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Abstract

In this paper, sufficient conditions for the controllability of the fuzzy dynamical discrete system with the use of fuzzy rule
base are established. Further, a sufficient condition for the fuzzy dynamical discrete system to be observable is constructed. The
main advantage of this approach is that the rule base for the initial value can be determined without actually solving the system.
Difference inclusions approach is adopted in the construction of these conditions. All the established theories are consolidated
and explained with the help of examples.
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1. Introduction

Measurements of data or specified information for an underlying problem may be imprecise or only
partially specified. Each and every practical system is endowed with uncertainties. The more the com-
plexity of a system the greater is its uncertainty due to fuzziness. That is, each quantity we want to
measure becomes fuzzy valued instead of precise valued. Difference equations describe the evolution of
certain phenomena over the course of time. Many of the physical applications may not have the exact
information about their deterministic dynamics which is a prerequisite construct of a dynamical system.
It is very important to study the controllability and obsarvability of the mathematical models represented
by fuzzy difference equations governing the ambiguity in dynamics which is not probabilistic. In general
the problem of steering an initial state of a system to a desired final state in R™ become a problem of
steering a fuzzy-state to another fuzzy-state in (EHY™.

The importance of control theory in mathematics and its occurrence in several problems such as
mechanics, electromagnetic theory, thermodynamics, and artificial satellites are well known. In general,
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fuzzy systems are classified in to 3 categories, (i) pure fuzzy systems; (ii) T-S fuzzy systems; and (iii)
fuzzy logic systems, using fuzzifiers and defuzzifiers. In this paper, we use fuzzy matrix discrete system
to describe fuzzy logic system and establish sufficient conditions for controllability and observability of
first order fuzzy matrix discrete system Symodeled by

Tm+1)=AM)T(n)+Fn)U(n),T(0) =Ty,n >0, (1.1)
Y(n) =Cn)T(n) +D(n)U(n),

where U(n) is an m x s fuzzy input matrix called fuzzy control and Y(n) is an n x n fuzzy output
matrix. Here T(n), A(n), F(n), C(n), and D(n) are matrices of order s x s, s xs, s xm, r x s, and
T x m whose elements are continuous functions of n on | = [0, N] C R(N > 0). Barnett and Cameron [3]
studied the problem of controllability and observability for a system of ordinary differential equations in
1985. In 1997, Murty and Anand [11] established necessary and sufficient conditions for controllability
and observability of continuous matrix Liapunov systems. Using fuzzy control a complex system can
be decomposed into several subsystems according to the expertise of human ability to understand the
system and using the human control strategy represented by a simple control law. The popular fuzzy
controllers in the literature are Mamdani fuzzy controllers and Takagi-Sugeno (TS) fuzzy controllers.
The main difference between them is that the Mamdani fuzzy controllers use fuzzy sets where as the
(TS) fuzzy controllers use linear functions, to represent the fuzzy rules. In the works of Takagi [16] and
Sugeno [15] a crisp analytical function is used instead of a membership function in a fuzzy model. In
recent years many authors [1, 4, 8-10, 17, 18] are studying TS fuzzy controllers, because of to their ability
to model real world problems. In 2005, Anand and Murty [2] established conditions for controllability
and observability of Liapunov type matrix difference system. In 2008, Murty et al. [13] presented criteria
for the existence and uniqueness of solution to Kronecker product initial value problem associated with
general first order matrix difference system. In 2009, Murty et al. [12] studied qualitative properties of
general first order matrix difference systems. We obtain a unique solution of the system (1.1), when U(n)
is a crisp continuous matrix. We use fuzzy matrix discrete system to describe fuzzy logic system and
extend some of the results of Ding and Kandel [6, 7] developed for continuous case to that of discrete
case by vectorizing the fuzzy matrix discrete system. we obtain sufficient conditions for controllability
and observability of the system (1.1) satisfying the initial condition. The fundamental results established
in [12, 13] have in-fact motivated us to develop our results on fuzzy matrix discrete dynamical systems.

The paper is organized as follows. Section 2 presents basic definitions and results required to under-
stand the paper. Section 3 is concerned with the formation of fuzzy dynamical discrete systems. Sufficient
conditions for the controllability and observability of the fuzzy matrix discrete dynamical system are pre-
sented in Sections 4 and 5, respectively. Section 6 presents the numerical example.

2. Preliminaries

Theorem 2.1. If u € ES, then

1. [uJ* e Pk(((Nﬁa))SXS)for al 0 < <1,

2. u*2 Cc [ul* forall 0 < ¢ < o < 1;

3. If {ow} is non decreasing sequence converging to o« > 0, then [u]* = N1 [U]**.
Conversely, if (A% : 0 < o < 1} is a family of subsets of RS satisfying (1)-(3), then there exists a w € ES such that
W* =A%or 0 < o < 1and [ul® = Upcn 1A% C AL

Definition 2.2. Let A € C™*%(R"*%) and AB € CP*9(RP*9). Then kronecker product of of A and B is

anB a1zB alSB
. . . ey . a21B azzB . asz . .
written as A ® B is defined as a partitioned matrix A ® B = matrix and is an
aTlB arzB arsB

TP X sq and is in CTPXS9(R"P*549),
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The kronecker product has the following properties.

1. (A®B)*=A*®B*.

2. (A®B) 1=A"1gB L

3. (A®B)(C®D) = (AC®BD). This rule holds, provided the dimensions of the matrices are such
that expressions are defined.

4 (A @B)| = AI[B] (where A = maxlag).

5. A+B)eC=(AC)+ (B C).
Vectorization of matrix A is denoted by Vec(A) = A and defined as follows.
Definition 2.3. Let A = [a;] € C"*%(R"**), we denote A = VecA = [A1,Ao,...,ALlT, where
A =laj, aj,...,an]", (1< < s).

Vectorization has the following properties

1. Vec(ATB) = (B* ® A)VecT.

2. If A and B are square matrices of order s, then
(i) Vec(AT) = ((Is ® A)VecT;
(ii) Vec(TB) = ((B* ® I5)VecT.

Lemma 2.4. Let ¢(n) be the fundamental matrix for the system

Tn+1) =AM)T(n), T(0) = L. (2.1)
Then the matrix I @ ¢(n) is a fundamental matrix of

T(n+1) = 6()T(n),T(0) = o, (22)

where G(n) = (Is ® A(n)) and the solution of (2.2) is T(n) =(Ii® d)(n))fo

Theorem 2.5. Let ¢(n) be the fundamental matrix for the system (2.1). Then the unique solution of the initial
value problem

T(n+1) = GM)T(n) + (I ® F(n))U(n), T(0) = To (2.3)
is given by
n—1
Tn) = (Lo dm)To+ Y (I ® d(n—j—1)) (L @ F(G)UG).
j=0

3. Formation of fuzzy dynamical discrete systems

Letui(n) € El,neJ,i=1,2,...,5% and define

U(n) = (ur(n),wp(m),..., ue(n) =ui(n) x uz(n) x - ugp(n)
={(ufm),uz’(m),..., uBb(n)}: e € [0,1]}
{(w(n), w2(n),..., ue(m)}:uin) € uif(n), « € [0,1]},

where u*(n) is the o level set of ui(n). From the above definition of ﬂ(n) and Theorem 2.1, it can be

easily seen that U(n) € Es”. We now show that the following system S, defined by system (2.3) and the
following system

Y(n) = ((Is ® C(n)))T(n) + (Is @ D(n))U(n) (3.1)

determines a fuzzy system by using the fuzzy control U(n). Assume that U(n) is continuous in ES*,
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then the set U* = ui(n) x up(n)x,..., xuge(n) is a convex and compact set in (NTJ(O)52. For any positive
number N, consider the following inclusions

Tm+1) e GM)T(M) + (Is ® F))U*(n),n € [0,N], (3.2)

T(0) € To. (3.3)
Let T* be the solution of (3.2) satisfying (3.3).
Lemma 3.1. [T(n)]"‘ S PK(N%)52 forevery 0 < « < 1,m € [0,N].

Proof. We can observe that T* is non empty since ﬂ‘x(n) has measurable selection.

By choosing K = maxy,cjong || () ||,L = maxpcon || Is [[= 1, My = max{|| un |: u(n) € U*(n),n e
[0, N]}, My = max,,cjo,n] || F(n H, if for any T € T%, there exists a control u(n) € U*(n) such that
R R n—1
Tm) = L@dm)To+ Y (I @ dp(n—j—1))(Is @ FGHUG). (34)

j=0

By taking norm on both sides of the equation (3.4), we get H T ) |I< KL || To || +KLM;M;,N. Hence
T is bounded. For any ng,ny € [0, N} consider, || T(ny) — ) Il Is @ p(ng) — I ®d> no) Il To |
+KLM1M;5 | ny —ny | —i—MleZ H [ @b —j—1) —I ® d)(nz —j—1) ||. Thus, T is relatively
compact. Let Tk € T* and Tk ~T. For each Tk, there is a uy € U"‘( ) such that

—1

Ten) = (Is@pMmNTo+ Y (Is @ b(n—j—1))(Is @ FG))Uk(j). (3.5)

j

3

I
<)

Since uy, € ﬁ“(n) is closed, then there is a sub-sequence < U > of < ux > converging weakly to

u € ﬁ"‘(n). From Mazur’s theorem [5] there exists a sequence of numbers A; > 0, ZA; = 1 such that
ZAjuy, converges strongly to u. Thus from (3.5) we have

n—1
INTK () =) AL @ dm)To+ Y (I ® d(n—j—1))(Is ® F()) LAy, (). (3.6)
j=0
As 1 — oo from equa’uon (3.6) and Fatuou’s lemma, it follows that T( ) =l @d(n To +) (Is@dpn —j —
1))(Is ® F(j))u(j). Thus T(nA) € T* and hence T% is closed. Let T, T, € T“ then there exists uy, uy € U“(n)
such that T1(T1+1) G(M)Ti(n) + (Is ® F(n))us (n), Tz(n+1) G(n)Ta(n) + + (Is ® F(n))uz(n). Let T(n) =
ATi(n) + (1= A)Ta(n ),0 < A < 1, then Tm+1) = GM)ATi(n ) + (1= A)T2(n)] + (Is ® F(n))[Aug (n) +
(I —=A)ua(n)]. Since U"‘( ) is convex, Auj(n) + (1 —=ANuz(n) € U*(n), we have T(n+1) € G(n)T(n) +
( ( u ( ), i.e., T € T*. Thus T* is convex. Therefore T* is non empty, compact, and convex in
NJ, (N ) . Thus, from Arzela-Ascoli theorem, it follows that [T( )]* is convex in (ij)S for every
ne [O NJ. Therefore T(n)* e Pk((N;{O) *) for every 0 < < 1,mn € [0,N]. O
Lemma 3.2. [T( %2 C [ 1% forall 0 < o1 < o < 1.

Proof. Let 0 < o1 < oxp < 1. Since U"‘Z(n) is contained in U%! (n), it follows that
u%2(n) =u?(n) x uz?(n) x -~ xuF(n) Cuf'(n) xuy'(n) x - xuGm) = ﬂ(xl(n).
Thus, we have the selection inclusions Slﬂo62 (n) C S%:["‘l (n) and also the following inclusions:

Tn+1) € GM)T(n) + (I, @ F(n))U2(n) € G(n)T(n) + (I @ F(n)) U™ (n).
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Consider the following inclusions:
m+1) € GM)T(M) + (I ® F(n))U*(n),n € [0,N], (3.7)
m+1) € GM)T(M) + (I, @ F))U* (n),n € [0,N]. (3.8)

Let T*2 and T be the solution sets of (3.7 ) and (3.8), respectively. Clearly the solution of (3.7 ) satisfies
the following inclusion:

3
AN

T € @ omNTo+ Y (T @ dn—j =1 F()Syay
)

CUs@dmNTo+ Y (L@ dn—j =D)L @FG)SGa, 5, )
=

Thus T% ¢ T%. And hence T (n) C Tou (n). O

LI

o

Lemma 3.3. If < xy > is non decreasing sequence converging to « > 0 then T%(n) = ﬁk>ﬁ"‘k(n).

Proof. Let U< (n) = u;™ x uy*x, ..., xu‘s";,u“(n) =uf xufx,..., u%, and consider the inclusions

T(n+1) € G(M)T(n) + (I ® F()) U (n), (3.9)
T(n+1) € GM)T(n) + (I ® F(n))U%(n). (3.10)
Let T* and T* be the solution sets of (3.9 ) and (3.10), respectively. Since u;(n) is a fuzzy set and from

Theorem 2.1, we have
ud = Mesud™,
we consider
Xy, XU = MU ™ X M1y <X, . ..,ﬁk>1u§‘2‘< = ﬁk>1ﬂ°‘k(n)
()’ Therefore
Tn+1) € G(T(n) + (I, © Fm))U%(n) = G(W)T(n) + (I ® F(n)) Nz U™ (n)
CGM)T(n) + (Is @ F(M))U*(N),k =1,2,3,....
Thus we have T C ?"‘k, k=1,2,3,..., which implies that
T C My T (3.11)

Let T be the solution set of the inclusion (3.9) for k > 1. Then

Tm) € L@ dm)To+ Y (i@ dm—j— D)L ©F()IS -

3

j=0
It follows that T(n) € (Is ® d(n))To + Niez1 15 (I @ @ —j = 1)L @ FG)IS Yy € (Is ® b)) To +
S @ dm—j D) @ FGNSL | o, = (I ® o) To+ X5 (I © d(n —j — 1) (Ts @ F())SY, -
This implies that T € T*. Therefore

Mes1 T C T (3.12)

From (3.11) and (3.12) we have T* = ﬁk>ﬁ“k and hence, T*(n) = ﬁk>1?°‘k(n). O



C. L. N. Rompicharla, et al., J. Nonlinear Sci. Appl., 12 (2019), 816-828 821

Theorem 3.4. The system (2.3) and (3.1) is a fuzzy dynamical discrete system, and it can be expressed as

~

Tm+1)=G6M)TM) + (Is ® F(n))U(n), T(0) = {Ty}, (3.13)
Y(n) = (Is ® C(n))T(n) + (Is ® D(n))U(n). (3.14)

The solution set of fuzzy dynamical system (3.13)-(3.14) is given by

3
N

Tm) e (L@dm)To+ Y (I @ dn—j—1))(Is @ FG)UG). (3.15)

j

I
o

Proof. Proof follows from the Lemmas 3.1, 3.2, 3.3 and Theorem 2.1 since there exists T(n) € Es on [0, N]
such that T*(n) is a solution set to the difference inclusions (3.2) and (3.3). O

Corollary 3.5. If the input is in the form ﬂ(n) = (n) x up(n) x --- xui(n) x -+ x ug2(n), where ux(n) €
RYk # i are crisp numbers, then the i component of the solution set of (2.3) is a fuzzy set in EL.

Definition 3.6. The fuzzy system given by equations (3.13)-(3.14) is said to be completely controllable if
for any initial state T(0) = TO and any given final state Ty there exists a finite time n; > 0 and a control
U(n), 0 < n < nyg such that T(nl) Tf

Definition 3.7. The fuzzy system given by equations (3. 13)-(3.14) is said to be completely observable over
the interval [0, N] if the knowledge of rule base of input U and output Y over [0, N] suffices to determine
a rule base of initial state To .

Let u{,y%,i =1,2,...,2,1=1,2,...,m, be fuzzy sets in El. We assume that the rule base for the input
and output is given by

R': If Ty (n) is in u}(n),ﬁz(n) is in u%(n), ..., Ug2(N) is in ulsz(n), (3.16)
then yi(n) is in y}(n),gz(n) is in y5(n),. .., Yg(n)isin 922 (n),1=1,2,...,m '
and the output can be expressed as a function of input by the equation (3.1).

Definition 3.8. Let x,y € ES” and x = x1 X Xp X -+ X Xs2, Y = Y1 X Y2 X --- X Yg, Xi,Yyi € ELi =
1,2,...,8%51=1,2,...,m

[y1]® — [x4]
If y =z +x, then z =y —x, which is defined by [z]* = [y —x]* = [y]* — X]* = { ]
[ysz]“ - [XSZ]‘X-

[yl] [x1]
If y = w—x, then w =y + x, which is defined by [w]* = [y +x]* = [y]* + [x]* = )
[Yg2]® + [xg2]®

C11 C12 cee Cqig2
. ey _ | €1 €2 -+ Cpg2 2 2 : _
Definition 3.9. Let C = be an s* x s matrix, p = p1 X p2 X --- X pg2, let p; €
Cg21 Cg2p -+ Cg242

ELi=1,2,...,s31=1,2,...,m bea fuzzy set in ES and let [pi]* be « level sets of p;, define the product
Cpof Cand p as

Cl1 Ci2 -+ Cg2 [p1]* cnlpl®+ - -+ celpeal®
[C‘p}(x — C[p]cx _ C21 Cyxp - Cog2 [pz](x _ Co1 [pl]‘x + 4 Cog2 [Psz}“

Cs21 Cg2p -++  Cg2g2 [pe2]® c2pp1l®+ - +cogelpel®
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4. Controllability of fuzzy discrete dynamical systems

Theorem 4.1. The fuzzy system (3.13)-(3.14) is completely controllable if the s> x s> symmetric controllable matrix

N—-1

WO,N)= > (I;®(N—j—1) (I @ F(i)) (I @ F(i))*(Is @ b(N —j —1))* (4.1)

j=0

(where * indicates conjugate transpose (Hermitian transpose) of the matrix) is non singular. Furthermore, the fuzzy
control U(n) which transfers the state of the system from T(0) = Ty to a fuzzy state

T(N) =Tr = (tr, tr, ... try,) (4.2)
can be modified by the following fuzzy rule base:
R:If t; isin te, tey, ... ,:Efsz isin teg, then Uy isinuy---Ug isin ug, (4.3)

where

(w1 (n),wz(n), ..., up(n)) = %((Is @FM) I @ (b(N—=j = 1)) (t(N), t2(N), .. ey, E2(N))

— (s @ F()*(Is ® o(N —j — 1 IW L0, N)(Is @ d(N)))T(0),i =1,2,...,52.

Proof. Suppose that the symmetric controllability matrix W(O,N) is nonsingular. Therefore Wfl(O,N)
exists. By multiplying equation (4.1) on both sides by W10, N)(Is x ¢p(N ))TO, we get
Nt
L @dMN)To = ) (Is @ d(N—j—1))(Is @ F(j))
~ (4.4)

x (I @ F)* (Is @ (N —j — 1) )W(0,N) (Is ® d(N))Tp

Now our problem is to find the control U(n) such that
TIN) =Tr = (L@ d(N)To+ Y _ (I ® d(N —j— 1)) (I @ F(§))UG). (4.5)
i=0

Since T is fuzzy U(n) must be fuzzy, otherwise the left side of equation (4.5) cannot be equal to the crisp
right side. Now T¢ can be written as

R N—l/\ 1 N-1 R
Te=x 3 Tr= D o D) FG) x (1 & Fm) M0N0 e 49

From (4.5) and (4.6) we have

1 N—-1

N ¢
]:

(I @ d(N—j — 1)) (Is © F(§)) x (Is @ F()) H{Is @ (N —j — 1)) 7T

o

N—
= (L@d(N)To+ Y (L@ b(N—j—1))(I @ F(G))UG).

From (4.4) and (4.6) it follows that

1

N—1
N 2 T @ b(N—j = 1)L © F(i) (I © F(§) I @ d(N —j —1)) 7' T
j=0
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—1
=) (Led(N—j—1))(L@F[)(Is @ F(n))*(Is ® (N —j—1))*
=0

)

x WHO,N) (L@ d(N)To+ D (I @ b(N—j—1))(Is ® FGHU(),

ie.,

N—-1
(Is ® (N —j —1))(Is ® F(j))U(j)
0

)

]:

_

= Y (Lo ON—j 1)L ® F)) (L © F() (1 © N —j — 1))
j=0

— (L ®F())" (I ® (N = —1))"W (0, N) (I ® $(N))To}.

Now ﬂ(N) can be expressed as

-~ _l y—1 T B ) b G A T 1)) *

UN) = s @FG) (I @ 6N —j —1))77T) (ISA® F(5)) 47)
X (I ® 6N = = 1) W0, N) (Is ® $(N)) To.

Now are the following two possible cases for (4.7).

Case(i). When ?(N) = ?f = (?ﬂN),E(N),...,tSz(N)) is a crisp point, equation (4.7) gives corresponding
control U(n) and is given by U(n) = (1, Uy, ..., Ug).

Case(ii). When T(N) = (ftvl(N),ﬂ‘Ez(N),...,tf.,...,iz(N)), equation (4.7) gives the corresponding control

ﬂ(n) and is given by ﬂ(n) = (ﬁl,lzz, oo, Ui, ..., Ug) in which the component ofol(n) is a fuzzy set in E'.
Clearly 1 (n) is in ui(n), Hep, (ti(N)) gives the grade of the membership of t;(N) in tr. . Hence fuzzy

rule base for the control U given by equations (4.2) and (4.3) follows. O

Note 4.2. The converse of the above theorem need not be true. Since fuzzy rule base cannot imply the non
singularity of the controllability matrix W(0, N) given by (4.1), it follows that the condition in the above
theorem is only sufficient condition but not necessary.

5. Observability of fuzzy dynamical discrete systems

Theorem 5.1. Assume that the fuzzy rule base (3.16) holds, then the fuzzy system (3.13)-(3.14) is completely
observable over the interval [0, N] and is non singular. Furthermore if

To=(8,%,.... %),
then one has the following rule base for the initial value To,

RU: IF W (N) € uf(N), ..., up2(N) € ul,(N) and y1(N) € yi(N),...,ys2(N) € yL,(N)

~ s (5.1)
then t}isinth(1),...,t5 (n)isin t5(S?),1=1,2,...,m,
where
t§(1) = (Is @ C(N)(Is ® G(N)) "HVE(N) — (Is @ D(N))U(N)
Nt (5.2)

~(Is®C(N)) Y (Is®d(N—j—1))(Is ® FG)IHLG)),

_.
Il
=}
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To = ((Is ® C(N))((Is @ d(N))"H{Y(n) — (Is © D(N))U(N)

R = . L (5.3)
— (L ®C(N)) x > (Is® (N —j—1))(I, ® FG)IUG),

j=0
Hi(n) =11 (n) x Tp(n)x, ..., ul(n) - x g2 (n), (5.4)
Vim) =g1(m) x ga(n)x,...,ytn) - x Ys2(n), (5.5)

wherei=1,2,..,s%51=1,2,...,m.

Proof. Consider the case when 1 =1. Let

u(n) = (wi(n),uz(n),..., ugz(n)), ym) = [U1(n), y2(n), ..., ye(n)).

1

Let Wyi(n) (1;(n)) be the grade of the membership of u;(n) in u;(n), and let uy;(n)(gi(n)) be the grade

of membership of \N(i(n) in y%(n). Since (Is ® C(N))(Is ® ¢(N)) is non singular and from (3.15) we have

To = [(Is @ C(N))(Is ® $(N)I H{H(N) — (I @ D(N))TE(N)
N-—1
— (L@ CN)} ) (Is® d(N —j—1))(Is @ F(Gu(j)).

j=0

When the input and output are both fuzzy sets it follows from equation (3.1) that
(I ® C(N)T(n) = Y(n) — (I ® D(N))T(N)

is a fuzzy set. From equation (3.15), we get
N—-1
(L@ C(N) (s @ o(N)To+ D (Ie @ b(n—j —1))(I @ FGHU(G) = Y(n) — (I ® D(N)))U(n)
j=0

using Definition 3.8. It follows that

(Is ® C(N))(Is © (N))Tp = {¥(n) — (Is @

O
Z
=
Z

—(LeCND}Y (L@ dn—j—1)) (L @FG)UJ).
j=0
Since (Is ® C(N))(Is ® ¢(N)) is nonsingular, we have

To = [(Is ® C(N))(Is ® d(N))]HY(N) — (I © D(N))U(n))

N—-1
—(L®CN) x Y (L@ d(N—j—1))(I ®FG)UG)L
j=0

Now, the initial value Ty should be a fuzzy set but not a crisp value. The following assumptions will
enable us to determine each component of T

im =wn) xuin+1) x--- xuga(n),

Vim) =gi(n) xyi(n+1) x --- x Y (n), where i=1,2,...,s%
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From the Corollary 3.5, we know that the ith component of the set
R n—1
(L@ d(NDTo+ Y (Ie®@p(n—j—1))(Is @ FG)HL().
j=0

is a fuzzy set in E'. From the fact that the product of a square matrix of size s?> and column vector whose

elements are «-level sets defined on fuzzy set in ES is again a fuzzy set in Es [6], it follows that the
product

n—1

(L@ CN)) x D (I @ (n—j—1))(Is @ F(j))H{ ()
j=0

is a fuzzy set in ES”. Hence T, is a fuzzy set in Es” and the ih component of it denoted by ty(i) is a fuzzy
set in E!. The grade of membership of tj in t(ll(i) is defined by ut}]mté = min{uuun)ﬁi(n), My (M)yi(n)}.

Now the initial value is determined by using the equations (5.1)-(5.5). In general, computation of t(l)(i) is
very difficult, but to solve the real value problem the following approximation is chosen. Now we take

the point (I(i), ey (i)(fal)) and the zero level set [t(l)(i)]o to determine a triangle as the new fuzzy set t(l)(i).
We can use the center average defuzzifier

~“ PR (ii))lut})(i)(%é)l
2 Moy ()

5=
to determine the initial value Tg = (%6,%3, ... ,?32). To obtain more accurate value for the initial state, more
rule bases may be provided. O

(5.6)

n
Example 5.2. Consider the fuzzy system (3.13) satisfying (3.14) with A(n) = E) 02} , F(n) = [20 3(4 ,
1 00 1

C(n) = E 0], and D(n) = {0 o]' N =2, T(0) = [1 ﬂ Let §; = (tr, tr,, tr, tr,) in E4, where [T =

([tfl]oc/ [tfz} 0(, [tf?,]oc/ [tféJ/OC)T :[[(X«: 1/ ]- - (X]’/-L(x - 1/ ]- - O(']/ [0/\1(0( - 1)/ 01(1 - (X)]I [01(0(' - 1)101(1 - OC)JT
We select the points tf, = 0.5,t¢, = 0.25,tf, = 0.05,and tf, = 0.025, which are in t¢,t¢,, tr,, and tg,
with 0.5,0.75,0.5 and 0.75 as respective membership grades. The fundamental matrix of system (2.3) is

n
dmn) = [10 (_(2))“:| . By using the equation (4.1) of Theorem 4.1, we get 2% x 22 symmetric controllable
5 0 0 0
. 0 37 0 0 . . . . .
matrix W(0,2) = 00 5 ol We can easily observe that symmetric controllability matrix W(0,2) is
0 0 0 37
non-singular. Thus, from Theorem 4.1 the « level fuzzy control U(n) are given by
(1) 1) Pla-1,1 -l S
1 1
S sloe—1,1—of B &
U (=)™ 12) " 30.1(ec—1),0.1(1 — &)] (*2;;“*1
$0.1(x—1),0.1(1 — o1)] !

The o-level sets of fuzzy input U(n) and fuzzy output Y(n) by rule base 1 and rule base 2 given as follows.
Rule Base 1:

[0, —0.75(c0 — 1)] 0, —2(cc +1)]

075~ 1)+ 11| gy _ | [05a+25,3]
[0, —0.5(cc — 1)] 0, —1.5(0c— 1)]
05(cc—1)+1,1] 0.5(cc—1) +3,3]

[ =
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Rule Base 2:
[0, —0.8(x—1)] 0,—1.5(x—1)]
(21, [0.8cx+0.2,1] T2 [x+1,2]
=110, —05(a—1)1| Y 71" = |10, —25(a— 1]
[0.50¢ 4 0.5,1] [(20c+1),3]

From rule base 1, select

ul = (Ug, s, U3, 1s) = (0.5,0.85,0.4,0.75).

The grades of the membership of 1y, Uy, U3, and 14 are %, 0.8,0.2, and %, respectively. Also

yl = (yL,y2, 1%, yt) = (1,2.8,0.5,2.9).

The grades of the membership of 1;7, 1]5, 1]5, and i,Z are %,0.6, %, and 0.8, respectively. From rule base 2,

we select
2 = (1, Uz, Uz, ug) = (0.5,0.8,0.25,0.75),

the grades of the membership of 11, Uy, U3, and Uy, respectively are %, 0.8, 0.2, and %, respectively. Also

y?2 = (yL,y%yd y*) =(1,1.75,2,15),

the grades of the membership of 1;1, 1;3, lff, and ﬂl are %, %, 0.2, and 0.25, respectively. From rule base

(—0.175]
. EN [—15.15] . 1
1 and equation (5.3) we have Ty = 0.025 |- From rule base 1 and equation (5.2) we have t;(1) =
[—13.75]
[—0.3625 + 1.3125x,0.7]
[_16'15’[0_ ()220;]_ 14.15] . When o« = 0, we observed that %}) = —0.175 belongs to the interval [—0.3625, 0.7].
[—13.75]
We choose its membership grade in t} as
1) = mi ~ ~ o111
g (1) = min{i g (@ (1)), by (V)G (1) = min(5, 5) = 5.
[0.1250¢ — 0.25, —0.125]
té(Z) = -18, _[izg 7_5]1 4.15¢] . When o« = 0 we observed that %% = —15.15 belongs to the interval
[0.1]
[—18,—3.75]. We choose its membership grade in t(l)(Z) as ut6(2)¥6 =min(0.8,0.6) = 0.6.
i [—1.75] 1
t}(3) = —-15.15] . When « = 0, we observed that t3 = —0.025 belongs to the interval
0 [0.8725x — 0.015,0.725] ! 0
(1425, —1.50 — 12.75]
[—0.015,0.725]. We choose its membership grade in t(1)(3) as (3)?}) =min(0.2, %) =0.2.
[ [—1.75]
th(4) = —=15.15] When o = 0, we observed that t2 = —13.75 belongs to the interval
0 [0.125 — 0.75,0.05] |~ ! 0 '
| [-14.25,—1.50 — 12.75] |

[—14.25, —12.75]. We choose its membership grade in t(l](4) as py (4)% = min(%,O.S) = %
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(—0.4375]
Similarly for rule base 2 using equation (5.3) we get To= [[0_521225]] . By using rule base 2 and equation
[(—12.25]
(5.2) we get
[[—0.9625 + 1.4, 0.4375]
201 | [-15.2,—1.500—13.7] 22311
i [—12.25]
[[0.25 — 0.625, —0.375]
2 | [18,—2.8—15.24 s . 33, 3
I [—12.25]
[ (—0.4375]
2im (—14.2] - .1 _
%08 =1 8750050425 |- M3t =min(5,02)=02,
| [—14.25,—2.50c — 11.75]
[ [—0.4375]
204 [~14.2] RO | -
04 = 11050 —0.1375,0.3125] | - Ho(#)to = min(5,025) =025,
[—17,—9.50¢ — 7.5]

By using the center average defuzzifier given by equation (5.6) the initial value To = (%é,%,%g,%) is given
by

[-0.175 x 1 + (—0.4375) x 1] [—15.15 x (0.6) + (—14.2) x 0.75]

th = = —0.30625, = = —14.62222,
0 141 0 0.6+0.75
—0.02 2) + (—0.062 2 ~ =137 . —12.2 2
Eg:[ 0.025 x (0.2) + (—0.0625) x (0 )]:_0‘01875’ tg:[ 3.75 x (0.5) + ( 5) x (0.25)] _ 405

02+02 0.5+0.25

By considering more rule bases the accuracy of the initial state can be improved.

6. Conclusions

In this article sufficient conditions for the controllability and observability of the fuzzy matrix discrete
dynamical system are established. These are achieved through fuzzy rule base and difference inclusions
approach. Novelty being the construction of rule base for the initial value without actually solving the
system. Established theories are supported by numerical examples.
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