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Abstract
The aim of this paper is to define ®} = {v € Ju:0(o(u,v)) < [O(o(u, ju))]ﬁ} and establish some new fixed point

theorems in the setting of left K-complete T;-quasi metric space. Our theorems generalize, extend, and unify several results of
literature.
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1. Introduction and preliminaries

Definition 1.1 ([7]). Let £ # @. A function ¢ : £ x £ — R™ is said to be a quasi-pseudo metric so that
Yu,v,w € &:

e o(u,v)=0;

e o(u,0) < o(u,w) + ¢(w, ).
If it satisfies:

e o(u,v) =0(v,u) =0=u =0,
then ¢ is called Tj-quasi metric.

Remark 1.2 ([7]).
(i) Each metric is a T1-quasi metric.
(ii) Each Ti-quasi metric is a quasi metric.
(iii) Each quasi metric is a quasi-pseudo metric.
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Definition 1.3 ([7]). Assume that a quasi-pseudo metric space (€, 0). Given uy € £ as centre and € > 0 as
radius, then

By(ug,€) = {v € & :0(up, 1) <€}
denotes the open ball and

By (uo,€) = {v e & :o(up,r) <e}
denotes the closed ball.

Every quasi-pseudo metric ¢ on & originate a topology 7, on £. If ¢ is a quasi metric on £, then the
originated topology 7, must be Ty. If ¢ is a T1-quasi metric, then the generated topology 1, is a Tj.
If ¢ is a quasi-pseudo metric on &, then define 0!, ¢°, and o4 as

0~ (u,0) = o(v,u), @ (u,v) =max{e(u,),e " (w,0)}, and o4 (u,0)=0(u,v)+e (1)
All these metrics are also quasi-pseudo metrics on £. Moreover, if ¢ satisfies
u#v=o(u,v)+o0 *(u,9) >0,

then ¢+ (and also ¢°) is a metric on £. Here cly(A), cl,-1(A), and clgs(A) denote the closure of A in €

with respect to T, To-1s and T,s, respectively.

We give the following examples in which the mapping o0 : £ x £ — R is a quasi metric but not a
T1-quasi metric.

Example 1.4 ([7]).
(i) Let £ = R. Define ¢ : £ x £ — R™ as follows

o(u,v) = max{v —u,0)}

Yu,v e €.
(ii) Let £ = R and

0, u=rvo,
o(,0) ={

lv|, u+#o,

Yu,v € €£.

We give the following example in which the mapping 0 : £ x £ — R is a Ti-quasi metric although
not a metric on £.

Example 1.5 ([7]). Let £ = R and

(uv): v—u, u<u,
e, 1, u>no,

Yu,v € £.
Let (£, 0) be a quasi metric space, B a nonempty subset of £, and u € £. Then
u € cly(A) < o(u,B) =inf{o(u,a) :a € B} =0.

Likewise,
u€cly1(A) < o(B,u)=inf{g(a,u) :a € B} =0.

If B is compact subset of £ and (&, 0) is a metric space, then for each u € £, 3 a € B so that

o(u,a) = o(u, B).
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But this property does not hold in a quasi metric space (&, 0).

However, if (€, 0) isa quasi metric space and A is a T,-1-compact subset of £, then this property holds.
Let (€, 0) be a quasi metric space and u € £. A sequence {u,} converges to u regarding 7, is said to be
o-convergence and denoted by u, g) u and is defined by

o(u,u,) — 0,
as n — oo. Similarly, the convergence of {u,} to u regarding 7,1 is said to be o0~ !-convergence and
denoted by u, 0! u and is defined by
R
0 (un,u) =0,

as n — co. Finally, the convergence of {u,} to u regarding 7,s is said to be ¢*-convergence and denoted
by u, ¢0° u and is defined by
%

0°(uy,u) — 0,

as n — oo. It is clear that u, 0° u <= u, o uand u, 0~! u.
= = AN

Definition 1.6 ([7]). Assume that (£, 0) is a quasi metric space (QMS).

(i) If Ve > 0, d ng € IN so that
Vn,k, n >k > mng, o(uy, u,) <e,

then {u,} in &€ is called a left K-Cauchy.
(ii) If Ve > 0, 3 ng € IN so that
Vi, k, n >k > no, o(uy, ux) <e,

then {u,} in £ is called a right K-Cauchy.
(iii) If Ve > 0, 3 ng € N so that
Vn,k > no, o(un, ux) <e,

then {u,} in £ is said to be ¢°-Cauchy.
Definition 1.7 ([7]). Assume that (£, 0) be a QMS.
e If each left (right) K-Cauchy sequence is g-convergent then (&, 0) is called a left (right) K-complete.

o If each left (right) K-Cauchy sequence is ¢~ !-convergent then (&,0) is called a left (right) M-
complete.

e If each left (right) K-Cauchy sequence is ¢°-convergent then (£, 0) is called a left (right) Smyth
complete.

Currently, Jleli and Samet [12] initiated a contemporary kind of contraction and proved a new result
for this contraction in the framework of generalized metric spaces.

Definition 1.8. Let ® : (0,00) — (1, 0) be a function satisfying:

(®1) O is nondecreasing;

(©y) for each sequence {a,} C R, lim,_00 O(ay) = 1 <= limy0(aty) = 0;
(@3) 30 < k < 1and ! € (0,00] such that lim, o+ 281 = 1.

ok

A mapping J : £ — £ is said to be ®-contraction if there exist the function ® satisfying (®1)-(03) and
a € (0,1) so that Vu,v € &,

o(Ju, Jv) # 0= 0(e(Ju, Jv)) < [0(e(u,v))]".
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Theorem 1.9 ([12]). If J be a ©-contraction on be a complete metric space (£, 0), then u* = Ju*.

To be consistent with Samet et al. [12], we denote by Q) the set of all functions © : (0,00) — (1, 00)
satisfying the above conditions.

Many researchers [1-6, 9-11, 13-16] have generalized various theorems on metric space by taking the
class Q.

Subsequently Hancer et al. [8] extended the above definition and added one more condition in this
way.

(©4) O(inf A) =infO(A), VA C (0,00) with inf A > 0.

We denote by ()* the set of all functions © satisfying (©1)-(04).

The purpose of this manuscript is to define a new family © for a multivalued mapping and obtain
some fixed point theorems.
2. Main Result

Let (£, 0) be a quasi metric space, J : £ — P(£), ® € O, and B > 0. For u € £ with o(u, Ju) > 0,
define the set ©4 C £ as

4= o€ Ju:0(o(u,0)) < [O(o(u, Tu)P}

It is obvious that, if f; < 2, then 6);1 - ®Z2. Now, we explore these cases for @g.

If 7:& — Ay(E), then it is clear that @g #Q,VB>0and u € £ with o(u, Ju) > 0.

In this section, we defined ®-contraction with respect to a self mapping and establish a common fixed
point theorem using the concept of dominating and dominated mappings.

Theorem 2.1. Let (€, 0) be a left K-complete Ti-quasi metric space, ® € Qand J : £ — Ay(E). If Ja € (0,1)
such that for any u € € with ¢(u, Ju) > 0 and v € O satisfying

©(e(v, Jv)) < [©(e(u,0))]",
then u* € Ju* provided that & < B and u — o(u, Ju) is lower semi-continuous regarding T,.

Proof. Let u* ¢ Ju*. Now, Yu € & we get o(u, Ju) > 0. (Note that if o(u, Ju) = 0, then since Ju
€ Ay(&), there exists a € Ju such that

o(u,a) = o(u, Ju) = 0.

So, a = u € Ju because ¢ is a Tj-quasi metric). Now, since Ju € AQ(S ) for every u € £, so the set ®g is
nonempty. Let ug € £, be an arbitrary initial point, then 3 u; € @EO so that

©(o(u1, Jur)) < [©(e(uo, u1))]",
and foruqy € £, Juy € @gl satisfying
©(0(uz, Jua)) < [©(0(u1, u2))]".
Pursuing in this way, we have a sequence {u, }, where u, 1 € @Z” and
O(0(n+1, Tunt1)) < [O(0(tn, ns1))]" 1)

Now, we will prove that {u,} is a left K-Cauchy sequence. As u,,1 € @g”, we have

O(0(un, tn41)) < [O(0(utn, Ttin))]P. (22)
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From (2.1) and (2.2), we have

®(Q(un+1/ jun+l)) S [®(Q(un/ jun))]aﬁ/

and
O(0(tns1,tni2)) < [O(0(un, Uns1))]*.
By this way we can obtain
©(o(iun, tn+1)) < [©(a(uo, u1))]*#", (23)

and

O(0(un, Jun)) < [©(0(uo, Tuo))]“P". (2.4)

By n — oo in (2.3), we have
lim ©(o(un, unt1)) =1,

n—00
which implies that

1’}2;120 Q(un/ un+1) = 0/

by (®;). From the condition (03), 30 < k < 1 and I € (0, o] so that

llm ®(Q(un/ u}’l-‘rl)) —1

=1
n—oo Q(un/ un-‘rl)k

Let] < o0oand A = % > 0. By definition of the limit, 3 n; € IN so that

|®(Q(unlun+1)>k_ 1 —l| <\
Q(uﬂiun—H)

Vn > ny, which implies that
Ol i) =1y L
Q(un; un+1) 2

Vn > ny. Then
10 (tn, tn1)* < Aan[O(0(n, tps1)) — 1],

Vn > ny, where Ay, = /\% Now we suppose that I = co. Let A; > 0. By the definition of the limit, 3 n; € IN

so that
O(o(un, unt1)) — 1

A <
L TR

Vn > ny, which implies that
10(ttn, tn41)* < Agn[O(Q(ttn, tty11)) — 1]

Vn > ny, where A, = )%1 Hence, in any case, 3 A, > 0 and n; € IN so that
10(ttn, tn41)* < Aan[O(g(un, tni1)) — 1] (2.5)

Vn > ny. Thus by (2.3) and (2.5), we get

10t 1)t < Aan([© (oo, ur))] )" — 1),

Taking n — co, we obtain

nh_r)glo ng(un,un+1)k =0.

Hence d n, € IN so that
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Vn > np. Now for m > n > np we get
0(tp, ) < 0(thn, ttyy1) + 0(Unt1, Uns2) + -+ 0(thy—1, )

m—1 co o
1
= Z Q(ui/ui—‘rl) S ZQ(Mi/ui—s—l) S Z 117
1=n

i=n i=n

Since, 0 < k < 1and Y2, 11% is convergent. So taking n — oo, we have o(uy, u,,) — 0. Hence {u, } is left
K-Cauchy in (€, 0). As (&, 0) is a left K-complete, so 3 u* € £ such that {u,} is g-convergent to u*, that
is, o(u*,uy) — 0 as n — oo. O

On the other hand, from (2.4) and (®;) we have
nlgl;lo Q(unz jun) = 0.
Since u — o(u, Ju) is lower semi-continuous regarding 7,, then
0<o(u*,Ju*) < nlgn info(u,, Ju,) =0,
which contradicts to the supposition. Thus u* € Ju*.

Remark 2.2. As K,1(E) C Ap(€), we can take Ju € Ky-1(€), Vu € € in the overhead result.

Theorem 2.3. Let (£, 0) be a left M-complete Ti-quasi metric space, ® € Q, and J : £ — A,(€). If Ja € (0,1)
so that for any u € € with o(u, Ju) > 0,3 v € O satisfying

©(e(v, Jv)) < [©(e(u,0))]",
then u* € Ju* provided that o < B and u — o(u, Ju) is lower semi-continuous regarding T,1.

Proof. Let u* ¢ Ju*. Then o(u*, Ju*) > 0. By Theorem 2.1, there exists left K-Cauchy sequence {u,}. By
the left M-completeness of (£,0), 3 u* € € so that, o(u,, u*) — 0as n — oo. As

nlgrolo Q(un/ jun) = O/
and u — ¢(u, Ju) is lower semi-continuous regarding 7,1, then
0<o(u*,Ju*) < nlgn info(u,, Ju,) =0,
which contradicts the supposition. Thus u* € Ju*. O

If C,(&) is considered on the place of A,(£) in the overhead results with the given conditions, then [J
may not have a fixed point. But, if we consider ()* on the place of (), then the fixed point of | must exists.

Theorem 2.4. Let (€, 0) be a left K-complete quasi metric space, ® € O, and J : € — Co(E). If 3a € (0,1) so
that for any u € € with o(u, Ju) > 0and v € O satisfying

©(e(v, Jv)) < [©(e(u,0))]",
then u* € Ju* provided that & < B and u — o(u, Ju) is lower semi-continuous regarding T,.

Proof. Let J has no fixed point. Then, Yu € & we get o(u, Ju) > 0. (But if o(u, Ju) = 0, then u
€ Co(€) = Ju). Since © € O, for every u € &, so the set O is nonempty. Let ug € &, be an arbitrary

initial point, then 3 u; € ®Z° so that

©(e(u1, Ju1)) < [©(e(uo, u1))]".
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Considering the condition (®4), we can write

O(o(u1, Juq)) = inf O(o(u1,v)).

[ISNATH

Thus from
O(o(m1, Ju1)) < [©(0(uo, u1))]",

we have

inf ©(o(u1,v)) < [O(e(uo,u1))]* < [O(e(uo, 11))]”,

veEJ Uy

where 0 < & < v < 1. Therefore, 3 u, € Juq so that

O(e(u1,u2)) < [©(0(uo, u1))]".
Doing the same as the proof of Theorem 2.1 by considering the Ju* € C, (). O
Following theorem generalized the Feng-Liu’s fixed point theorem.

Theorem 2.5. Let (£, 0) be a left M-complete quasi metric space, ® € O, and J : € = Co(E). If Ja € (0,1)
such that for any u € € with o(u, Ju) > 0and v € O satisfying

©(e(v, Jv)) < [©(e(u,0))]",
then u* € Ju* provided that o < B and u — o(u, Ju) is lower semi-continuous regarding T,-1.

Proof. Let there does not exist u* € £ such that u* € J u*. From Theorem 2.4, there exists {u,} which is
left K-Cauchy. As (&, o) is left M-complete, so 3 u* € £ so that, o(u,, u*) — 0 as n — co. Now as

lim o(uy,, Ju,) = 0.

n—oo

Since u — o(u, Ju) is lower semi-continuous regarding T,-1, then
0 < o(u*, Ju*) < 1i_r>n info(uy, Ju,) =0,
n—oo

which contradicts the supposition. Thus u* € Ju*. O
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