Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 13 (2020), 1-8

Research Article

ISSN: 2008-1898

oat SCienceg
S 2

Y,

yournaj
7.
§
S
)
s 08¢
UopeoW

of,

Journal of Nonlinear Sciences and Applications

PuEmcanoss
Journal Homepage: www.isr-publications.com/jnsa

Solvability of the functional integro-differential equation

. M) Check for updates
with self-reference and state-dependence '

A. M. A. El-Sayed?, Reda Gamal Aahmed®*

@Faculty of Science, Alexandria University, Egypt.
braculty of Science, Al-Azhar University, Cairo, Egypt.

Abstract

The existence of solutions of a functional integro-differential equation with self-reference and state-dependence will be
studied. The continuous dependence of the solution on the delay ¢(t), the functional g and initial data xy will be proved.
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1. Introduction

The differential and integral equations with deviating arguments that appear in recent literature, the
deviation of the argument usually involves only the time itself, see [1, 2]. However, another case, in which
the deviating arguments depend on both the state variable x and the time t, is of importance in theory and
practice. Several papers have appeared recently that are devoted to such kind of differential equations,
see for example [3-6, 9-12] and the references cited therein.

The first papers studying this class of functional equations with self-reference, Eder [5], studied the
existence of the unique solution for the differential equation

x'(t) =x(x(t)), x(0)=x%xp, teBcCR.

where f: R — R is continuous and monotone, and f(0) = 0.
Feckan [6], studied the existence solution

x'(t) = f(x(x(t))), x(0)=0, where fe CY{R,R).
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Buica, studied the existence and continuous dependence of solutions, on x¢ of the functional-differential
equation [4]
x'(t) = f(t, x(x(t))), x(to) =xo, tela,b],

where tg,xg € [a,b] and f € C([a, b], [a, b]).
Stanek [9], studied global properties of decreasing solution of the equation

x'(t) = x(x(t)) + x(t).
Stanek [10], studied global properties of solution of functional differential equation
x(t)x/(t) = kx(x(t)), 0< [kl <1.

Here we are concerning with the initial value problem of functional integro-differential equation of self-
reference (¢(t) = t) and state-dependence (d(t) < t)

dx

prie f(t,x(J g(s,x(s))ds)), te(0,T], (1.1)

0

with the condition
x(0) = xq, (1.2)

The existence of solutions x € C[0, T] will be studied under assumptions on the functional f and g.
The uniqueness of the solution can be deduce, when f and g are Lipschitz continuous. The continuous
dependence of the solution on the delay ¢(t), the functional g and initial data xo will be proved.

2. Integral representation

Consider the initial value problem of functional integro-differential equation (1.1) with the assump-
tions:

(1) f: [0, Tl x R — R satisfies Caratheodory condition, i.e., f is measurable in t for any x € R and
continuous in x for almost all t € [0, T]. There exist a function c(t) that is measurable bounded and
there is a positive constant b > 0, such that

If(t,x)] < c(t)+blx|, le(t) <M;

(2) g : [0,TI x R — R* satisfies Caratheodory condition, i.e., g is measurable in t for any x € R and
continuous in x for almost all t € [0, T], such that [g(t,x)| < 1, (t,x) € [0, T] X R;

(3) ¢:1[0,T] — [0, T] is continuous;

(4) bT < 1.

Definition 2.1. By a solution of the integral equation (2.1) we mean a function x € C[0, 1] that satisfies
(2.1).

Lemma 2.2. Let the solution of the initial value problem (1.1)-(1.2) exists, then it can be represented by the integral

equation
t $(s)
f(s,x(J g(6,x(0))de))ds, tel0,Tl. (2.1)

0

x(t) =xo+ J

0
Proof. Let x be a solution of the initial value problem of functional differential equation (1.1)-(1.2). Inte-
grating both sides of (1.1) we obtain

x(t) = Xo-i—J

f(s,x(J g(6,x(0))do))ds, tel0,TI. O
0
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3. Existence of solution

Theorem 3.1. Let the assumptions (1)-(4) be satisfied, then the integral equation (2.1) has at least one solution.

Proof. Define the operator A associated with the integral equation (2.1) by

t d(s)
f(s,x(J 9(6,x(8))d0))ds.

Ax(t) =%+ J
0

0

Let Sy = {x € R: [x(t) —x(s)| < L(t—s),L > 0, [Ix|| < 7,¥t,s € [0, T]}, where r = LT + x| and L = M*2xol,

Then we have, for x € S,,

b (s)

Ax(0)] = Ixo +L f(s,x(L 9(6,x(6))d0))ds|

<l | |f(s,x(j 9(6,x(6))d0))/ds

t b(s)

(C(S)+blx(J0 9(6,x(6))d0) —x(0)[ + blx(0))ds
b(s)

(c(s)+bLJ Ig(6,x(0))[d6 + blx(0)])ds

0 0

< Ixol + TM +bLT? + bT|xo| < |xo| + LT.

< Ixol +
Jo
ot

< Ixol +

Now, let t1,t> € (0, T] such that [t — t1] < §, then

t

t2 b (s)

g(0,x(0))do))ds — xq —J f(s,x(J g(0,x(0))do))ds|

f
rta d(s)

< |f(s,x(J 9(6,x(6))d0))]ds

Jtq 0

rta d(s)

< (c(s)+blx(L 9(0,x(6))d6) — x(0)| + blxol)ds
rt2 d(s)

(c(s)—i—bLJ 19(0,%(6))d0 -+ blxol)ds

Jt 0
< (2 —t))M+ (t2 — t1)bLT + (t2 — t1)blxol = (t2 — t1) (M + bLT 4 blxo|) = (t2 — t1)L.

Ax(t2) — Ax(t1)] = xo + L

N

This proves that A : S, — S; and the class of functions {Ax} is uniformly bounded And equi-continuous

in S,.
Let xn € Sy, xn — Xx(n — 00), then from the continuity of the functions f and g, we obtain f(t, xn (t)) —

f(t,x(t)) and g(t, xn(t)) — g(t,x(t)) as n — oo. Also

t b (s)
lim Axn(t) = lim [Xo—l—J f(s,xn(J g(0,xn(0))de))ds].

Now
d(s) d(s) d(s) d(s)
wj g(e,xn(e))de)—x(j g(e,x(e))de)|<|xn(j g(e,xn(e))de)—xn(J 9(6,(8))d0)|
0 0 0 0
b (s) d(s)
+|xn(j g(e,x(e))de)—x(j 9(6,(8))d0)|
0 0
d(s)
<L| " lgf0,xn(0) — g(0,x(O)d0+ 5 < 5+ 7 =<
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Using assumptions (1)-(2) and Lebesgue dominated convergence theorem [8] we obtain

t b (s)
Iim Ax,(t) = [Xo—l—J f(s, lim xn(J g(0,x,(0))de))ds] = Ax(t).

Then Ax,, — Ax as n — oo. This mean that the operator A is continuous.

Hence by Schauder fixed point Theorem [7] there exist at least one solution x € C[0, T] of the integral
equation (2.1).

Also, differentiating (2.1), we obtain

t d(s) d(s)
% = :lit{xo —|—JO f(s,x(JO g(B,x(e))de))ds} = f(s,x(J g(0,x(0))do)).

And at t = 0 we get
x(0) = xo,

then there exist at least one solution x € C[0, T] of the initial value problem of functional differential
equation (1.1)-(1.2). O
4. Uniqueness of the solution
Let f and g satisfy the following assumptions:
(5) f:10,T] x R = R is measurable in t for any x € R and satisfies the Lipschitz condition
[T(t, x) — f(t, W] < bx —uf;
(6) g:10, T x R — R is measurable in t for any x € R and satisfies the Lipschitz condition
lg(t,x) —g(t,u)] < bylx —uj;

(7) ¢ :[0,T] — [0, T] is continuous;
(8) (bbyLT?2+DbT) < 1.

Theorem 4.1. Let the assumptions (5)-(8) be satisfied, then the solution of the integral equation (2.1) is unique.

Proof. From assumption (5) we have f is measurable in t for any x,y € R and satisfies the Lipschitz
condition, then it is continuous in x € R Vt € [0, T], and

[f(t,x)| < blx| +[f(t,0)].

Then condition (1) is satisfied. Also by the same way we can show that assumption (2) satistied by
assumption (5). Now, from Theorem (3.1) the solution of the integral equation (2.1) exists.
Let x,y be two the solutions of (2.1), then

t

t $(s) & (s)
|x(t>—y(t)|=|xO+J f(s,x(J g(e,x(endends—xO—Jf(s,y(L 9(6,(0))d0))ds|

0 0 0
t d(s) $(s)
< J |f(s,x(J 9(6,x(6))d6)) —f(s,y(J 6(6,y(6))d0))]ds
0 0 0
t d(s) d(s)
< bL x( JO 9(6,x(6))d6) — y( JO 9(6,(0))de)|ds

t d(s) d(s)
ng |x(J 9(e,x(e))de)—x(J0 9(6,y(0))d0)|ds
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b (s)

t d(s)
+bJ |x(J g(e,y(e))de)—y(J 9(6,y(6))d6)lds
0 0 0

t rd(s)
< bLL JO 19(6,x(6)) — g(0,y(6))|d0ds + bT|x |

t rd(s)
<bbi | j x(6) —y(0)|d0ds + bT[x —y]
0Jo
< bbiLT?|[x —yl| + bT|lx —y|| = (bb1LT? + bT)[jx —y].
Hence
(1—(bbiLT24+bT))|x —y]| <O.
Since (bb1LT? 4+ bT) < 1, then x(t) = y(t) and the solution of the integral equation (2.1) is unique. O

5. Continuous dependence

5.1. Continuous dependence on initial data xg
Definition 5.1. The solution x € C[0, T] of the integral equation (2.1) depends continuously on initial data
X0, if
Ve >0, 3 8(e) st |xo—x5l<d=Ix—x%<e,
where x* is the solution of the integral equation

d(s)
X (t) =xg +L f(t,x*(JO g(0,x*(0))do))ds, tel0,Tl. (5.1)

Theorem 5.2. Let the assumptions of Theorem 4.1 be satisfied, then the solution of the integral equation (2.1)
depends continuously on initial data x.

t

Proof. Let x and x* be two solutions of the integral equation (2.1) and (5.1), respectively, then

d(s) d(s)

f(t,x*(JO g(6,x*(0))de))ds|

t t

() —x* (0] = Ixo +j

0

f(t,x(J

g(e,x(e))de))ds_xg_J
0

0
rt d(s)

P(s)

< lxo—xg1+ |f(t,x(J g(e,x(ende))—f(t,x*(J 9(6,x*(8))d6))/ds
JO 0 0
t rd(s) d(s)
<5+bJ ix( g(e,x(e))de)—x*(j 9(6,x"(6)d6))|ds
0 0 0
t rd(s) d(s)
<6+bJ x( g(e,x(e))de)—xtj 9(6,x*(8)d6))]ds
0 JO 0

t d(s) d(s)
+bJ IX(J g(6,x*(0)do)) —x*( g(6,x*(0)de))|ds
0 0

t rd(s) d(s
§5+bLJ |J' g(e,x(e))de—J
0 Jo 0

)

t

g(e,x*(e))d6|ds+bJ IIx —x*||ds
0
t rd(s) t
<6+bLJ J Ig(G,x(G))fg(e,x*(e))ldederbJ' [x —x*||ds
0J0 0
t

t rd(s)
<5+bLb1J J \x(G)—x*(G)Ides—i—bJ [lx —x*||ds
0Jo 0

< 8+ bLb T2 |x — x*|| + bT|jx — x*|.

Hence
)

1— (bLb T2+ bT)
This mean that the solution of the integral equation (2.1) depends continuously on xg. The proof is
completed. 0

= x"]l < —e.



A. M. A. El-Sayed, R. G. Aahmed], ]J. Nonlinear Sci. Appl., 13 (2020), 1-8 6

5.2. Continuous dependence on the delay ¢(t)

Definition 5.3. The solution x € C[0, T] of the integral equation (2.1) depends continuously on the delay

$(t), if
Ve>0, 3 &(e) st |p(t)—d* (1) <d=|x—x"<e¢,
where x* is the solution of the integral equation
t e~ (t)
f(t,x*(J g(0,x*(0))do))ds, tel0,TI. (5.2)

x*(t)—xo—I—J .

0

Theorem 5.4. Let the assumptions of Theorem 4.1 be satisfied, then the solution of the integral equation (2.1)
depends continuously on the delay ¢(t).

Proof. Let x and x* be two solutions of the integral equation (2.1) and (5.2), respectively, then

o (s) t

$*(s)
f(t,x*(J0 g(6,x*(0))do))ds|

t

k() —x* ()] = xo +JO fl(t, x( L 9(6,x(6))d8))ds — xo —L
t b(s) b*(s)
<J |f(t,x(J g(e,x(e))de))—f(t,x*(J 9(6,x*(6))d0))]ds
0 0 0

t b (s) b*(s)
ng x( J 9(e,x(e))de)—x*(J 9(6,x*(8)d0))|ds

0 0 0

t b(s) d*(s)
ng x( J 9(e,x(e))de)—x(Jo 9(6,x*(8)d0))/ds
t d*(s) d*(s)
+bJ x( J g(e,x*(e)de))—x*(L 9(6,x*(8)d0))|ds
t rd(s) $*(s) t
<bLJ IJ g(@,x(e))de—J g(@,x*(S))dSIds+bJ IIx —x*||ds
0 0

t rd(s) &*(s)
<vL[ 1] glexenao | glo,x(e)ae
0
& (s) t
g(G,x*(G))dGIds—i—bJ Ix —x*||ds

+J¢*(S)g(6,x(9))d9—J .

0
d(s) t
lg(6,x(0))|d0)ds —i—bJ IIx —x*||ds

t rp*(s)
<bLH |g(e,x(e))—g(e,x*(en|de+J O

0 Jo b*(s)
b (s) t
lg(6,x(0))do|)ds + bJ IIx —x*||ds

< bLJt(b1 JMS) [x(6) —x*(6)de| +J 0

0 0 d*(s)
< bLby T?[lx —x*|| + bLTS + bT|x —x*|.

Hence
x— x| < bLTd e
S 1—(bLbyT2+bT)

This mean that the solution of the integral equation (2.1) depends continuously on delay ¢(t). The proof
is completed. 0

5.3. Continuous dependence on the functional g
Definition 5.5. The solution x € C[0, T] of the integral equation (2.1) depends continuously on the func-
tional g, if

Ve>0, 3 08(e) st [g—g'<d=|x—x"<e,
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where x* is the solution of the integral equation

t $(s)
f(t,x*(J g*(6,x*(0))de))ds, te[0,TI. (5.3)

x*(t):x0+J ;

0

Theorem 5.6. Let the assumptions of Theorem 4.1 be satisfied, then the solution of the integral equation (2.1)
depends continuously on the functional g.

Proof. Let x and x* be two solutions of the integral equation (2.1) and (5.3), respectively, then
t P (s)

t d(s)
g(e,x(e))de))ds—m—jof(t,x*(jo g7 (6,x(6))d0))ds|

x(t) = x* (1) = xo +J

0

f(t,x(J

t d)(s)o d(s)

<J f(t,X(J g(6,x(0))dd)) — f(t,x (J g*(6,x*(6))do))lds
0 0 0

d(s)

t d(s)
ng |x(j g(e,x(e))de)—x*(J 6*(6,x*(6)d0))|ds

(1 (213(5) 43(5)
ng |x(j g(e,x(e))de)x(j g*(6,x*(0)d0))]ds

0 0 0

t ¢(s) d(s)
b J |x(J g*(6,x*(6)d0)) —x*(J g7 (8, x*(6)d6))|ds
0 0 0

t rd(s) t
<bLJ J |g(6,x(6))—g*(G,x*(G))Ides—i—bJ IIx —x*||ds
0Jo 0

t rd(s) t
< bLJ J [9(0, x(8)) — g (6, x*(0))] + Ig(6, x*(6)) — g*(e,x*(e))udedwbj Ix —x*ds
0J0 0

t rd(s) t
gbLle J Ix(e)—x*(G)Ides—i—bLTzé—i—bJ |x —x*||ds
0JO 0

< bLby T?||x — x*|| + bT|)x — x*|| + bLT?.

Hence
Ix—x*|| < bLT25 .
S [1—(bLbiT2+1bT)]

This mean that the solution of the integral equation (2.1) depends continuously on the functional g. The
proof is completed. O

5.4. Examples

In this section we offer some examples to illustrate our results.

Example 5.1. Consider the following nonlinear differential equation

dx  t+2 1 [* sin?(x(s ) 4
Pt i 1,B 1 4
dt t+5+4"(L sten a8l BElBlote(01] (5:4)
with initial condition
x(0) =0. (5.5)

Set
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Then
P, t+ 2

t15 (I 1),

and also
9(s,x(s))I <1, otP <t

ﬁ|
t+5

1
bounded, b = §, bT = 1 < 1, and L = —2; = 2. Therefore, by applying to Theorem 3.1, the given initial
4

value problem (5.4)-(5.5) has a Contlnuous solution.

It is clear that the assumptions (1)-(4) of Theorem 3.1 are satisfied with |c(t)| = | < % that is measurable

Example 5.2. Consider the following nonlinear differential equation

dx 1 X( H tm>

a:g(t+1)+ N , B, te(0,1], (5.6)
with initial condition

x(0) =0. (5.7)
Set ¢ s
f <t,x (J:)(t) g(s,x(s))ds)) = %(t—i—l) (fi/i%;)
Then
b (t) 1 1
f <t,x (Jo g(s, x( ))dsO)) g(t—i-l) 2| x|,

and also

lg(s,x(s))I <1, B<t
It is clear that the assumptions (1)—(4) of Theorem 3.1 are satisfied with |c(t)| = I%(t +1) < % that is
2
measurable bounded, b = %, bT = 2 <l,and L = =1 %. Therefore, by applying to Theorem 3.1, the

1—
given non-local problem (5.6)-(5.7) has a continuous solution.
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