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Abstract

Poly-Cauchy numbers cn (n 0, k > 1) have explicit expressions in terms of the Stlrhng numbers of the first kind. When
the index is negative, there exists a different expression. However, the sequence {cn }n>0 seem quite irregular for a fixed

integer k > 2. In this paper we establish a certain kind of recurrence relations among the sequence {c&‘k)}@O, analyzing the
structure of poly-Cauchy numbers. We also study those of poly-Cauchy numbers of the second kind, poly-Euler numbers, and
poly-Euler numbers of the second kind. Some different proofs are given. As applications, some leaping relations are shown.
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1. Introduction
The poly-Cauchy numbers (of the first kind) are defined by ([9])

(k) 1 1 Xl...xk
Cn :n!J J < )dxl...dxk, n>0k>1).
0 0 n

k

Their generating function is given by ([9, Theorem 2])

Lify (log(1+4x)) = i Cglk)ﬁl
oy n!
where -
Lifi(z Z m!(m+1)k
m=0

is the polylogarithm factorial (or polyfactorial) function. When k =1, ¢, = ) are the original Cauchy
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numbers, whose generating function is given by ([3, 12])

[o0]
X x™

log(1+x)

In 2018 Sasaki [14] showed several recurrence relations concerning the poly-Bernoulli numbers with
negative indices. Poly-Bernoulli numbers B ([7]) are defined by

. X o0 n
Lix(l—e ):ZB(k)x

1—ex n!
n=0
where

0 m

. z
le (Z) - § kK

m

m=1

is the polylogarithm function. When k =1, B, = B!l are the classical Bernoulli numbers with Bil) =1/2,
whose generating function is given by

[oe] Xn
s = 2 Bniy
n=0

Poly-Bernoulli numbers Bg{) have explicit forms in terms of the Stirling numbers of the second kind ([7]):
n
(k) ny (—D™"™m!
Bn = _

" ‘rnZ—O { m } (m+1)k

If the index is negative, another form is given by ([2, Theorem 2])
. mi“(Z“’k)(.,)z {n+ 1 } {k+ 1 }
— P R FE AT &

Many relations and identities for Bernoulli numbers have been known and several ones for poly-
Bernoulli numbers have been discovered. Sasaki has found some new relations for poly-Bernoulli num-
bers together with Ohno. The main result is stated as

> [mH] BY —o. (1.1)

i+1
o<igjsm +

By using the falling factorial, we determine the coefficients sgn} by

(n)

(x—=2)n = Snn (n)

n—

(n)

XV s (n)

X" +s X+

Each coefficient s Eln_)l (G =0,1,...,m) can be written in terms of the (unsigned) Stirling numbers of the first
kind as X
W=y |
= n+2—j
Then, (1.1) is equivalent to the following convenient form.

Lemma 1.1. Forn > kand m >k,

- (m)p(—k)

m —k
E S; Bn_m+].:0.
j=0
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For example, by (x —2); = x2 —5x + 6, we have

By, ) =5B! % —6B. 3.

By (x —2)3 = x3 —9x2 4 26x — 24, we have

By, ) =9B! ) —26B! %) +24B! 7).
In fact, B4 2 =2.3™ — 2" ([15, A027649]) and B, ¥ = 2™ —2.3n+1 1 6. 4™ ([15, A027650]).
Poly-Cauchy numbers (of the first kind) have an explicit form in terms of the (unsigned) Stirling

numbers of the first kind ([9, Theorem 1]):

) o [ (=
Cn = Z [m} i r >0 k=>1).

The definition may restrict the index k as nonnegative values, but the above expression is possible for
negative k too. If the index is negative, another form is given by ([5, Theorem 8 Remark])

3 k . —1 k+1
c;k):Z(_nnﬂﬂ([ﬂ_n[“j D{]il} (>0, k>0). (1.2)

j=0
It is easy to see that
V= (—)" (=2 (n=2).

In [6], some congruence relations of poly-Cauchy numbers ™ are investigated by k being fixed for all
sufficiently large n. However, more precise regularity of the following sequences ([15, A222627, A222636,
A222748, A223023]) has not been found:

(e so = 1,4,5,-3,4,—8,20, 52, 72,936, —17568, 238752, —3113280, ... .,
(e s0 =1,8,19,—1,-10,48, —234, 1302, —8328, 60672, —497688, ... .,
(e )50 = 1,16,65,45,—116, 340, —1240, 5480, —28464, 169248, ...,

(e 0 = 1,32,211,359, —538,984, —1866, 1110, 32640, —449760, .. .

In this paper we establish a certain kind of recurrence relations among the sequence {c%fk)}n%, ana-
lyzing the structure of poly-Cauchy numbers. We also study those of poly-Cauchy numbers of the second
kind, poly-Euler numbers and poly-Euler numbers of the second kind. Some different proofs are given.
As applications, some leaping relations are shown.

2. Poly-Cauchy numbers with negative indices
Now, we are ready to present our main theorem, which can explain how the sequences {c&fk)}n% are
generated, though they do not seem to have any clear regularity.
Theorem 2.1. Forn > k-+2,
k

ey > (n—11)---(n—1i) | %) =o.

1=1 \1+1<i; < <i<k+1
Remark 2.2. When k =1, 2,3, we have
)y (n—2)c£;11) =0 (n

i +M—24n-3)c

WV
=
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cﬁf3) MmM—2+n—-3+n—4)c

(— 3)
+(n=32+m=3)n—4)+n—-4c ) +m-42% =0 (n>5),

respectively.

Proof of Theorem 2.1. For a fixed integer k > 1, assume that the numbers i satisfy the recurrence

relation

( k) +ay, nc( 1) + clzncf1 2) 4+ ak,ncif_kk) =0. (2.1)
By the recurrence relation
n+1 n n . n
[ K ] n[k]—i-[k_l] with [O} 0 m>=1), (2.2)

the form (1.2) can be also written as

k
Seren((FE ) weso

j=0

Here, one determines [1, Table 2.2] that
[—n’} 1, ifn' >0, k=-n/,
k| |0 ifn'>0k>-n'+1
Since the relation (2.1) does not depend on the values { ]]‘Ll }, we have the system of equations

n—1 n—2 n—3 n—k—1
e [ 0 [ Y

(21D { ])am
(e e (M
(52D M)
S ) e i (A 8 e
)
(

(i I <
(e P e e (R R A ) ERE

which is equivalent to the system

n—1] [n—=2] (m—3] m—k—1]

- 1 _+_ 1 _al,n*_ 1 _az,nJF"‘JF(*l)k_‘_l_ 1 _ak,nzol
n—11 [n—-2] (m —3] (m—k—1]

- ) _+_ ) _al,n__ D) _a2,n+"'+(_1)k+l_ ) _ak,n:O/
n—1]1 [n—=2] (m —3] (m—k—1]

— 3 _+_ 3 ain — 3 _a2,n+"'+(_1)k+l_ 3 axn =0,
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Rl

By Cramer, we have

Ajn =

Qyn =

Agn =

n—3
An — K ayn +

n—k—1
-~+(n““{ y }ahnzo.

| [ ]
n;Z - n;3 (_1)k+1 nfl<fl
n;Z . n;3 (_1)k+1 nfgfl
nl:2 _ n]:?) (_1)k+1 n—]l;—l
n1—2 nl—l (_1)k+l n—r—l
Tl2—2 n2—1 (_1)k+1 n—;c—l
n;Z n]:l . (71)k+1 nf]lzfl
nl—2 _ nl—3 (_1)k+1 n—}c—l
n;Z o n;S (71)k+1 nf;fl
[n]zZ} _ [ngﬂ (—1)k+1 {nfk—l}
n—2] _ -3 [n—1
1 1 |1
n—2 _ (n—3 n—1
2 2 2
n—2 _|n-3 [n—1
k| k | k
nfz _ n;S (_1)k+1 nf}<71
n;Z - n;3 (_1)k+1 nf;fl
[n]:Z} _ [n]:ﬂ (_1)k+1 {n—k—l}
n1—3 (_1)k+1 n—}<—1
n—3 k+1 (m—k—1
(=1
2 2 =((n—k-2*
n;S (_1)k+1 nf]l:fl

(2.3)

By doing the operation: the 1st column+(n — 3)xthe 2nd column, the 2nd column+(n — 4)xthe 3rd
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column, ..., the (k —1)th column+(n — k — 1) xthe kth column, using the recurrence relation (2.2), the
left-hand side of (2.3) is equal to

0 0 (—1)ktt | nokt o B (k|
irns IR G Vil e e I C Val A {n—k—l} N Y O
. . : - 1 ’ . .

) e[ ke ) ) -] e[

Repeating the similar steps, the left-hand side of (2.3) is equal to

n;4 o n;S (_1)k_1 nfrfl
n—k—1 2 _n;4 . _n;S . (_1)k_1 nfgfl
1 : :
(n—4] [n—5 k—1 [n—k—1
_11172_ - _11272 (_1) nk72

“1—1 — “1—2 coe (=1)1 “1—i (—1)] “—15—2 c (=1 n—}(—l
n—1 n—2 i—1 | n—j i | n—j—2 k+1 | n—k—1
_ cee (=1 (=1 j )
“‘:1 — “‘:2 coe (=11 -“]:J'_ (—1)] “—]2—2 c (=1 n—]l:—l
where there exists a gap without _“*gfl} (1 < £ < k). In this sense, we can put the denominator (2.3) as

fo(n, k). We shall show that f;(n, k) has the recursion formula

fi(nk)=m—-k-2)((n—j—1fj_1(n—Lk—1)+fj(n—1,k—1)) (n>k+2), (2.4)

with fo(n, k) = (n—k— 2)!)k and fi(n, k) = (n—k— 1)!)k (k = 0). We do the following operations:

1. the 1st column+(n — 2) xthe 2nd column, the 2nd column+(n — 3) x the 3rd column, ..., the (j —1)th
column+(n —j) xthe jth column;

2. the determinant is divided into two parts by applying the recurrence relation (2.2) on the (j —1)th
column;

3. for the first determinant the jth column+(n —j —2) xthe (j + 1)th column, the (j + 1)th column+(n —
j—3)x (j +2)th column, ..., the (k — 1)th column+(n —k — 1) xthe kth column, for the second
determinant the (j + 1)the column+(n —j —3)x (j +2)th column, ..., the (k —1)th column+(n —
k — 1) xthe kth column.

Therefore, we have
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=n—j—-1
TLSZ (71)) TLO—] (71)]71 Tl—lj—l (71)1 Tl—lj—z (71)k n—k (71)k+1 n—k—1
n;Z (71)j n;j (71)1'71 nfzjfl (71)]' n72j72 (71)k n;k (71)k+1 n—k—1
X
[+73] (C0el bl ICS Dl i IR CS DUl il (0% [ e e
nEZ (—1)) na (71))71 n7(§71 (71);' n7]]72 (71)]( n]7k (71)k+1 nfrfl
n;z (_1)] n;) (_1)]71 n7371 (_1)] 11.72)'72 (_1)k n;k (_1)k+1 11.7;71
+ . .
[22] o [Ed] o Y] e [r N ke N o]
=Mm—-j—-1)
naz (_1)) n(]7] (_1)]71 nf(}fz (_1)] n7873 (_1)k nf(l;fl (_1]k+1 nficfl
TL172 (_1)] 1117] (_1)1—1 1171]72 (_1)] 1171]73 (_1)]( TL*}{*l (_1)k+1 n,;<71
X
=] Co U b I CS Wl e el IR CR I Rowied (—0F "] e [
T‘LEZ (_1)] ng] (_1)]—1 n7871 (_1)] TL7873 (_1)k nfgfl (_1)k+1 n7}<71
n;Z (—1)) n;] (71)]—1 nfljfl (—1)) n7373 (71)k n7r71 (71)k+l 117;71
+
[y I G V1 o B CE D il IR DU el ISP G DL v I C DLl ol
=nm—-k-2)n—j—-Dfj_i(n—1L k-1 +n—-k—-2)f;(n—-1,k—1),

which is (2.4).
Now, by induction, we can show that

f5(n,k) = (n—k—2)* > (n—1iy)-- (n—1ij). (2.5)

1< <<kt

The result is valid for j = 0, and is clear for k = 1,2. Assume that the result is valid up to j — 1. Then by
(2.4)

fi(n,k) = (m—k—2)l(n—j—1)((n—k—2)1)*" 3 (m—iy—1)- (n—ij_1—1)
<<ty <k
+(n—k—2)lf;(n—1,k—1).
Repeating the similar steps, we have
f;(n,k) = (n—k—2))*(n—j—1) 5 (=i —1)--(n—ij_1—1)
j<in <<y <k

k . . .
+((n—k—=2))*(n—j—2) > m—i1—2)- (n—ij_;—2)
jSu<e<ijoask—1

+((n—k=2)1)%f;(n—2,k—2)

— (n=k=2))*(n—j—1) 3 (=i —1)--(n—ij_; —1)
j<ii<osiy 1<k

+(n—k=2)*m—j—2) > (n—iy—2)-- (n—ij_1—2)

k . . . .
+((n—k=2))"(n—k) > M—ig+j—k)-(n—1j_1+j—k)
j<i << <+
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+(n—k=2)) T (n—k+3j,j),
where
-n—kl—l—j—l- o _n_k1+j_2_ . (_1)]' -n—l<+1- (_1)j+1 -nIk-
n—k+j—1 _ |mn—k+j—2 L. (_1))‘ n—k+1 (_1)j+1 n—k
. 2 2 2 2
fiin—k+j,j) = -t
[(n—k+j—-1] _ 'n—;<+j—2' 1V _.n—k+1_ _ -+1. [n—k]
L ] | L ) | ( 1)] L ] | ( 1)] L )
-n—kél—j—Z- . -n—ka—j—3- . (_1)]‘ -nak- (_1)j+1 -nIk-
B nflir]fZ- . -n7k1+)f3 . (_1))' n;k (_1)j+1 n;k
(k2] (ki3] j [n—x] 1 [nek]
n j—+1] | - _n j—+1) | e (1) _le—l (_1)]+1 _nj
'n_k{O-]'—21| . (_1)) |:TLIk—
_[n—k
- 1 [ k.—l—' 2 3
neki— _
i1 } (=1) {)_1_
Lk j—2 n—lﬁ—l n;k
- ( 1 ) n—k+1 n—k
- 2 2
— k] j—2 nak o n;k
- < 1 ) n—k =k
- - |1 2
m—k1Y)’
:< 1 ) = ((n—k=1t)
Thus, we obtain the formula (2.5). O

3. Poly-Cauchy numbers of the second kind

The poly-Cauchy numbers of the second kind are defined by ([9])

1 1/ ...

Eﬁk)zn!J J < x Xk)dxl...dxk.
0 0 n
~—

k

Their generating function is given by ([9, Theorem 5])

Lify (—log(1+x)) = Z E;k)x—.

Whenk =1,¢c, = EQ ) are the original Cauchy numbers of the second kind, whose generating function is

given by

n

X = X
(14 x)log(1+x) _nZ_OCnn!'
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Poly-Cauchy numbers of the second kind have an explicit form in terms of the (unsigned) Stirling numbers
of the first kind ([9, Theorem 4]):

. . 1
el — (1) ZO [:J CER

If the index is negative, poly-Cauchy numbers of the second kind have a different expression ([5, Theorem

8 Remark]):
3
~(—k) e M+ [k+1
= —1)™! .
AP ROl iRl
Similarly to Theorem 2.1, poly-Cauchy numbers of the second kind with negative indices have the follow-
ing recurrence relations.

Theorem 3.1. Forn > k+1,

Remark 3.2. When k =0, 1,2, we have

eV yne® =0 n>1),

n—

(—1)

@ +(n+n—1)€£;11)+(n—1)2€£:_12) =0 (n>=2),
ol +(n+n—1+n—2)€£;21)

+ (=12 4+ (n=1)m—=2)+ -2 %) +(n—2)%

respectively. Since

the first relation is clear.

4. Poly-Euler numbers

For an integer k, poly-Euler numbers E%k) (n > 0) are defined by ([13])

Lik(1—€74x) > (k)Xn

4x coshx "

n!’
n=0

Whenk=1,E, = ES ) are the classical Euler numbers, defined by
1 i x™
= En—.
coshx Z " n!
n=0

Poly-Euler numbers can be expressed in terms of poly-Bernoulli numbers ([13, Theorem 2.1]):

(k) 1 nZH n+1 (k)
E — 4m((—1 n—-m+1l__ [ _ayn—m+l B ]
" 2(n+1) ( m ) (( ) (=3) ) m

m=0
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In the case of negative index, poly-Euler numbers have an explicit expression ([13, Theorem 6.1]):

A L K
m+1DEL = ( 2) > (-t { L} (443" — (4l + )™ (k> 0).
1=0
Notice that E%_k are not necessarily integers but (n + 1)E, ) are all integers. For convenience, put
EL M =m+DES By using the generalized falling factorial, determine the coefficients G by
(x=5[2)n = (x=5)(x = 7) -+~ (x—2n—3) = o X" + o x4 oMt o,

Then Euler numbers with negative indices satisfy the following recurrence formula.

Theorem 4.1. For k =0,

Fork > 1,

Remark 4.2. For k =1,2,3, we have
{E;ﬁl)}n%) =1,12,109, 888, 6841, 51012, 372709, 2687088, 19200241, 136354812, . ...,
{Ef{z)}nﬂ] =1,28,493,7192,95161, 1189108, 14331493, 168625072, 1951326961, ... .,
{E%_w}n)o =1,60,1837,42840, 865081, 16022100, 280592677,4730230320, 77624198641, .. .,

and
N( ( 1)
—12En 1—1—35 h =0
T (—=2)
32E 1 —|—374E 1888E 3 +3465ETl 1 =0,
6OEn i + 1465E 3 — 18600En 3 —i— 129259E 46518OEn 5 —i— 6756751351 3(3 =0

In fact, En = (3n+1 —1)/2 (Cf. [15, A003462]). The sequence {En_ }n>0 is the 6th binomial transform of
0,1,0,1,0,1,... ([15, A081200]).

The proof of Theorem 4.1 depends on the following Lemma.

Lemma 4.3. Put

n—1

1 x - x :

1 x» Xy
Vﬂ. = . . 7

1 xn xn—1

and let )
1 x X X ¥ X!
L, _
1 x X XX X
VTlJ = . . . . (J :1121 ,Tl),

1 . j—2 n j n—1

Xn Xn © Xn o Xn XN

where the jth column xifl,xéfl, ,xn ofV is replaced by x7',x3, ..., xy. Then fori=1,2,...,n

1<l <--<i<n
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Proof. As is well-known, Vandermonde’s determinant is given by Vi = [[;<ij<n(Xj —xi). After the jth
column is moved to the nth column, we get V,, ; = (—1)”_]'Wn,j, where

R R 2 RS L Sl RS
1 x X , X Xq X1
1 x S N 2
W . — 2 2 2
nj —
S, -
1 Xn -+ X4 X e X 1 X
Then, it is sufficient to prove that
Wyj = > Xe, X i | Vi 4.1)
1<€1<-~~<€n_]-+1<n
When j =1, (4.1) is valid because
2 n
X1 X] X
X2 x% X5
Whi=| . . .| =x1x2 - Xn Vn.
2 n
Xn Xq paly

Let 2 <j < n—1. By the column operations from the jth to the second, we have

I . T 2 i(m—xn) x)” 2(%—%) X} (x1 — xn) s X (x = xn)
1 X2—%n o Xy C(xa—xn) X, 203 —x3) x) (%2 — xn) s X (% — xn)
Wi = : :
Jj :
1 Xn—-1—Xn XL 1 (Xl - XTL) XL—Zl (X%i,1 - X%) Xh—1 (Xn 1 n) X‘lnil (anl - Xn)
1 0 0 0 0 0
i—3 2 -
1 x) 1 (x1 +xn) x) X!
n—1 j—3 ) —2 ) n—1
ntl 1 X5 X5 (%2 +xn) X5 X5
= H (xe —xn .
=1 .
- j—3 j—2 j . n—1
1 Xnq X (Xn—1+xn) X4 Xn_3

1

= | | (xn —%¢) - Wn_1j—1 +xnWn_1;).
=1

n

By induction on j about the relation (4.2), using (4.1) up to j — 1, we have

n—1
Wn,j = (Xn - X@) Z X0yt Xy Vho1+Xn H - X( Wh— 1
=1 1<€1<-~-<(’,n,]~+1<n—1 (42)
E > X, Xty g | Vet xn H n—x) - Wno1.
1<l < <l J_H\Tl. 1
On the other hand,
1 x X2 X
1 x X?—z X3 n—l
Wn,n— —Xnvn+H(Xn_X€) Wh_1n-1
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— n—2
= (anl "‘Xn)vn + H (Xn _Xf,l H Xn—1 _XZZ Wn—Z,n—Z
=1 =1

=(Xn+Xn_1+--+x3)Vn

n—1 n—2 2
+ ][0 —xe) [ JOen1—xe) - ] (xa—xg,) - Waa
0 =1 0,—1 0 =1

=(x1+x2+xX3+ - +Xn_1+Xn)Vn.

Thus, (4.1) is also valid when j =n. Now, for 2 < j < n—1, from (4.2) we obtain

Whj = Z Xgy X Vi +Xn Z Xgy e Xe, Va
1<l <<l ]+1\n 1 1<l <<l jE<n—2
n—2
+XnXn_1 H —x¢) [ [ (xn1 —xe,) - W2
=1 =1
— Z Xg r e Xen—jJrl V‘rl + Xn Z Xg, Xen—j VTL
1<21<---<€n,j+1<n71 1<€1<<(’,n,]<n72
+ XnXn—1 Z Xgy X, Va4 +XnXn_1-- “Xj42 Z X, X, Va
1<l <<l j— 1<n—3 1<€1<€2<j

T XnXn—1-"Xj41 H (xn — X€1) H Xn—1— XEZ H X]—0—1 - Xen,j) ) W)',j-
61:1 EZI n7]:

Since the last term is equal to XnXn—1 - Xj41(X1 + X2 + - - +%;), we get

WTLJ = z g ST Vn,

1§€1<-~~<€n,j+1<n
as desired. O

Proof of Theorem 4.1. When k = 0, by EE? ) = (3" —1)/2 (n > 0), the recurrence relation is clear. Let

(—Kk),

k > 1. Assume that for a fixed k, the numbers En s satisfy the recurrence relation

~(—k ~(—k ~(—k ~(—k
F_EL ) + TkrlEE’lfl) + Tk,2E£1_2) + -+ TKIZkE;—Z)k =0. (43)

Since k is fixed, this relation depends only on the part ((41+3)™! — (41+1)™ ") in the explicit expression.
AsO0<l<kand {g} =0 (k > 1), the relation (4.3) is equivalent to the system

(204+3)" 4 (2043) T 1 + (204 3)" o -+ (204+3) I 0 =0 (1< L <2K)
or the system

52k + 52k_1’fk,1 + 52k_2Tk,2 + -+ 5Tk,2k—1 + Tk ok = 0,

7% ¢ 72k’1’rk,1 —+ 72k72Tk,2 o+ 7Tok—1 + Tk = 0,

(4k + 3)2k + (4k + 3)2k_1’fk,1 + (4k + 3)2k_2Tk,2 + -4+ (4k + 3)Tk,2k—1 + Tk ok = 0.
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Hence, the coefficients Ty 1, Tk, ..., Tk 2k are the solution of the matrix equation

52k—1 52k—2 . 5 1 zk,l _?it
72k—1 72k—2 . 7 1 k.2 -
v ok . : : Tk, 2k—1 —(4k +1)%¢
(4k +3) (4k +3) K+3 1 i k3

The determinant of the 2k dimensional Vandermonde matrix on the left-hand side is equal to

V= J[ (2u+3)=(2%+3)) = (-2 Dy,
1< <, <2k

which is the denominator part of Ty ; by Cramer. By applying Lemma 4.3 with n = 2m and x; = 21+ 3
(i=1,2,...,2k), the numerator part of Ty j is given by

(—1)] > 2u+3)(24+3) | V.
1<€1<~~-<€j<2k
Hence, we have

Tj = (1) Y @u+3)24+3) =0y (=1,2,...,2K).

1<€1<-~~<€j§2k

For an integer k, poly-Euler numbers of the second kind B (n > 0) are defined by ([10, 11])

Lig(1—e ™) & ~gox™
— =) Ey —

4 sinh x
n=0

When k = 1, En = Eff ) are the original Euler numbers of the second kind (or complimentary Euler

numbers), defined by
X = X"
sinhx Z Enﬁ'
n=0

Poly-Euler numbers of the second kind can be expressed in terms of poly-Bernoulli numbers ([10, Theo-
rem 3.1], [11, Lemma 3.1]):

Enk) — % Z (n>4m((_1)nm o (_3)n7m)Bgf).

m

In the case of negative index, poly-Euler numbers of the second kind have an explicit expression ([10,
Theorem 3.3], [11, Lemma 3.2]):

k

B = (_zl)k > (- {]f} ((41+3)"+@d1+1)") (k>0).
1=0

Notice that E&fk) are all integers. Euler numbers of the second kind with negative indices satisfy the
same recurrence formula as those in Theorem 4.1.
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Theorem 4.4. For k =0,

EY 4l M 48t M 0 (n>2)
Fork > 1,
s 2k)+(—k
Y e S =0 (n>2K)

Remark 4.5. For k =0,1,2,3, we have

{E }n>0 =1,2,5,14,41,122,365,1094, 3281, 9842, 29525, 88574, .
{En }n>0 =1,6,37,234,1513, 9966, 66637, 450834, 3077713,21153366, . . .,
{/E\Efz)}nw =1,14,165,1826,19689, 210134, 2236365, 23819306, 254327889, . . .,
{Ekg)}nw =1,30,613,10770,175465,2741670, 41809933, 628464090, 9366724945, . . ..

In fact, EEP ) = (3™ +1)/2 ([15, A007051]). The sequence {/E\;_l)}n%) is the 6th binomial transform of
1,0,1,0,1,... ([15, A081188]).

Proof of Theorem 4.4. The proof can be done as the same as that of Theorem 4.1. However, we shall prove
the similar result by a different method, which is also applicable to that of Theorem 4.1. Since

x(x—1)---(x—n+1) = i(—n“—e ]
we get

n

x50 = 3 (-2 [V (x-5) = 3 (-2 7] 5 ;)

(=0 =0 =0
=y > s () [
j=0 t=j 1/

Hence, for j =0,1,...,n, we have

Therefore, for k > 1 and n > 2k,

2k
Z n 2k+)
2k 2k k
ZZ 2k Z 5)2 )<f) |:2€k:| (_zl)k Z(—l)TT"{ }((4‘[‘—}—3)“ 2k+]+(4r+1)n 2k+))
j=0 €=j r=0
Now
2k 2k
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- g s () {5 0) (55
= T 2 iz

13
-y en{iheear = () [ (-5
:22ki( w{k} (4r+3)"" 2‘<Z [Zk} (1—2n)"
=0 '
{

=0
k
_ 22k Z( TT'
r=0

]:} (4r +3)" 2% (2r—1)(2r—2) - - - (2r — 2k),

which is equal to 0 because (2r—1)(2r—2)---(2r—2k) =0 forr =1,2,...,k and {lg} =0 fork > 1.
Similarly,

2k 2k k
(=2 (=5) ](g) [zﬂ (_zl)k Z(—l)rr‘{ }(4r+1)“ 2
j=0 £=j ) =0
k
22y (—1)'r {T}(4r+1)“ Zk(r—2)(2r—3)--- (2r—2k —1)
r=0

which is equal to 0 because (2r —2)(2r—3)---(2r—2k—1) = 0 for r = 1,2,...,k and {15} = 0 for
k> 1. O

5. Leaping relations
Since the numbers c%_Z) satisfy the three-term recurrence relation c%_z) +(2n— 5)C£L__21) +(n— 3)2c£;22)
for n > 4, they also can satisfy the leaping recurrence relations of the form

Am)ch P +Bm)ci A +cme A =0 (n=2r+2)

for a positive integer .
Given a three-term recurrence formula Z,, = T(n)Z,_1 + U(MNM)Zn—2 (n > 2) with arbitrary initial
values Zy and Z;, and two sequence of integers are eventually quasi-periodic as

T(M) 0 = Ao, a1 ..., ap, T (K), T2(K), - .., T (K)py,

(0]

{
{U.(n)}n>0 = bo,b1 .. .,bp,ul(k),UQ(k), .. .,uw(k)kzl.

For integers a and | with | > 1, we define the determinant

T(a) 1 0
—U(a+1) T(a+1) 1
0 —U(a+2) T(a+2)
Ki(a) = 0
Tla+1-2) 1

0 —Ula+l—1) T(a+1l-1)

with Kg(a) =1. Let OM) =UM —71) UM —1+1)--- UM —1) with M = (n—1)r+1i+ 2. Then we have
the following ([4, Theorem 2]).
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Lemma 5.1. For any integers v and iwithr >2,0<p<i<p+r,andn > 2,

Kiot(M—=71) - Zinii— (Krfl(M)Kr(M —7)+ UMK, 1 (M —1)K; 2(M + 1)) “Lin—rii
+ (—1)rQ(M)Kr71(M) “Lin—2r+i =0.

We apply Lemma 5.1 as T(n) = —(2n —5) and U(n) = —(n—23)% Whenr =2and i =0, we get
M =2n QM) = 2n—4)?2n—-5)%, K4(M) = —(4n—5), KM —1) = —(4n —9), and K;(M —1) =
12n2 — 48n +47. Thus, we have

2

—(4n—9)ch ¥ +2(4n—7)(4n®> —14n +11)c 2 2

— (2n—4)2(2n—5)%(4n—5)c. Y.
Whenr=2andi=1 wegetM=2n+1, Q(M) = 2n—3)22n—4)%, K1 (M) = —(4n—3), Ky (M —1) =
—(4n—7), and Kp(M — 1) = 12n? — 36n + 26. Thus, we have

—(dn—7)ch 2 +2(4n —5)(4n® —10n 4 5)cl,”), — (2n —3)2(2n — 4)2(4n —3)c} 2.

Proposition 5.2. Forn > 3,

(4n—9)cl P —2(4n—7)(4n2 —14n+11)c). >, + (2n —3)%(2n —4)2(4n—5)c 2, =0,

(4n —7)cs Y —2(4n — 5)(4n? — 100 + 5)c), 2 + (2n—3)2(2n — 4)2(4n — 3)cl,. 2 = 0.

For example,

3cl 2 —50c) ¥ +28c) ) =0,
5c) % —154c{ 7 +324c{ % =0,
7es ) —342¢L7% +1584c, P =0,
9cy 2 —638cy > +5200cs ) =0,

It is similarly shown for the cases when r > 3, but the expressions become more complicated.

For the three-term recurrence relation of Bernoulli numbers B (=2) Sanzl + 6Bn722, leaping recur-

-2

rence relations are much simpler. When r = 2, we have 5B( — 658" 2) 4-180B 1(1

4+ =0or
B 2 —13B| 3 +36B| % =0.

In fact, we can get a more general case by using the following result ([8, Theorem 1]).

Lemma 5.3. If the sequence {Zn }n, satisfies the three-term relation Z,, = a1Zn_1 + axZn_, then for any positive
integer v we have

LT/ZJ .
=T Z AT 20 k ap” 0y Znr— (-1)"a) - Zn2r (n>27).
1=0

By applying Lemma 5.3 as a; = 5 and a; = —6, we have the following.

Proposition 5.4.
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. —3 .
Concerning the sequence {c )}, a four-term recurrence relation

Vr3m—3)c )+ Bn2 21 +37)c ) + (-4 (n>5)
holds. However, no general formula for leaping relation has been found. As for Bernoulli numbers B,
a four-term relation
BL Y —9B! ) 126! %) —24B( %) — 0
has only constant coefficients, by applying [8, Theorem 2], we have a leaping relation
[r/3] (r—3j) /2 25— 1!
— 9T—21-31 (_26)t . 247B!,
B T; % ilj! r—21—3)) (-26)"-
Lr/3) L(r=3j)/2] o (r—i—2j—1)!
vy Y (i =l gi(_06)T 2131 . 41+ . B(73) 4 oamBl 3] (s ).

Ujl(r — 20— 3))!

6. Comments

Sasaki [14] announced more recurrence formulas of poly-Bernoulli numbers from the duality theorem

BLH = B](:n), and combinatorial interpretations about some relations. However, poly-Cauchy numbers
and poly-Euler numbers do not satisfy the duality theorem. Any combinatorial interpretation of poly-
Cauchy numbers has not been known yet, though a few are discovered about poly-Euler numbers [13].
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