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Abstract

This paper deals with the stability of the orbits for time-dependent nearly integrable Hamiltonian systems. Under the
classical non-degeneracy in KAM theory we prove that the considered system possesses quasi-effective stability. Our result
generalized the works in [F. Z. Cong, J. L. Hong, H. T. Li, Dyn. Syst. Ser. B, 21 (2016), 67–80] to time-dependent system and gave
a connection between KAM theorem and effective stability.
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1. Introduction

Consider the Hamiltonian system

ṗ = −Hq(p,q, t), q̇ = Hp(p,q, t)

with the Hamiltonian
H(p,q, t) = h(p) + εf(p,q, θ), θ = ω∗t, (1.1)

where (p,q, θ) ∈ D×Tn ×Tm, D is some bounded domain in Rn, and ω∗ ∈ Rm is a given vector. In
2013 Boenemoura has researched a non-autonomous perturbation of an integrable Hamiltonian system,
and he has proved that the system possesses effective stability, if the perturbation depends slowly on time
and the integrable Hamiltonian is convex [2].

This paper deals with the similar system which is slow time-dependent nearly integrable Hamiltonian
systems. It is different from the work in [2] that we suppose the integrable Hamiltonian to satisfy the
classical non-degeneracy by replacing the convexity. We obtain that the system is quasi-effective stable, if
the perturbation εf is quasi-periodic in time t.
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The definition of quasi-effective stability is proposed in the literatures [3, 4]. This concept is a gener-
alization of effective stability developed by Nekhoroshev [8].

In 1995 Morbidelli and Giorgilli researched a kind of nearly integrable Hamiltonian systems in term of
effective stability, and proved the diffusion speed of KAM tori be zero [7]. In this paper we should obtain
that under the conditions of KAM theorems, the slow time-dependent nearly integrable Hamiltonian
system possesses quasi-effective stability. The above results demonstrate the connections between KAM
theory and effective stability.

For the study of the hydrogen atom by applying perturbation theory see [5] and references therein.
These works concern with the specific Kepler Hamiltonion with a small perturbation, which represents the
external fields. Recently, Fasso et al. [6] used Nekhoroshey theory [1] to discuss the perturbed hydrogen
atom. Our results can be applied in this area.

Definition 1.1. System (1.1) is said to be quasi-effective stable if there exist positive constants a, b, c, d
and ε0 such that, for any ε ∈ (0, ε0], there is an open subset Eε of D suiting the following.

(1) measEε = measD−O(εd).
(2) For all (p0,q0) ∈ Eε ×Tn, the orbit (p(t),q(t)) starting from (p0,q0) satisfies the estimate

|p(t) − p0| 6 cε
b,

provided |t| 6 exp(cε−a).

Here a and b are called stable exponents of the system, T(ε) = exp(cε−a) stable time, R(ε) = cεb stable
radius.

It is obvious that the effective stability implies the quasi-effective stability from the above definition.
Assume that h, f, and ω∗ satisfy the following.

(H1) h and f are real analytic functions defined on (D×Tn×Tm)+ρ with respect to variables p, q, and
θ, where ρ is a small positive constant, and “ ·+ρ” denotes ρ-neighborhood in the complex space of
a given subset.

(H2) ω∗ suits the inequalities

|〈l,ω∗〉| > γ|l|−τ for all lwith 0 6= l ∈ Zm,

for some positive constants γ and τ > n+m, that is, ω∗ satisfies the usual Diophantine condition.
(H3) ω(p) satisfies the classical non-degenerate condition as follows

det
(
∂ω

∂p

)
= n, ∀p ∈ Re(D+ ρ),

where ω(p) = ∂h
∂p (p), and Re(D+ ρ) = (D+ ρ)

⋂
Rn.

Theorem 1.2. Under assumptions (H1)-(H3) system (1.1) is quasi-effective stable.

2. Normal form

From now we prove Theorem 1.2. To this end, we need some preliminaries. Choose

α = κ = ε
1

2(2τ+7) , L(κ) =

[
1

3κ
(ln 8 + (n+m)(ln 2 + ln(n+m) − 1) − (n+m+ 1) ln κ)

]
+ 1.

Here, for any real number r, [r] denotes the integer part of r. Let

Eε = {p ∈ D : |〈k,ω(p)〉+ 〈l,ω∗〉| > α(|k|+ |l|)−τ for all (k, l) with 0 < |k|+ |l| 6 L(κ)},

where α is a function in ε, 0 < α < γ.
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For a given p0 ∈ D, define a neighborhood of p0 as follows

O(p0, ε) = {p : p ∈ D, |p− p0| <
√
ε}.

Let
O(0, 1) = {P : P ∈ Rn, |P| < 1},

and denote

M = max
{

sup
(y,x,θ,ε)∈((D×Tn×Tm)+ρ)×[0,1]

|f(y, x, θ, ε)|, sup
y∈D+ρ

|h(y)|, sup
y∈D+ρ

|ω(y)|, |ω∗|
}

.

Theorem 2.1. Assume ω(p0) satisfies that, for constants α > 0 and τ > 0, ω(p0) suits the inequalities

|〈k,ω(p0)〉+ 〈l,ω∗〉| > α(|k|+ |l|)−τ (2.1)

for any (k, l) ∈ Zn ×Zm with 0 < |k|+ |l| 6 L(κ). Then there is a positive constant ε0 depending on M, n, m, τ
and ρ such that, for all ε with 0 6 ε 6 ε0, the following statements hold.

(1) There exists a transformation Φ∗ and a near-identity coordinates transformation Ψ∗, defined on O(0, 1)×Tn,
to reduce Hamiltonian (1.1) to the form

H∗ = N∗ +
√
εf∗

with

N∗(Y, ε)=〈ω(p0), Y〉+O(
√
ε), ω∗(Y, ε) =

∂N∗
∂Y

(Y, ε)=ω(p0)+O(
√
ε), |f∗| 6M

√
ε exp

(
−
ρ ln 2

18
· 1
κ

)
.

(2) For all (p(0),q(0)) ∈ O(p0, ε)×Tn, there is a torus

p̂(t) = p(0), q̂(t) = q(0) +ω∗(p0,p(0),q(0), ε)t (mod2π), t ∈ R

with
ω∗(p0,p(0),q(0), ε) = ω(p0) +O(

√
ε),

such that the orbit (p(t),q(t)) starting from (p(0),q(0)) of (1.1) to satisfy the estimates

|p(t) − p̂(t)| 6 5κτ+4√ε, |q(t) − q̂(t)| 6 10
(

8M2

ρ2 + 1
)
M

ρ
κτ+1√ε,

provided |t| 6 exp
(
ρ ln 2

54
· 1
κ

)
.

We introduce a coordinate transformation Φ∗ : (O(0, 1)×Tn) + ρ→ (O(p0, ε)×Tn) + ρ,

p = p0 +
√
εP, q = Q.

Thus,

Ĥ(P,Q, t) =
1√
ε
H(p,q, t) =

1√
ε
h(p0) + 〈ω(p0),P〉+O(

√
εP2) +

√
εf(p0 +

√
εP,Q, θ).

Simply write

ε =
√
ε, ω0 = ω(p0), e0 = e0(ε,p0) =

1
ε
h(p0), f0(P,Q, θ, ε) = O(εP2) + εf(p0 + εP,Q, θ).

Then
Ĥ(P,Q, t) = e0 + 〈ω0,P〉+ εf0(P,Q, θ, ε). (2.2)

Rewrite (2.2) as follows

H0(y, x, t) = e0 + 〈ω0,y〉+ εf0(y, x, θ, ε) = N0(y, ε) + εf0(y, x, θ, ε),

defined on (O(0, 1)×Tn ×Tm) + ρ, and θ = ω∗t.
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3. Proof of Theorem 2.1

We prove Theorem 2.1 by employing the inductive method. Here the KAM technique is used. Take
rapidly convergent sequences as follows

Dk = (O(0, 1)×Tn ×Tm) + ρk = D∗ + ρk, ρk = ρ− 9kκ, k = 0, 1, 2, . . . , T(κ).

Here T(κ) is an integer depending on κ which is determined bellow, and κ is a parameter depending only
on ε.

Assume that we have been constructed a series of symplectic changes Φk−1 : Dk → Dk−1, k =
0, 1, . . . , i, such that, under every transformation Ψk = Φ0 ◦Φ1 ◦ · · · ◦Φk−1 which is a symplectic change
defined on Dk, Hamiltonian (1.1) is reduced into the Hamiltonian

Hk(y, x, t) = Nk(y, ε) + εfk(y, x, θ, ε), k = 0, 1, · · · , i,

with the following relations

Nk(y, ε) = N0(y) + ε

k−1∑
j=0

fj0(y, ε), k = 1, . . . , i,

|fk|ρk 6
1

2k
M, k = 0, 1, . . . , i. (3.1)

Here
fk0(y, ε) =

1
VolTn+m

∫
Tn+m

fk(y, x, θ, ε)dxdθ.

Now consider the ith iteration. Introduce a symplectic change Φi : (Y,X)→ (y, x),

y = Y + ε
∂Si(Y, x, θ)

∂x
, X = x+ ε

∂Si(Y, x, θ)
∂Y

,

by using generating function εSi + Yx, which reduces Hi(y, x, t) into the following

Hi+1(Y,X, t) = Hi ◦Φi(Y,X, θ) + ε
∂Si
∂t

= Ni(Y, ε) + fi0(Y, ε) + ε
(〈
ω0,

∂Si
∂x

〉
+
∂Si
∂t

+ [fi]L

)
(Y, x, θ, ε)

+ ε(fi(y, x, θ, ε) − f(Y, x, θ, ε)) + ε(fi(Y, x, θ, ε) − fi0(Y, ε) − [fi]L(Y, x, θ, ε))

+ (((Ni(y, ε) −N0(y, ε)) − ((Ni(Y, ε) −N0(Y, ε))) + ε
(
∂Si
∂t

(Y,X, θ) −
∂Si
∂t

(Y, x, θ)
)

,

where
[fi]L(Y, x, θ, ε) =

∑
0<|k|+|l|6L

fikl(Y, ε)e
√
−1(〈k,x〉+〈l,θ〉)

for the Fourier series
∑
k,l

fikl(Y, ε)e
√
−1(〈k,x〉+〈l,θ〉) of fi.

Set

Ni+1(y, ε) = Ni(y, ε) + εfi0(y, ε),

Ñi(y, ε) = Ni(y, ε) −N0(y, ε),

f1
i+1 = fi(y, x, θ, ε) − fi(Y, x, θ, ε),

f2
i+1 = fi(Y, x, θ, ε) − fi0(Y, ε) − [fi]L(Y, x, θ, ε) := (RLfi)(Y, x, θ, ε), (3.2)
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f3
i+1 =

1
ε
(Ñi(y, ε) − Ñi(Y, ε)),

f4
i+1 =

∂Si
∂t

(Y,X, θ) −
∂Si
∂t

(Y, x, θ),

fi+1 = f1
i+1 + f

2
i+1 + f

3
i+1 + f

4
i+1.

Choose function Si to satisfy 〈
ω0,

∂Si
∂x

〉
+
∂Si
∂t

+ [fi]L = 0. (3.3)

Summing up the above equalities we obtain that under the coordinate transformation Ψi, H0 is changed
into Hi+1,

Hi+1(y, x, t) = Ni+1(y, ε) + εfi+1(y, x, θ, ε)

defined on Di+1.
We prove fi+1 to suit inequality (3.1) by replacing i. To this end, we need the lemmas as follows.

Lemma 3.1. Assume that f(y, x, θ) is a real analytic function defined on (O(0, 1)×Tn×Tm)+ ρ, and f0(y) = 0.
If the given vectors ω ∈ Rn and ω∗ ∈ Rm satisfy Diophantine condition, that is, there are two positive constants
γ and τ, so that the following inequalities hold,

|〈ω,k〉+ 〈ω∗, l〉| > γ(|k|+ |l|)−τ

for any (k, l) ∈ Zn ×Zm with 0 < |k|+ |l| 6 L. Then as θ = ω∗t, the equation〈
ω,
∂S

∂x

〉
+
∂S

∂t
+ [f]L = 0 (3.4)

has unique real analytic solution S(y, x,ω∗t) with S0(y) = 0. Moreover, for any 0 < σ < ρ,

|S|ρ−σ 6
M1

γστ
|[f]L|ρ (3.5)

with some positive constant M1.

Proof. Expand f and S as Fourier series as

f(y, x, θ) =
∑

(k,l)∈Zn+m\{(0,0)}

fkl(y)e
√
−1(〈k,x〉+〈l,θ〉), S(y, x, θ) =

∑
(k,l)∈Zn+m\{(0,0)}

Skl(y)e
√
−1(〈k,x〉+〈l,θ〉),

respectively. Substituting the above expressions into the equation (3.4), and equaling the terms of the
same order in k and l we obtain the unique real analytic solution

S(y, x,ω∗t) =
∑

(k,l)∈Zn+m,0<|k|+|l|6L

fkl(y)√
−1(〈ω,k〉+ 〈ω∗, l〉)

e
√
−1(〈k,x〉+〈l,θ〉)

with S0(y) = 0. For the details of proof of the inequality (3.5), see [9, 10].

Lemma 3.2 ([1]). Assume l(q) be real analytic in Tn + δ. Then, as 0 < 2σ0 < ν and σ0 + ν < δ < 1, on
Tn + (δ− σ0 − ν) one has

‖RLl‖ <
(

2n
e

)n ‖l‖
σn+1

0
e−Lν.

Lemma 3.3 ([1]). Let U be a bounded domain in Rs, and Φ : U → Rs a continuous mapping. If for any x ∈ U,
there exists a small constant κ > 0 such that |Φ(x) − x| < κ, then U − κ ⊂ Φ(U).
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We begin to estimate the perturbations. By taking σ0 = κ and ν = 3κ in Lemma 3.2, we obtain that, on
D∗ + (ρi − 4κ),

|RLfi|ρi−4κ <

(
2(n+m)

e

)n+m
e−3Lκ

κn+m+1 |fi|ρi .

Hence, from the choice of L,

|RLfi|ρi−4κ <
1
8
|fi|ρi . (3.6)

By the definition of fi0,
|fi0|ρi 6 |fi|ρi . (3.7)

On the basis of (3.2), (3.6), and (3.7), we obtain

|[fi]|ρi−4κ 6 |fi|ρi−4κ + |fi0|ρi−4κ + |RLfi|ρi−4κ 6 3|fi|ρi . (3.8)

Notice that the function Si is determined by (3.3) and p0 satisfies (2.1). By Lemma 3.1, we obtain

|Si|ρi−5κ 6
M1

ακτ
|[fi]|ρi−4κ,

which implies

max
{∣∣∣∣∂Si∂x

∣∣∣∣
ρi−6κ

,
∣∣∣∣∂Si∂y

∣∣∣∣
ρi−6κ

}
6

M1

ακτ+1 |[fi]|ρi−4κ (3.9)

from Cauchy’s formula. Take parameter κ satisfies the inequality

0 < κ < min
{

1
3M1M+ 1

,
(

3
4

) 1
τ+3

,
(

1
8M1M+ 1

) 1
τ+4

,
(

1
3M1M+ 1

) 1
τ+4

,γ
}

. (3.10)

Thus, by applying (3.9) and (3.8), we derive

max
{
ε

∣∣∣∣∂Si∂x
∣∣∣∣
ρi−6κ

, ε
∣∣∣∣∂Si∂y

∣∣∣∣
ρi−6κ

}
6

3εM1

ακτ+1 |fi|ρi−4κ <
1
2i
κτ+4 < κ.

Now we estimate the coordinate transformations. By the definition, Φi is real analytic and satisfies
D∗+(ρi−8κ) ⊂ Φ(D∗+(ρ∗−6κ)) from Lemma 3.3, that is, new and old coordinates satisfy the following
estimate,

|(Y,X) − (y(Y,X), x(Y,X))|ρi−8κ < max
{
ε

∣∣∣∣∂Si∂x
∣∣∣∣
ρi−6κ

, ε
∣∣∣∣∂Si∂y

∣∣∣∣
ρi−6κ

}
<

1
2i
κτ+4 < κ. (3.11)

In the perturbations f1
i+1, f2

i+1, and f3
i+1, y and x must be expressed in term of Y and X by the

coordinate transformation Φi. By the mean value theorem, Cauchy’s formula, (3.10), and (3.11), we have

|f1
i+1|ρi−8κ 6

∣∣∣∣∂fi∂y
∣∣∣∣
ρi−6κ

|y(Y,X, θ, ε) − Y|ρi−8κ 6
1

6κ
|fi|ρiκ

τ+4 <
1
8
|fi|ρ1 . (3.12)

By employing (3.6) and (3.11),

|f2
i+1|ρi−8κ = |RLfi(Y, x(Y,X, θ, ε), θ, ε)|ρi−8κ 6 |RLfi|ρi−6κ <

1
8
|fi|ρi . (3.13)

Inductively, we estimate f3
i+1 and f4

i+1 as follows,

|f3
i+1|ρi−8κ 6

i−1∑
j=0

|fj0(y(Y,X, θ, ε), ε) − fj0(Y, ε)|ρi−8κ
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6
i−1∑
j=0

∣∣∣∣∂fj0∂y

∣∣∣∣
ρi−6κ

|y(Y,X, θ, ε) − Y|ρi−8κ (3.14)

6
1

6κ
|fj0|ρj · ε

∣∣∣∣∂Si∂x
∣∣∣∣
ρi−6κ

6
M

3κ
· 3M1ε

ακτ+1 |fi|ρi−4κ 6MM1κ
τ+3|fi|ρi <

1
8
|fi|ρi ,

and

|f4
i+1|ρi−9κ 6 |ω∗|

∣∣∣∣ ∂2Si
∂θ∂x

∣∣∣∣
ρi−7κ

|X− x(Y,X, θ, ε)|ρi−9κ

6Mκτ+4 · 1
κ

∣∣∣∣∂Si∂x
∣∣∣∣
ρi−6κ

6Mκτ+3 · 3M1

ακτ+1 |fi|ρi−4κ 6 3MM1κ|fi|ρi 6
1
8
|fi|ρi .

(3.15)

In the above inequalities we used the relations (3.9), (3.10), and (3.11), and the mean value theorem and
Cauchy’s formula. On the basis of (3.12), (3.13), (3.14), and (3.15), finally, we derive the estimate of new
perturbation as follows,

|fi+1|ρi−9κ 6
1
2
|fi|ρi .

Choose

T(κ) =

[
ρ

18κ

]
.

Take Ψ∗ = Φ0 ◦Φ1 ◦ · · · ◦ΦT(κ)−1. Then, from the choice of T(κ), DT(κ)−1 ⊇ D+ ρ
2 . This shows the change

Ψ∗ maps D + ρ
2 into D0, and the Hamiltonian H0(y, x, θ) is changed into HT(κ)(Y,X, θ) which satisfies

HT(κ)(Y,X, θ) = NT(κ)(Y, ε) + εfT(κ)(Y,X, θ, ε)

with

|ÑT(κ)|ρ2
6 ε

T(κ)−1∑
j=0

|fj|ρj < 2εM < 2M, |fT(κ)|ρT(κ) 6Me
−ρ ln 2

18 ·
1
κ . (3.16)

We consider the orbit {(Y(t),X(t))} of the Hamiltonian system
Ẏ = −ε

∂fT(κ)

∂X
(Y,X, θ, ε),

Ẋ =
∂NT(κ)

∂Y
(Y, ε) + ε

∂fT(κ)

∂Y
(Y,X, θ, ε).

Here (Y(0),X(0)) ∈ D∗. Notice that, on D∗,

max
{∣∣∣∣∂fT(κ)∂X

∣∣∣∣, ∣∣∣∣∂fT(κ)∂Y

∣∣∣∣} 6
2
ρ
|fT(κ)|ρT(κ) ,

∣∣∣∣∂2NT(κ)

∂Y2

∣∣∣∣ = ∣∣∣∣∂2ÑT(κ)

∂Y2

∣∣∣∣ 6 4
ρ2 |ÑT(κ)|ρT(κ) .

Consequently, from (3.16), as |t| 6 e
ρ ln 2

54 ·
1
κ ,

|Y(t) − Y(0)| 6 ε|t|
∣∣∣∣∂fT(κ)∂X

∣∣∣∣
D∗

6
2ε
ρ
|t||fT(κ)|ρT(κ) 6

2
ρ
Mεe−

ρ ln 2
27 ·

1
κ ,

|X(t) −X(0) −ω∗(Y(0), ε)t| 6
∫ |t|

0

∣∣∣∣∂NT(κ)∂Y
(Y(t), ε) −

∂NT(κ)

∂Y
(Y(0), ε)

∣∣∣∣dt
+ ε

∫ |t|
0

∣∣∣∣∂fT(κ)∂Y
(Y(t),X(t), θ(t), ε)

∣∣∣∣dt
6 |t|

∣∣∣∣∂2ÑT(κ)

∂Y2

∣∣∣∣|Y(t) − Y(0)|+ 2ε
ρ
|t||fT(κ)|ρT(κ)
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6
4
ρ2 |t||ÑT(κ)|T(κ)|Y(t) − Y(0)|+

2
ρ
Mεe−

ρ ln 2
27 ·

1
κ

6 10
(

8M2

ρ2 + 1
)
M

ρ
εκτ+4.

Let (y, x) = Ψ∗(Y,X). By (3.11), we have

|(y, x) − (Y,X)| = |Ψ∗(Y,X) − (Y,X)| 6
T(κ)−1∑
j=0

1
2i
κτ+4 < 2κτ+4. (3.17)

Therefore, as |t| 6 e
ρ ln 2

54 ·
1
κ ,

|y(t) − y(0)| 6 |Y(t) − y(t)|+ |Y(0) − y(0)|+ |Y(t) − Y(0)| 6 4κτ+4 +
2
ρ
Mεe−

ρ ln 2
27 ·

1
κ 6 5κτ+4, (3.18)

provided ε is sufficiently small. Express HT(κ) = H∗, NT(κ) = N∗, and fT(κ) = f∗. On the basis of (3.17),
(3.18), and the definition of Ψ∗, we complete the proof of Theorem 2.1.

4. Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2. By Theorem 2.1, we need only to prove the estimate
of the measure in Theorem 1.2. To this end, we define some subsets as follows:

Ω = ω(D), Ωk,l =

{
ω ∈ Ω : |〈k,ω〉+ 〈l,ω∗〉| 6 α(|k|+ |l|)−τ

}
,

Ω̃ε =
⋃

0<|k|+|l|6L(κ),k6=0

Ωk,l, Ω∗ε = Ω− Ω̃ε.

Thus, Eε = ω−1(Ω∗ε) and it is an open subset because that mapping ω : p→ ω(p) is homeomorphic. We
follow Arnold’s idea in [1]. From the arithmetical lemma in [1], one has

meas(Ωk,l) 6 2α(|k|+ |l|)−τCnmeasΩ

for any k ∈ Zn+\{0} and l ∈ Zm+ , where C is a constant depending only on Ω. This leads to

measΩ̃ε 6
L(κ)∑
j=1

∑
|k|+|l|=j

measΩk,l 6
L(κ)∑
j=1

2n+m+1jn+m−1αj−τCnmeasΩ

6 2n+m+1CnmeasΩα
∞∑
j=1

1
jτ−(n+m)+1 = O(α).

Consequently,
measΩ∗ε = measΩ−O(α),

and

measEε =

∫
Eε

dp =

∣∣∣∣ ∫
Ω∗ε

(
det
(
∂ω

∂p

))−1

dω
∣∣∣∣ = measD−O(α).

This completes the proof of Theorem 1.2.

Remark 4.1. Under the Rüssmann’s non-degeneracy, we also can obtain the same conclusion as in Theorem
1.2. This need to apply the technique in [3, 4].
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