Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 13 (2020), 34-52

Research Article

ISSN: 2008-1898

oat SCienceg
S 2

f/vo

yournaj o
7
;
RN
Q
€)
Suopeond®

Journal of Nonlinear Sciences and Applications

PuEmcanoss
Journal Homepage: www.isr-publications.com/jnsa

The Marshall-Olkin exponentiated generalized G family of

. . . . . . . . M) Check for updates
distributions: properties, applications, and characterizations

Haitham M. Yousof®*, Mahdi Rasekhi®, Morad Alizadeh®, G. G. Hamedani®

4Department of Statistics, Mathematics and Insurance, Benha University, Egypt.
bpepartment of Statistics, Malayer University, Malayer, Iran.

®Department of Statistics, Faculty of Sciences, Persian Gulf University, Bushehr, 75169, Iran.
9Department of Mathematics, Statistics and Computer Science, Marquette University, USA.

Abstract

In this paper, we propose and study a new class of continuous distributions called the Marshall-Olkin exponentiated gen-
eralized G (MOEG-G) family which extends the Marshall-Olkin-G family introduced by Marshall and Olkin [A. W. Marshall,
I. Olkin, Biometrika, 84 (1997), 641-652]. Some of its mathematical properties including explicit expressions for the ordinary
and incomplete moments, generating function, order statistics and probability weighted moments are derived. Some charac-
terizations for the new family are presented. Maximum likelihood estimation for the model parameters under uncensored and
censored data is addressed in Section 5 as well as a simulation study to assess the performance of the estimators. The importance
and flexibility of the new family are illustrated by means of two applications to real data sets.
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1. Introduction

There has been a great deal of interest in extending and developing more flexible models through
expanding the classical distributions by introducing additional shape parameters to the baseline distri-
bution. Many generalized families of distributions have been studied and proposed over the last two
decades for modeling data in many applied areas such as engineering, economics, biological studies,
medical sciences, environmental sciences and finance. So, several classes of continuous distributions have
been constructed by extending common G families. These generalized models give more flexibility by
adding one (or more) shape parameters to the baseline model. For instance, Gupta et al. [17] introduced
the exponentiated-G class, which consists of raising the cumulative distribution function (cdf) to a posi-
tive power parameter. Many other classes can be cited like the beta generalized-G by Eugene et al. (2002),
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the gamma-G by Zografos and Balakrishnan [42], the exponentiated generalized-G by Cordeiro et al. [12],
T-X by Alzaatreh et al. [8], exponentiated T-X by Alzaghal et al. [9], Kumaraswamy Marshall-Olkin-G by
Alizadeh et al. [6], beta Marshall-Olkin-G by Alizadeh et al. [5], transmuted exponentiated generalized-G
by Yousof et al. [39], transmuted geometric-G by Afify et al. [2], Kumaraswamy transmuted-G by Afify
et al. [3], Burr X-G by Yousof et al. [40], exponentiated transmuted-G family by Merovci et al. [26], the
complementary generalized transmuted Poisson family by Alizadeh et al. [7], beta transmuted-H by Afify
et al. [4], generalized transmuted-G by Nofal et al. [31], the beta Weibull-G family by Yousof et al. [41],
the Topp-Leone odd log-logistic family by Brito et al. [11], the Burr XII system of densities by Cordeiro et
al. [14], new extended G family by Hamedani et al. [19], and odd power Lindley generator of probability
distributions by Korkmaz et al. [20], among others.

Cordeiro et al. [12] proposed and studied the exponentiated generalized (EG) family with cdf and
probability density function (pdf) given by

Hape(x) = [1-G ()", (1.1)

and oy
hab,p(X) = abg(xd)G () ' [1-G ()],

respectively, where ¢ is the parameter vector, G (x; ) = 1 — G (x; ¢p) is the reliability function (rf) of
a parent distribution. Marshall and Olkin [25] introduced a new method of adding a parameter into a
family of distributions called the Marshall-Olkin-G (MO-G) family. They indicated that if H (x),h (x) and
1 (x) denote the rf, pdf and hazard rate function (hrf) of a continuous random variable X, then the MO-G
family has rf defined by

OH(x; b)

e—(l—e)ﬁ(x;¢)’X€R’e>0' (1.2)

Fo,(x) =
Clearly, when 6 = 1, F(x) = H(x). The corresponding pdf of (1.2) is given by

Oh(x; d)
[6—(1—0)H(x; Pp)]

By inserting (1.1) in (1.2), we obtain the cdf of the MOEG-G class

fo,(x) = 5, xER, 6>0.

[1-G(x)°
0+(1—6)[1-G(x)?]

F(x) = (1.3)

bl

with corresponding pdf given by

abfg (x) G (x)* 1 [1-G ()"

f(x) =
{e+(1—e) [1—E(x)“]b}2

, (1.4)

where G (x) = G (x; ) and F (x) = F(x; 0, a,b) etc. Henceforth, X ~ MOEG-G(0, a, b, ¢) denotes a random
variable having density function (1.4).

Some special cases of the new family were studied recently. For instance, generalized exponential
geometric extreme distribution by Ristic and Kundu [32] and Marshall-Olkin generalized Weibull distri-
bution, Marshall-Olkin generalized Lindley distribution, Marshall-Olkin generalized Lomax distribution
and Marshall-Olkin generalized Lomax distribution by Yousof et al. [40]. Furthermore, the basic motiva-
tions for using the MOEG-G family in practice are the following: to produce a skewness for symmetrical
models; to define special models with all types of hrf; to construct heavy-tailed distributions for modeling
various real data sets; to make the kurtosis more flexible compared to that of the baseline distribution; to
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Table 1: Sub-families of the MOEG-G family
Sub-model Ola|b|G(x) Author
EG-Gfamily |1 | a|b | G(x) | Cordeiro et al. [12]

G-G family 1]1]|b|G(x)| Guptaetal [17]

E-G family 1]a|1l]|G(x)| Cordeiro et al.[12]

MOG-G family |8 | 1 | b | G(x) New
MOE-G family | 6 | a | 1 | G(x) New
G (x) 1111 G(x) -

generate distributions with left-skewed, right-skewed, symmetric, or reversed-J shape; to provide consis-
tently better fits than other generated distributions under the same underlying model.

This paper is organized as follows. In Section 2 we formulate and plot two special MOEG models. In
Section 3, we derive some of mathematical properties of the new family. Some useful characterizations
are presented in Section 4. Maximum likelihood estimation for the model parameters under uncensored
and censored data is addressed in Section 5 as well as a simulation study to assess the performance of the
estimators. In Section 6, potentiality of the proposed class is illustrated by means of two real data sets.
Finally, Section 7 provides some conclusions.

2. Special MOEG-G models

In this section, we provide two special models of the MOEG-G family of distributions. The pdf (1.4)
will be most tractable when Gg, (x) and g4 (x) have simple analytic expressions. These sub-models
generalize some well-known distributions.

2.1. The MOEG-Weibull (MOEG-W) distribution
Consider the cdf and pdf (for x > 0) G(x) =1 —exp[—(ocx)ﬁ] and g(x) = BabxP—1 exp[—(ocx)ﬁ],
respectively, of the Weibull distribution with positive parameters o and 3. Then, the pdf of the MOEG-W

model is given by
b—1
abOpoabxf—1 exp[—a(ocx)ﬁ] [1 — exp[—a(ocx)ﬁ]}

f (X) = b2
{9 +(1-0) [1—expl—a(ax)”]] }

The MOEG-W distribution includes EG-Wif 6 =1, G-Wifa=0=1, EWifb=0=1, MOG-Wif a =1,
and MOE-W if b = 1. Plots of the density and hrf of the MOEG-W distribution for some parameter values
are displayed in Figure 1.

2.2. The MOEG-Lomax (MOEG-L) distribution
The cdf and pdf (for x > 0) of the Lomax distribution with positive parameter « are G(x) =1—[1+
x]~* and g(x) = «[1 +x]~(**1), respectively. Then, the pdf of the MOG-L distribution becomes

abOua[l +x]~*a-1{1 -1+ X]*“a}b_l
{e T(1—0){1-101 +x}—‘w}b}2

The MOEG-L distribution includes EG-Lif 0 =1,G-loifa=0=1,E-Lifb=0=1, MOG-Lif a =1,
and MOE-L if b = 1. Plots of the density and hrf of the MOEG-L distribution for some parameter values
are displayed in Figure 2.

f(x)=
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Figure 2: MOEG-L distribution: pdf (left figure), hrf (right figure).

3. Some mathematical properties

3.1. Extreme values

If X = (Xy+---+ Xn)/n denotes the mean of a random sample from (1.4), then by the usual central
limit theorem /n(X —E(X))/y/Var(X) approaches the standard normal distribution as n — oo under
suitable conditions. Sometimes one would be interested in the asymptotic of the extreme values M,, =
max(Xj, ..., Xn) and my =min(Xy,..., Xy ). First, suppose that G belongs to the max domain of attraction
of Gumbel extreme value distribution. Then by Leadbetter et al. [21, chapter 1], there must exist a strictly
positive function, say h(t), such that

1—G(t+xh(t))

tlgrgo TG =e X, Vx € (—o0, ).

But
. 1—=F(t+xh(t)) . xf(tx)
th_)n;o 1 F0) —Xlgrolo ) =e Y,Vx e (—oo,00),

so, it follows from Leadbetter et al. [21, chapter 1] that F belongs to the max domain of attraction of the
Gumbel extreme value distribution with

lim Plan(Mnp —bn < x)] = exp [—exp(—ax)]

n—oo

for some suitable norming constants a,, > 0 and b,. Secondly, suppose that G belongs to the max domain
of attraction of the Fréchet extreme value distribution. Then by Leadbetter et al. [21, chapter 1], there
must exist 3 > 0 such that

. 1—G(t+xh(t))
lim

— ~C _
Jim 1-6() =x%,Vx € (—o0,00).
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But 1—F h f
—F(t t t
lim (t+x ()):me(x):xac,Vx>O,

t—o0 1— F(t) t—o0 f(t)

so, it follows from Leadbetter et al. [21, chapter 1] that F belongs to the max domain of attraction of the
Fréchet extreme value distribution with

lim Plan(Mp —byn < x)] =exp(—x“®°)
n—oo
for some suitable norming constants a,, > 0 and by,. Thirdly, suppose that G belongs to the max domain
of attraction of the Weibull extreme value distribution. Then, by Leadbetter et al. [21], there must exist a
3 > 0 such that
G(tx)

— B
tlg(l) 0 xP,Vx <0.

But
. F(tx) . xf(tx)
lim =1

50 F(t)  t20 f(1)

:be,Vx<O,

so, it follows from Leadbetter et al. [21, chapter 1] that F belongs to the max domain of attraction of the
Weibull extreme value distribution with

lim Plan (Mn —bn < x)] =exp [—(—x)b B]

n—oo

for some suitable norming constants a,, > 0 and b,,. We conclude that F belongs to the same min domain
of attraction as that of G. The same argument applies to max domain of attraction. That is, F belongs to
the same min domain of attraction as that of G.

3.2. Linear representation
The MOEG-G cdf in (1.3) can be written as

Zk 0 ak G( (x)* -
F § =)
(x) = T b GO ck G(x k:OCkMk(X)

where
> b\ /ai Q,
1+k 0
== = 1 —_ = —_—
E (1) <k>’ bo =0+ (1—-0)ap,co b0’
fork>1

1 1 &
= — - — E b _
Cx bo (tlk bo - k Ck r)

and My (x) is the cdf of the Exp-G family with power parameter k. The pdf in (1.4) can also be expressed
as a mixture of Exp-G densities

X) = Z Cr 17041 (X), (3.1)
k=0

where 1 (x) = (k+1)g(x)G (x)* the Exp-G pdf with power parameter k + 1. The statistical properties
of the Exp-G models have been studied by many authors in recent years, for instance Gupta and Kundu
[18] for exponentiated exponential, Nadarajah [28] for exponentiated Gumbel, Shirke and Kakade [36]
for exponentiated log-normal and Nadarajah and Gupta [30] for exponentiated gamma distributions.
Thus, some structural properties of the new family such as the ordinary and incomplete moments and
generating function can be determined from well-established properties of the Exp-G distributions.
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3.3. Probability weighted moments

The probability weighted moments (PWMs) are expectations of certain functions of a random variable
and they can be defined for any random variable whose ordinary moments exist. The PWMs method can
generally be used for estimating parameters of a distribution whose inverse form cannot be expressed
explicitly. The (s,z)th PWMs of X following the MOEG-G family, say ps ., is formally defined by

bz = E(XF(X)7) = ono X5 Fx) £ () dx.
Using equations (1.3) and (1.4), we can write
() F(x)* = abog (x) ét 22‘;2 Ejj — abBg () Y M Glx)
where N
:Z h+k( h+k1)—1) <b (z+h1)—1>
and

— Z i JhgeHnE2 (LK <a]:v> (?:) (z:rlz).

1

For k > 1 we have

dy =

(Dk—fz Opdy— r]

and my = %g . Then, the (s,z)th PWMs of X can be expressed as
Ps,r = abd Z mkHJ x® g (x) G(x)* dx = ab8 Z miE (Vi) S
k=0 0 k=0
where Y11 is has Exp-G distribution with power parameter k + 1.

3.4. Order statistics

Let Xy, ..., Xy, be a random sample from the MOEG-G family of distributions and let Xj.py, ..., Xn:n be
the corresponding order statistics. The pdf of ith order statistic, X;.,,, can be written as

n—i
. — Fj+1‘-71 ,
fin 10 = g Y 7 (M P

where B(-, -) is the beta function. Using (1.3), (1.4), and the above equation, we have

Zn—i (_1))' ( — j+i—1
e P RSHN L | PNC B

Further,
j4i—1

=Y @jri1kGR)TR,
k=0

[Z ek G(x)*
k=0
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where @ {10 = c2)+i_1 and (for k > 1)

1

K
@itk =(keo) ' ) MG +1) —Kem@jpixm-

m=1
Hence, the pdf of Xj., can be expressed as
n—i oo
fim (x) = dij i Titjrkrr(X),
j=0 k,r=0

where

(-1 =i\ (A1) @ik
B(i,n—i+1)\ j itj+k+r

Then, the density function of the MOEG-G order statistics is a mixture of Exp-G densities. Based on
fin (x), we can easily obtain ordinary and incomplete moments and generating function of Xj., for any
parent G distribution.

dijxr =

3.5. Moments of residual and reversed residual life

The nt* moment of the residual life, say
mn(t) = E[(X - t)n |(X>t)]l n= 1/2/ ey

uniquely determined F(x). The n! moment of the residual life of X is given by

1 o
mn
o — )" dF(x).
mn(t) ¥ L (x —t)™dF(x)
Therefore
_ 1 EOO * ° T
mn(t) — 1—F(t) k:OCk+1 Jt X 7Tk+1(X),
where

n
* n _
Crt1 = Ckl E (r) (=)™,
=0

Another interesting function is the mean residual life (MRL) function or the life expectation at age t
defined by m;(t) = E[(X —t) x>/, which represents the expected additional life length for a unit which
is alive at age t.
The MRL of X can be obtained by setting n = 1 in the last equation. The n" moment of the reversed
residual life, say
Mu(t)=E [(t—X)TL I(th)] fort>0andn=1,2,...

uniquely determines F(x). We obtain

1 [t o
Mn(t):F(t)L(t—x) dF(x).

Therefore, the n™ moment of the reversed residual life of X becomes

I o wx ["
Ma) = ;3 JO X"ty (x),
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where
Ck+1 Ck+1Z < >tn—r.

The mean waiting time (MWT) or mean 1nact1v1ty time (MIT) also called the mean reversed residual life
function is given by M;(t) = E[(t —X) | X < t] and it represents the waiting time elapsed since the
failure of an item on condition that this failure had occurred in (0,t). The MIT of the MOEG-G family of
distributions can be obtained easily by setting n = 1 in the above equation.

3.6. General statistical results
The ' ordinary moment of X is given by

o
. =EX") = J x" f (x) dx.
Then, we obtain
W= cir1E(Yii)- (3.2)

k=0
Setting v = 1 in (3.2), we get the mean of X. The last integration can be computed numerically for most
parent models. The skewness and kurtosis measures can be calculated from the ordinary moments using
well-known relationships. Here, we provide two formulae for the mgf Mx (t) = E (e'X) of X. Clearly,

the first one can be derived from equation (3.1) as Mx (t Z Ckt1 Mky1 (t), where My 1 (t) is the

mgf of Yyi. Hence, Mx (t) can be determlned from the Exp G generatmg function. A second formula

for My (t) follows from (3.1) as Mx (t Z Ck+17T(t, k), where T(t,k) fo exp [t Qg (u uk~1du and
=0

Qg (u) is the gf corresponding to G (x; q)) ie, Qg(u) = G Y(w; ). The main applications of the first
incomplete moment refer to the mean deviations and the Bonferroni and Lorenz curves. These curves are
very useful in economics, reliability, demography, insurance and medicine. The st incomplete moment,
say I (t), of X can be expressed from (3.1) as

—00

t 00 t
I  (t) = J X (x)dx =) crpa J xS mep1 (x) dx. (3.3)
- k=0

The mean deviations about the mean &; = E(|X — pf|) and about the median &, = E (X —M]|) of X are
given by §; = ZullF(pi) —2I(py) and &2 = pj —2I; (M), respectively, where uj = E (X), M = Median(X) =
Q(0.5) is the median, F(u}) is easily calculated from (1.3) and I; (t) is the first incomplete moment given
by (3.3) with s = 1. Now, we provide two ways to determine ; and 0,. First, a general equation

for Iy (t) can be derived from (3.3) as I (t) = Y cxy1Jks1 (x), where Jxiq (x) = f_ X T4 (x) dx is
k=0
the first incomplete moment of the Exp -G distribution A second general formula for I; (t) is given
o
by I (t) = ) ck41Ck41(t), where i (1) = fo u*1du can be computed numerically.
k=0

These equatio;ls for Iy (t) can be applied to construct Bonferroni and Lorenz curves defined for a given
probability by B(n) =1; (q) /(7n}) and L(7t) = I; (q) /pj, respectively, where pf = E(X) and q = Q(7) is
the gf of X at 7.

4. Characterizations

This section deals with various characterizations of MOEG-G distribution. These characterizations
are based on: (i) a simple relationship between two truncated moments and (ii) the reverse (or reversed)
hazard function. It should be mentioned that for characterization (i) the cdf may not have a closed form.

We present our characterizations (i) and (ii) in two subsections.
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4.1. Characterizations based on two truncated moments

In this subsection we present characterizations of MOEG-G distribution in terms of the ratio of two
truncated moments. This characterization result employs a theorem due to Glidnzel [15], see Theorem
Appendix .1. Note that the result holds also when the interval H is not closed. As shown in Gldnzel [16],
this characterization is stable in the sense of weak convergence.

Proposition 4.1. Let X: Q — R be a continuous random variable and let

qlx)= {0+ (1-0)[1-G ("}

and B )
@) =q(x)[1-G(x)*]" for xeR.
The random variable X has pdf (1.4) if and only if the function & defined in Theorem Appendix .1 has the form

g (x) :%{1—1— [1—€(x)a}b}, x € R.

Proof. If X has pdf (5), then

A—F)Ela ) [X>x=0{1-[1-G(x)"}, xeR,

and

and finally

o B abg()G) 1-G0)"
S(x)_é(x)h(x)—g(X)_ 1—[1—E(X)a}b , X€ER,
and hence
s(x) = —log{{l —[1 —G(x)a]b}}, x € R.
Now, in view of Theorem Appendix .1, X has density (1.4). O

Corollary 4.2. Let X: QO — R be a continuous random variable and let qq (x) be as in Proposition 4.1. Then, X
has pdf (5) if and only if there exist functions qp and & defined in Theorem Appendix .1 satisfying the differential
equation

Eh(x) _abg(x)G) [1-G"

Eh(x)—g(x) 1—[1—§(x)“]b x € R.

The general solution of the differential equation in Corollary 4.2 is

0 = {1-[1-6 00"} " |- [abg (8 0 [1-G 10" (a1 () M a1+ D)

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition
4.1 with D = §. However, it should be also noted that there are other triplets (q1, q2, &) satisfying the conditions of
Theorem Appendix .1.
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4.2. Characterization in terms of the reverse hazard function

The reverse hazard function, T, of a twice differentiable distribution function, F, is defined as
TF (x) = ——, x € support of F.

Proposition 4.3. Let X : O — R be a continuous random variable. The pdf of X is (1.4) if and only if its reverse
hazard function v (x) satisfies the differential equation

| -G {e+n-e)1-

o)

ral a—1
% (x)— g (x) (g (x)) " 7r (x) = ablg (x) - G (x) L
()"}

with boundary condition limy_,« 1F (x) = 0.

Proof. If X has pdf (5), then clearly the above differential equation holds. Now, if this differential
equation holds, then

or o
abbg (x) G (x)*
Tr (x) = — oy
1-G ()] {0+ (1-0) [1-G (0"}
which is the reverse hazard function of the MOEG-G distribution. O

Remark 4.4. For the special cases of a =1 or b = 1, the formulas in the above subsections will be quite
simplified.

5. Estimation

In this section, we apply the maximum likelihood method to estimate the parameters of the MOEG-G
family for uncensored and censored data. We also assess the performance of the maximum likelihood
estimators (MLEs) in terms of biases and mean squared errors by means of a simulation study.

5.1. Maximum likelihood estimation

Several approaches for parameter estimation were proposed in the literature but the maximum like-
lihood method is the most commonly employed. The maximum likelihood estimators enjoy desirable
properties and can be used for constructing confidence intervals and regions and also in test statistics.
The normal approximation for these estimators in large samples can be easily handled either analytically
or numerically. So, we consider the estimation of the unknown parameters of this family from complete
samples only by maximum likelihood. Let x4, ..., X be a random sample from the MOEG-G distribution
with parameters 6,a,b and ¢. Let P=(0,a,b, dT)T be the p x 1 parameter vector. For determining the
MLE of P, we have the log-likelihood function

(=(P)= nloga+nlogb+nlog6+Zlogg (xi; P)
i=1

+(a—1) Z log G (xi; p) + (b—1) Zlog (p1) —ZZ log (zi),
i=1 i=1

i=1
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—G(xi;p)* and zi = 0+ (1—-6) [1 —é(xi;cb)a]b. The components of the score vector,

u(pP) = % = (%, ot ot aa§)> , are given in Appendix B. Setting the nonlinear system of equations

Ug = Uqg = Uy, = 0 and Uy = 0 and solving them simultaneously yields the MLE P= (@, a, B, (T)T)T.
To solve these equations, it is usually more convenient to use nonlinear optimization methods such as
the quasi-Newton algorithm to numerically maximize {. For interval estimation of the parameters, we

where p;

obtain the p x p observed information matrix J(P) = { a?z'gs} (for r,s = 6,a,b, ), whose elements can be
computed numerically. Under standard regularity conditions when n — oo, the distribution of P can be
approximated by a multivariate normal N p(0, J(P)~1) distribution to construct approximate confidence
intervals for the parameters. Here, ]( ) is the total observed information matrix evaluated at P. The
method of the re-sampling bootstrap can be used for correcting the biases of the MLEs of the model
parameters. Good interval estimates may also be obtained using the bootstrap percentile method.

5.2. Censored maximum likelihood estimation

Often with lifetime data, we encounter censored observations. There are different forms of censoring;:
type I censoring, type II censoring, etc.. Here, we consider the general case of multi-censored data: there
are n subjects of which ng are known to have failed at the times x;,...,xn,, N1 are known to have failed
in the interval [ $j—1,8 } j=1,...,n1, ny survived to a time 1j, j = 1,...,ny, but not observed any longer.
Note that n = ng +ny + 12 and that type I censoring and type II censoring are included as particular
cases of multi-censoring. The log-likelihood function for P is

no o
. (P) :nologa+nologb—i—nologe—i—Zlogg (x; d)+ (a—1) Zlog@(xi;q))

i=1 i=1
b—1) Zlog [1-G (xi; )%] —2)_log {0+(1-0) [1-G (xi;)%]" |
i=1

. 4yalb .
+ZIO{ [1-G (si; $)°] _ [1-Glsiu )]’ b}

i1 0+(1—-0)[1-G(syd)*]" 0+(1—0)[1—G(si—1;P)°]

+Zlog{1— 1-Clwe)) b}.

+(1-0) [1-G (ri; )]

The normal equations are given in Appendix C.

5.3. Simulation study

In this section, we study the performance and accuracy of maximum likelihood estimates of the
MOEG-L distribution parameters by conducting various simulations for different sample sizes and dif-
ferent parameter values. The method for generating sample from the MOEG-L model is performed by
inverse cdf of MOEG-L and uniform random variable as follows:

If

ou )"
e 1‘{1‘[1—(1—%] } '

where U ~ U(0,1) and Q is quantile function of Lomax distribution, then X ~MOEG-L(a, b, 6,n). The
simulation study is repeated for N = 5000 times each with sample size n = 100,300,500 and parameter
values (a,b,0,n) =(1,1,1,1),(2,1,3,2),(4,2,1,1), and (1,1,2,3).

Two quantities are computed in this simulation study.
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1) Average bias of the MLE ¢ of the parameter ¢ = a,b,0,n:

2) Mean squared error (MSE) of the MLE ¢ of the parameter ¢ = a,b,0,n:

5000
1

MSE(¢) = 000 (8; — )2
i=1

Table 2 presents the Bias and MSE values of the parameters for different sample sizes. From the results,
we can verify that as the sample size n increases, the MSEs decay toward zero.

Table 2: Monte Carlo simulation results: Average bias and MSE in parenthesis.

Sample Size | (a,b,0,1n) a b 0 n

(1,1,1,1) 0.026(0.015) 0.001(0.038) | 0.281(0.862) | 0.025(0.016)

_100 | (21,3,2) | ~0.005(0.028) | 0.073(0.116) | 0.459(6.333) | —0.005(0.028)
(4,2,1,1) | —0.060(0.033) | 0.105(0.222) | 0.220(1.069) | 0.041(0.056)
(1,1,2,3) 0.040(0.038) 0.035(0.073) | 0.185(1.341) | —0.114(0.088)
(1,1,1,1) | —0.005(0.003) | 0.006(0.017) | 0.035(0.104) | —0.005(0.003)

n = 300 (2,1,3,2) 0.007(0.007) 0.020(0.036) | 0.292(1.615) | 0.007(0.007)
(4,2,1,1) | —0.023(0.006) | 0.034(0.065) | 0.053(0.248) | 0.011(0.016)
(1,1,2,3) | 0.008(0.007) 0.024(0.031) | 0.026(0.480) | —0.028(0.011)
(1,1,1,1) | —0.001(0.002) | 0.017(0.012) | 0.013(0.071) | —0.001(0.002)

0 | (21,32) | —0.003(0.005) | 0.023(0.020) | 0.058(0.785) | —0.003(0.005)
(4,2,1,1) | —0.013(0.002) | —0.003(0.031) | 0.053(0.101) | 0.008(0.007)
(1,1,2,3) | 0.012(0.005) | 0.025(0.018) | 0.004(0.292) | —0.036(0.004)

6. Applications

In this section, we illustrate the applicability of the MOEG-G family of distribution via two real data
sets. We use on the MOEG-L distributions presented in Section 2. The method of maximum likelihood is
used to estimate the model parameters.

Example 6.1. The first data set, is dealing with the remission times (in months) of a random sample of
128 bladder cancer patients reported in Lee and Wang [23]. Lemonte and Cordeiro [24] used this data for
illustrating flexibility of a proposed distribution.

Example 6.2. The second data set is concerning time between failures of secondary reactor pumps (thou-
sand of hours) (Salman et al., [34]).

In the both examples, we shall compare the MOEG-L model with other comparative models: the
Gamma Lomax (G-L) (Cordeiro et al., [13]), Kumaraswamy Lomax (Kw-L) (Lemonte and Cordeiro, [24]),
and Beta Lomax (B-L) (Lemonte and Cordeiro, [24]) distributions. In order to compare the fits of the
distributions, we consider various measures of goodness-of-fit including the maximized log-likelihood
under the model (—?), Anderson-Darling (A*) and Cramér-Von Mises (W*) statistics. The smaller these
statistics show better model for fitting. The estimated parameters based on MLE procedure are ginen
in Tables 3 and 4, whereas the values of goodness-of-fit statistics are given in Tables 3 and 4. In the
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applications, the information about the hazard shape can help in selecting a particular model. To do so, a
device called the total time on test (TTT) plot (Aarset, [1]) is useful. The TTT plot is obtained by plotting

G(r/n) = !(Z Ui,n) + (ﬂ—T)U(r)] /Zyi,n,
i=1 im1

wherer =1,...,nand yin (i =1,...,n) are the order statistics of the sample, against r/n. If the shape
is a straight diagonal the hazard is constant. If the shape is a straight diagonal the hazard is constant. It
is convex shape for decreasing hazards and concave shape for increasing hazards. The bathtub-shaped
hazard is obtained when the first convex and then concave. Both of used data sets have bathtub-shaped
hazard. In both real data sets, the results show that the MOEG-L distribution yields a better fit than other
distributions.

Table 3: The MLEs of the parameters and SEs in parentheses and the goodness-of-fit statistics for first data set.

Model Estimates —{ % A*
4.02 0.55 111.70 0.51 09.76 | 0.014 | 0.093

MOEG-L{a,b,0m) | ((13) (008) (17.23)  (0.51)

Kw-L(a,b, B, 152  11.00 11.99 041 | 409.94 | 0.022 | 0.158
# 9 B (0.05) (0.97) (1.04) (0.02)

BL(ab,B,a) 158 114  23.89 395 | 410.07 | 0.026 | 0.179
e (0.13) (0.09) (2.09) (0.28)

158 2058 4.5 410.08 | 0.026 | 0.181

G'L(a/ [3/ O()

(0.09) (1.80) (0.33)

Table 4: The MLEs of the parameters and SEs in parentheses and the goodness-of-fit statistics for second data set.

Model Estimates —{ wH A*
070 134 083 190 | 32,409 | 0.029 | 0.253
MOEG-L{a,b,0m) | () 15) (026) (030) (0.36)
Kwliob o |08 3412 6D 010 | 32535 | 0.052 | 0357
0B, 0.05) (711) (1.70) (0.02)
BLia.b.B.00 093 3400 415 010 | 32568 | 0.057 | 0390
/0. B, 0.15) (7.33) (1.14) (0.02)
Lo pa 097 070 135 33.040 | 0231 | 1393
B (0.15) (0.18) (0.28)

0.08
|

0.8

— MOEG-L|
---- G-L

— Kw-L
— B-L

0.06
0.6

Density
0.04
|
Density
0.4

0.02

0.00
L

Figure 3: (Left panel): fitted models on histogram of first data set, (Right panel): fitted models on histogram of second data set.
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iln im
Figure 4: TTT-plot for the first dataset (left Fig.) and for the second dataset (right Fig.)

It is clear from Tables 3 and 4 and Figures 3 and 4 that the MOEG-L model provides the best fits to
both data sets.

7. Conclusions

There has been a great deal of interest among the statisticians, specialists and practitioners to generate
new extended families from classic ones. In this article, we present a new class of distributions called
Marshall-Olkin exponentiated generalized G family of distributions, which extends the Marshall-Olkin-G
family. The mathematical properties of this new family including explicit expansions for the ordinary and
incomplete moments, generating function, mean deviations, order statistics, and probability weighted
moments are provided. Characterizations based on two truncated moments and as well as based on
reverse hazard function are presented. The model parameters are estimated by the maximum likelihood
estimation method and the observed information matrix is determined. It is shown, by means of two real
data sets, that special cases of the MOEG-G class can provide better fit than other models generated by
well-known families.

Appendix A
Theorem Appendix .1.
Elg2 (X) [ XZx]=Elq1(X) | X=x]E(x), xeH,

is defined with some real function n. Assume that qq,q2 € Cl(H), & € C%2(H) and F is twice continuously
differentiable and strictly monotone function on the set H. Finally, assume that the equation &q1 = qo has no real
solution in the interior of H. Then F is uniquely determined by the functions qi, qa, and &, particularly

_[F g (u)
i ‘Lc'a(u) 4 (W) — a2 (W)

where the function s is a solution of the differential equation s’ = #1—(]2 and C is the normalization constant,
such that |, dF = 1.

exp (—s (u)) du,

Appendix B

Ug :2+izllogG(xi;¢) + (b—l)ZE—ZZﬁ,
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n n n
n Wi n qi
— 21 Y logpi—2Y Sug =2y
b+i:1 oBP i1 A C i1 Al

and (forr=1,2,...,q)

QT Xl/ = GQ (Xi}(b) ‘LT tlT‘
—a-1)Y 2P (p— 2
; (xi; ; G(xi; ¢) ; Pi Z
where
—1og G (xi; d) —b (1—0)10g G (xi; d) , g (xi; d)
i = = —a i= = — 5’ r(xpd) = 7,
e G (xi; d) " G(xy;p)™ @ [lfG(xi;cb)a}l b gr (X7 ® 0~
(1—6)log [1—G (xi;)*]" _ arb , 3G (xi; )
P = , i=1—-|1-G(xy;d)%|, (X d) = ——,
v [1-Glxy )] " ! =6l )] ¥ 2,
= GG and ty, = —O=0GL )
G (xi; ) [1-Gxi; )] "Glxi;d) ¢
Appendix C
3a(P) mo “Z 1-[1-G(xi; )°]"
a S0+ (1-0)[1-G (xi; )"
! [A (si) —A(si—1)]
+ 5 —
;{ [1-Glsud)“]  [-Gipe)” }
0+(1-0)[1-G(syd)®]"  0+(1-0)[1-GClsi ;)]
<[1—G(m«b)“]b{1—[1—Gm;¢J“]'°})
n2 0+(1-0)1-Grud)*]"}
+ 5 ,
; {1 [1-G(ri;)°] }
- - — b
8+(1—6)[1-G (ri;)?]
Un(P) My ., = < —G (xi; p)*log G (xi; P)
da a+;OgG(X b)+ ); 1—-G(xy;p)?
_Zi_b (1-0)G (xi; ) [1-G (xi;$)*]” ' 10g G (xi; )
: 0+(1-0)[1-G(xi;d)°]°
e (B (si) —B(si—1)]
+ 5 —
;{ [1-G(si;d)?] [ —G(si—1;P) ] }
0+(1-0)[1-G(su;$)*]"  8+(1-0)[1-G(si 1;0)°]"
<9bG[ri;¢v)c‘[l—G(r~l ;)9 b logG ;P )
n2 {e+(1—e)[1 Glrud
+.Z { [1-G(rid)® }
i=1 1— 5
0+(1-0)[1— G(nd))]
- b
—G (xi;9)%] log [1—G (xi; d)®
ae +Zlog [1-G(xi; 2Z (xi; 6)7] log [1-G (xi; )°]

e+(1—e) [1-Gxi; )"
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n Z [C(si) —C(si_1)]
i=1 [1*6(Si;¢))a]b o [176(5171;¢)a]b
0+(1-0)[1-G(syd)®]"  0+(1-0)[1-GClsi ;)]

~1og[1-G (r)*][1- G (rup) ] {0 +201-0) [1-G (riip)*]" }
s {o+1-0)1-Glrye)]"}
£ { [1-G(rup)?]” }
- 5
0+ (1

—0)[1-G(ri;)°]

Im (X ®) G (xud) o G (3 ) G (xi )
250 DI Trrr SR LD S vy
ny ~y . T (.- a—1 (. a1b—1
t2ab(1_0) 3 G @1 C (50)" ! 1= (x:0)°]
im1 6+ (1-6) [1—G (xi; p)?]
- [D (si) — D (si—1)]

* ;{ [1—§(Si;¢)a]b N [1—6(5'171;(13)&]1) }
0+(1-0)[1-G(syd)]°  0+(1—-0)[1-G(si_1;b)]"
(abee;n(ri;q»)G(si;qa)“1[1—Gm;¢)“]b1

2 {e+(1fe)[1f€(n;¢)°]b}2
+; {1_ [1-Glrue)?)” } ’
0-+(1-0)[1-G(ri;)°]
where
e —[1—G(sl,cm“]"{1—[1—G(s1,¢)“]"}
Si) = ’
{o+(1-0)[1-Glsid ]}
e =Gl {1-[1-Clsivd)]"}
Si—1) = ’
{e+ (1—0) [1—@(31_1;43)“]17}2
= gy = = a7b—1
B(s,) - —O0C (su0) 10gG(su<b) 1 G(sucb)] /
{e+(1—e) (s }
_ —6bG (si_1;$)"log G (si_1; P) [1 Glsind)]" "
B(si—1) = b2 ’
{o+(1-0)[1-Clsi1;9)]"}
Cisu log [1—G (si; )] [1*C(Si}¢)a]b{e+2(1*e) [1*G(Si}¢)a}b}
Si) = . 2 ’
{e+(1—e) [1—G(si;cb)a]b}
s log [1—G (si—1; )] [1—5(81_1;¢)“]b{6+2(1—6) [1—§(si_1;¢)“}b}
Si—1) = ’
lor1-0)1-Glsind)]"}
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D(si ) = —ab0G, (si-1; ) G (si1; p)* ' 1 _G(Siil;q))a]bfl
T — 2 ,
{6+(1—e) [1_6(51—1}¢)a]b}
9 i ’ 0G (e;
I (417 ®) = W and G, (e ¢) = a(d)(b).
Appendix D

Plot of Biased and MSE of MLE
rMOEGW=function(n,a,b,theta,lambda,c){
G=rep(0,0)
u=runif(n,0,1)
v=1-((1-(((theta*u)/ (1-((1-theta)*u)))"(1/b)))"(1/a))
G=qweibull(v, shape=lambda, scale = c)
return(G)
}
MOEGWd=function(x,a,b,theta,lambda,c){
G=rep(0,0)
for(i in 1:length(x)){
Gli]=(a*b*theta*dweibull(x[i], shape=lambda, scale = c)*((1-pweibull(x[i], shape=lambda, scale = c))*(a-
1))*(1-((1-pweibull(x[i], shape=lambda, scale = c))"a))"(b-1))/((theta+(1-theta)*(1-((1-pweibull(x[i], shape=
lambda, scale = ¢))"a))"b)"2)
}
return(G)
}
MOEGWIikelihood=function(par){
a=par[1]
b=par[2]
theta=par([3]
lambda=par[4]
c=par|[5]
G=-sum(log(MOEGWd(x,a,b,theta,Jambda,c)))
return(G)
}+ M=150
MSE=matrix(c(0),ncol=5nrow=200)
biased=matrix(c(0),ncol=5nrow=200)
real value
a=0.9
b=0.25
theta=2.5
lambda=3
c=1.5
size=seq(30,500,5)
for (i in 1:length(size)){
estimate=matrix(c(0),ncol=5nrow=10000)
count1=0
repeat {
if (length(estimate[,1][estimate[,1]!=0])==M) break
countl = countl + 1
#print(count)
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#print(length(estimate[,1][estimate[,1]!=0]))
x=rMOEGW(size[i],a,b,theta,lambda,c)

MOEGWest =try(optim(c(a,b,theta,Jambda,c), MOEGWlikelihood, method="L-BFGS-B” hessian=TRUE,
lower =c(.2,.2,.2,.2,.2), upper =c(Inf,Inf Inf,Inf)), silent=TRUE)
if ("try-error” %in% class(MOEGWest)) next

else{

estimate[count1,]=MOEGWest$par

}
}

biased[i,1
biased[i,2
biased[i,3
biased[i,4

,1]!=0]-a)
,2]!=0]-b)
,3]'=0]-theta)
,/A4]'=0]-lambda)

=mean(estimate[,1][estimate

ean(estimate[,2][estimate
=mean(estimate[,3][estimate
=mean(estimate[,4][estimate

=m

e d b b
————

biased[i,5]=mean(estimate[,5][estimate[,5]!=0]-c)
MSE[i,1]=mean((estimate[,1][estimate[,1]!=0]-a)"2)
MSE[i,2]=mean((estimate[,2][estimate[,2]!=0]-b)"2)
MSE[i,3]=mean((estimate[,3][estimate[,3]!=0]-theta)"2)
MSE[i,4]=mean((estimate[,4][estimate[,4]!=0]-lambda)"2)
MSE[i,5]=mean((estimate[,5][estimate[,5]!=0]-c)"2)

print(i)
}
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