’ (z0)  zop” (z0) ? S (1-p)? 2.2)
p (z0) P’ (20) " (p—1)2+p2+2p(p—1)cos0d
Since the right-hand side of (2.2) takes its minimum at cos ® = —1, so we have

zop’ (z0)  zop” (20)
p (z0) p’ (z0)

—1’21—p. (2.3)

Thus (2.3) contradicts our assumption. Thus, there is no point zg € E which satisfies (2.1). This shows
that |w (z)| < 1 for z € E, which implies that

1 1 1
p/(z) —‘<, <<p<1,z€E).
zp’(z) p| P 2

Hence, f € M8, (n, «,9). O

For f € MC,, (n, «, 8), we have the following theorem.

Theorem 2.2. Let f € A,y be an analytic function defined in the open unit disk E and let p be such that, as given
by (1.2) and satisfy

Zp//(l)_Z{Zp”(Z)—I—Zp///(Z)}‘<l—p (1<p<1 Z€E>

e P @i @ 2
Then ' (2) .
p (z . 1
@12 (2 1‘ <k

and hence, f € MC, (n, &, ).
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Replacing p (z) by zp’ (z) in Theorem 2.1, we obtain the required proof.

Theorem 2.3. If f € M8, (n, «, ) for 3 < p <1, then

2 \" | [t (R
'(p(z)) 1“ [zM(f(z)) ] -

where p is given by (1.3),0<p<1land0<n < 1—p.

<1l-—p, (z€E),

Proof. Let us define the function

n

1 z \" 1 f(z) (f(z2)\*] "°
w0 =15{() ‘1}—1p[{zw<f<z)>} ‘1]' eh).

Then clearly w (0) =0 and w is analytic in E. We want to prove that |w (z)| < 1 in E. Since

z n
(%) —-pwi+y e,

so on differentiating (2.5) and in view of (2.4), we write

. (1_213’ (Z)> _ (1—p)za’(z)
p (z) 1-plw(z)+1

1 zf' (z) zf" (z)
(1—1_5{“—“) ( ) )*“(” z) >_5}>'

zp'(z) 1 B zf' (z) " (z) _
p(z) ‘1_5{(1 “)<f(z)>+“<1+f/(z)> 6}
:n(1—p)w(1)+n—(1—p)zwl(7‘), (z € E),

n(l-p)w(z)+n

(z zf" (z) -1
p-s{i-w (% z)> (14 %) ¢
w (

‘( —1)In{1—-p) +n)l+ (1—p)zw’ (z)
n(l—plw (Z) —(1—p)zw’(2) '

To proceed further, we assume that there exists a point zg € E such that

This implies that

lz < lzol lw (2)l = lw (z0)l =1, (z€E).
Applying Lemma 1.2, we have

/
W (z9) = e and MZK (k>1,z€E).
w (zo)

This gives that

plz) | | { B (zm"(Zo)) < zf”(lo))_ }1_
zob (z0) 1""’” NI e )T e )8 !

(2.4)

(2.5)

(2.6)



S. Z. H. Bukhari, M. Nazir, J. Nonlinear Sci. Appl., 13 (2020), 113-118 117

7

_ '(p—l) [(n (1—p) w(z0) +m)] + (1 — p) Zow' (20)
n(1—p)w(zo) +n—(1-p)zow’ (20)

Oor we can write

, P (=) _1‘2:‘(p—l)[(n(l—p)w(zO)+n)1+(1—p)sz'(zO) i
zop’ (z0) N(1—p)w(zg) +1n—(1—p)zow’ (z0)
1—p)(pn+k—m)>+n2(p—1)*+2n(1—p) (p—1) (pn +k—n)cos O
(1—p)* M —k)*+n2+2n(1—p) (n—k)cosd

We now define a function g for cos 6 = t such that

(1—p)(pn+k—m)*+n2(p—1)*+2n(1—p) (p—1) (pn tk-n)t
(1-p M-k +n2+2m(1—p)(n—k)t
Taking derivative of (2.7) with respect to t, we see that ¢’ (t) > 0, for
2omk (1—p)n* (p—1) — (1—p)> M —k) (n +k—mn)}
=2onk (1—p) {n? (o= 1)~ (1—p* (n—KIn (p—1) = (1= p)’ N~ k) k| >0,

g(t)= (2.7)

becausen—k < 0for0 < p <1,0<n<1—p, k=1 Therefore, g is monotonically increasing for t, when
% <p<land
(—p)lptk-—m)—mlp—-1) _, _p(d-—mn—p)
n—(1—p)(n—k) (1—p)(k—m)+n "~
This contradicts the condition that f € M8, (n, «,8). Thus, there does not exist a point zg € E which
satisfies (2.6). This shows that
n
‘( z ) —1' <1-p, (z€E),

p(z)
which completes the desired proof. O

g(t)=g(-1) =

For f € MC,, (n, «, 8), we have the following theorem.
Theorem 2.4. If f € M€, (n, &, 8) for 3 < & < 1, then
1 n
‘<, > —1‘<1—p, (z€ E),
P’ (2)
where p is given by (1.3), 0 < p<1land 0 <n < 1—p.

Replacing p (z) by zp’ (z) in Theorem 2.3, we obtain the required proof.
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