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Abstract

In this paper, we define a new operator and give a sense of distribution theory to find the Fourier transform of new
operator. It was found that the Fourier transform of new operator related to the Fourier transform of ultrahyperbolic operator
and Diamond operator. And we also study the convolution products (%8 * O and k6 * (.
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1. Introduction

Let x = (x1,%2,...,Xn) be a point of n dimensional Euclidean space R™, and G = G(m, x) defined by

P m p+q m
G=G(mx) = <Z x%) — Z x]2 . (1.1)
i=1 j=p+1

The hypersurface G is due to Kananthai and Nonlaopon [7]. We observe that by putting m = 1 in (1.1)
we obtain

p pP+q
G(1,x) = <Zx%> - D> x| =Pw. (12)
i=1 j=p-+1

The quadratic form defined by (1.2) is by Gelfand and Shilop [3].

The hypersurface G = 0 is a generalized of hypercone P = 0 with a singular point of the origin.

Let ¢(x) be the C* function with the compact support defined from R™ to IR. Nonlaopon and Aguirre
[6] have studied I} where I defined by

(0.¢]

(00) = | (0 olxdx=| w0 Wy, 1= 10 = (arf - (bs),
I1>0 0
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where a, b are real numbers

2_ .2, .2 2 2_ .2 2 2
TT=x{+xp+ o +xg and T =X H X T T X,

1

1
S = o | (-0 o utlar,

e1(u,ut) = J ©dQ,dQyg,

dQ, and dQg are elements of surface area on the unit sphere in RP and IRY, respectively.
Consequently, (G% ) has two sets of singularities, namely

A=-1,-2,...,—k,..., and A\=——,———1,...,—— —s5,...,

where k=1,2,3,...,and s =0,1,2,....
In 1996, for the first time, Kananthai [5] has introduced the operator &% and named it as Diamond
operator iterated k times and is defined by

k

ok = (Zgﬂ) — Z 32 ,pt+q=mn. (1.3)
io1 9% j=pr1 9%

n is the dimension of the space R™ for x = (x1,%2,...,xn) € R™ and k is a nonnegative integer. The
operator {* can be expressed as
<>k — Aka — DkAk, (14)

where A is the Laplace operator defined by

2 92 22\~
Ak 4+ = .y
(axfr o2 +ax121>

and (0¥ is the ultrahyperbolic operator iterated k times defined by

Kk
02 02 02 02 02 02
Ofk=| — 4+ — +... — — e — ) 15
(E)x% + 0x3 ot ax% ax%+1 E)X%Jr2 6x%,+q (1.5)

Kananthai [5] has shown that the convolution (—1)kR§k(x) * R?k(x) is an elementary solution of the oper-
ator {¥. That is

O ((FD*R§(x) * Ry (x)) = 8(x),
where the symbol * designate convolution of R and RE‘. The function RS, (x) is the Euclidean Riesz kernel

and defined by (2.1) for « = 2k and R} (x) is the ultrahyperbolic Riesz kernel defined by (2.4) for o = 2k,
k is nonnegative integer and 8 is the Dirac delta distribution.
Next, Aguirre and Kananthai [1] introduced the family K, g and is defined by

Ka,p = Ko, p(x) = RS * RE. (1.6)

They studied the properties of K g and the convolution product of Ky g * Ky g
Now, in this article we introduce H = H,, 4 x,s(m, x) defined by

y T3 R (L) o
Pk (M X) = r(+ ) ;" placeasul DI RY a7
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where s is nonnegative integer and p + q = n is the dimension of the space. We observe if we put
s =0,m =11in (1.7) we obtain

p p+q
Hp,q,klo(l,x) = (Z x%) — Z x)2 = G(1,x) = P(x).
i=1

j=p+1

This quadratic form is due to Gelfand and Shilov [4].

Firstly, we give a sense to Fourier transform of (H (p, q,s,x))%. On the suitable condition of s and m
we obtain the Fourier transform of (H (p, q, s,x))* related to the Fourier of ultrahyperbolic operator due
to Trione [3], and the Fourier transform of Diamond operator due to Kananthai [6].

Finally we introduce the new operator Ey s defined by

1-s k 1=s k
P P 62 p+q 5 Ptq aZ
2
2 X3 2 32 z Xi } 2
, — 0x; . . 0x;
i=1 i=1 1 j=p+1 i=p+1 )

if s >0,(x1,x2,...,%p) #(0,0,...,0) and (xp41,%2,...,Xp1q) # (0,0,...,0). Then the following formula is
valid

2s L
{(Hp,q/kls(mlx))l}/\ _ (1) (krs—L (M) EL . (6), (1.8)

where (Hp 4r,s(m,x)) is defined by (1.7) and the symbol A means the Fourier transform. We also consider
convolution product
L0 Ep 8 =ELLS.

If we put k =1 and s =1 in (1.8) we obtain the convolution product
06«0 =0,
and if we put k =2 and s =1 in (1.8) we obtain the convolution product
576 OLs = O,
where the operator ¢ is defined by (1.3). Before going that point the followings definitions and some
important concepts are needed.
2. Preliminaries

Definition 2.1. Let x = (x1,%2,...,Xn) be a point of R™ and [x| = x§ + x4+ - -- +x%. The function R (x)
denotes the elliptic kernel of Marcel Riesz and is defined by

RE(x) = gd(zo()/ 2.1)

where N ( )
2 2%T %
Dn(o) = @,

where « is a complex parameter and n is the dimension of R™.

The function R (x) is precisely the definition of elliptic kernel of Marcel Riesz [4] and the following is
valid
RG (%) * RG (%) = R, g (x)
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fora+pB #n+21,1=0,1,2,.... Putting ¢ = 0 in (2.1) we have

e [Xlp "
'PRoc(x) = DP(O()/
where
|X|% :x%—i—x%+~--+x%, (2.2)
and .
m22%T (&
Dp(a) = p_£2 )
(5%
Similarly, if we put p = 0 we have
xlp P
where
|x|%] :x%—i—x%—l—--wi—xé (2.3)
and q
22%T (&
Dq(O( _ 75{2 )
r(45%)

Definition 2.2. Let x = (x1,X2,...,xn) be a point of the n-dimensional Euclidean space R™. Denote by

— 242 2 2 2 2
V=X +Xp+ Xy = Xp1 — Xpy2 = Xpyg

the nondegenerated quadratic form and p + g = n is the dimension of the space R™. Let ' ={x € R™:
x1 > 0 and u > 0} and 'y denotes it closure. For any complex number 3, define the function

v
RH () = { Catay forx el (2.4)
0, forx ¢ Ty,

where the constant C,, () is given by the formula

W"T_]r(ﬂ“*“)]‘(l*—“)r((x)
Cn(a) = r(”f’;r’)r(ﬁ) : (2.5)

The function RY(v) is called the ultrahyperbolic kernel of Marcel Riesz and was introduced by Nozaki

[9].

It is well known that R} (v) is an ordinary function if Re() > n and is a distribution of o if Re(«) < n.
Let supp R (v) denote the support of R (v). Suppose

suppRi(v) c Ty,
that is supp R (v) is compact. By putting p = 1 in (2.4), (2.5), and remembering the Legendre’ s duplica-

tion formula of I'(z)

1
r(2z) = 22# 1 2 (2)M(z + 5

then (2.1) reduces to

7
M](;l(v) _ llz—)niw, for x € r+,
0, forx ¢ I'y.
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Here v(x) :x%—x%— . —x2 and
Eo(a) = 2% L2 (X =2y, (2.6)
2 2
Putting p = 0 in (2.4) and (2.5) we have
RH(U) — |v|qT
47 Cq (o)’
where o~ x—n
vg” = (- (Gt gt xg)) 2.7)
and B
C. (@) ' PSP (5% ()
X =
! IEDNEY
Lemma 2.3. The function RS (x) defined by (2.1) has the following properties
R§(x) = 8(x), REp(x) = (~1)*ARS(x),  AMRE (%) = (1) *Ra2k(x),
where ¥ is the Laplace operator iterated k times defined by (1.5).
Proof. The proof of this lemma is given by Trione [4]. O
On the other hand, the Fourier transform of R¢ (x) and AX$ are given by the following formula
RELN™ = Iyl
A
(4%8)7 = (~1)*ylR, (28)
where
Yl =yi+yi+- (29)
Lemma 2.4. The function RE(x) defined by (2.4) has the following properties
Ro'(x) = 8(x),
R, (x) = O%6(x), (2.10)
OFRE (x) = RE o (x),
O*RE (x) = 8(x),
where OO is the ultrahyperbolic operator iterated k times defined by (1.3).
Proof. The proof of this lemma is given by Aguirre [10]. O

Lemma 2.5. The convolution of R (x)

if p is even and
RE #RE =RY g+ Tasp

if p is odd, where RY! is defined by (2.6) and (2.7),
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and
Clry=T(r)F1—r),
HE = H, (u+i0,n) = eFHiet% g (%) (W+1i0) 7",

o) =r() b ()]

A
T . 2
(u=+10) 7?35 (u+1e\xl) .

In particular RE s RM,, = RH=2k gpd RH 4« RIL = RHH2K,

Proof. The proof of this lemma is given by Aguirre [2]. O
Lemma 2.6. The function Ky g defined by (1.6) has the following properties
Ko,0 = 8(x), (2.11)
K 21,21 = (—1)*O{8),
O Ko pt = (—1)*Kx—2k,p—2k-
Proof. The proof of this lemma is given by Aguirre and Kananthai [1]. O

Definition 2.7. Let K, g (x) be a distributional family defined by
Ka,p(x) =RE(x) xRE'(x) and  Kup(x) =F {F RS (x)}LF {RE (x)}},

where the functions R¢ (x) and RE‘ (x) are defined by (2.1) and (2.4), respectively. F is the Fourier transform

and F~! is the inverse Fourier transform. The distribution family K g (x) exists and is in the space O of
rapidly decreasing distributions and was introduced by Aguirre and Kananthai in [1].

Lemma 2.8. Let (x1,x2,...,Xn) be a point of the n dimensional Euclidean space R™. Consider a non-degenerate
quadratic form in n. variables of the form

2

2 2 2 2
P:P(X):X1+X2+-~-+Xp—xp+1— _Xp+q'

and 0% is the ultrahyperbolic operator and defined by (1.5). The following formula is valid
PTmORS(x) = O™,
where m is a nonnegative integer and 5(x) is the Dirac delta distribution.

Proof. The proof of this lemma is given by Aguirre and Trione [2]. O

,q,kK,s

Lemma 2.9. Let « be a complex number and s, k, m, and 1 being nonnegative integers and MP" (i), —2mi IS

defined by

Mp,q,k,s

H
“om(a—i),—2mi (api,s)* (pRizm(cx 1)) *(aq,k,s) ( R 2m1)

then we obtain A .
(Mo 2mi) = (@pie) ™ (aquea) ™ iylm,
Proof. From (1.4) we have
Ka,p = Rap(x) = RE xR

and considering that the Fourier transform of Ry g(x) = R * RE‘ [7] we have
A A
(Kap)™ = (RO (RE)

A A ; A
(Mgfn]f(; i), Zmi) = (ap,k,S) (pRiZm (oc— 1)> (aqszs)l(qR]jZmi) ’ (2.12)
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where the symbol A we means the Fourier transform. Now using (2.8) we have

(przm (o 1)> = [ylpmte (2.13)

and using (2.10) we obtain

A

H A LA 02 22 92 ™
(qR72mi) = (quIS) = a a +-- a 6
X1 05 Xpg (2.14)

— ((_1)211Am16) — (_1)2mi|y|émi _ |y|€m1

Taking account (2.12) and (2.13) into (2.14) we obtain

A oa—i 2m(a—1i) . 2mi
(MKZCIm(oc i), 2mi> = (ap,k,s) (aq,k,s) |y|P |y|qml'
That completes the proof. O

3. Main results

Theorem 3.1. Let EY, _ be the distribution family and defined by

s,k,m

o0 O( / ,k,

Skm =D (1) M ) —2mi (3.1)
i=0

where . '

o x+1
= e s 3.2
<i> (e —i+1) (3.2)

then the following is valid

A
( ?,k,m) = (Np,q,k,s(mry)))ocr
where Ny, g x,s(m,y) > 0 and defined by (1.7) and

N = J f(x)e t¥ dx. (3.3)

If f is a distribution with compact support by [9], equation (3.3) can be written as
£ = (f(x), e 0,

Proof. We evaluate the Fourier transform of E, = and have to show that

00 o 5 A o x " A
P.qk,s _ § P.q.k,s
<z <i)K2m((xi),2mi> - <l> (K*Zm(“*i)/*zmi) )
i=0

i=0

Let g; be the sequence

o0
o
. — p/q/k/s _
9j = Z <i>K2m(¢xi),2mi’ 9=Egim:
i=0

Since Ky p is in the space O, then KPd is in the space O, we conclude that the term of

—2m(o—1i),—2mi
the sequence g; is bounded in R™. Therefore the sequence converges inO, to g and by continuity of the
Fourier transform we conclude that (3.3) is valid for all «.
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By the above reason the following formula is valid

A 00 « 00 A
( gk,m) = (Z <1>M32qn]1<(fx i) 2m1> :Z< ><M32qn]1<fx i), 2mi) :

i=0 i=0

By Lemma 2.5, we obtain

(Esom) = 3 (T (o)™ (5™ (aame) ((6E™)°)

i=0
= (apsyP™ = agisyZ™) " = (Np,qks(my))*,
where |y[? is defined by (2.9). Thus

o0

(Npaelm ) = 3 (3] ((@nssl™) ™) ((@qna™)’).

i=0
That completes the proof. O
Theorem 3.2. Let Ly s be the operator defined by the following form

1—s m 1—s m
Lis = | 2% > 52 | 2 > a2
i=1 i=1 1 j=p+1 j=p+1

if s > 0,(x1,x2,...,%p) # (0,0,...,0) and (xpy1,%X2,...,Xpyq) # (0,0,...,0). Then the following formula is
valid

A oy (25T +s)\"
{(Hpqatmo)'} = mayersn (2B e )

where (Hy, q,r,s(m, X)) is defined by (1.7).
Proof. By Theorem 3.1 we obtain the Fourier transform of (Np qxs (y,m))oc by mean of the following

formula
N & [«
((Np,q,kls(yfm)) ) = Z <1>ME’2(]IT’T]:(/Z¢—i),—2mi‘ (3.4)
i=1

Letting « = 1 in (3.1) and using (3.2) we have

<oc>_ (}), ifa=1,
i) o, ifi>l

By (3.4), we have

((Npqesty, ))‘)A—Zl(i)prnl‘(i -2mt
= (1\P 1-i i
= Z <1> (ap,k,s) Ri?.m(l i) (aq,k,s) Rtlzmi
=1 1 (3.5)
=Z<1)(—1)m“ P (apis) T (AF0) * (ags)" (OF)

1

-y <l> ()™ (a1 AT8) Tk (ag s AT
i=1

By using the properties [5]
O%Als)«OYARs) = O AR ).
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From (3.5) we obtain the formula

(Np,q,k,s(mzy))/\ = (71)1111 (ap,k,sAg1 - aq,k,sAHI)L d. (3.6)

By Lemma 2.8, we have
P—S0%(x) = C(s, m, )OO 55(x)

if s < & and

N3

P+ 1P(Z +1)
Clom b = i st ire IR

From (3.1) and using (3.1) we have

PI=sOY%(x) = Cy(s, m, O S715(x)

if s < 5 and
_ r+1rz +1u
Cilsm 1) 742231“(1—%3)]“(5—1—1—%—1—1)' 37)
Thus .
(IK2)'° AK(8(x)} = Cals, p, K)AKF5(x) (38)
and

(x2)""° AKE(x)) = Cils, g, k) AKTS5(x)

if s < 5,5 < 4. From (3.7) and (3.8) we have

Lk,s6 = <(|X‘%)175 A]g . (|X|é)1is AE) 5
= (Cils,p, K)AKT L Cy(s,q, ) A 1) 5

Ar(k+1) et et
= (kg s) (ks fp T~ aars 05T 8

if s <% and s < § where |x|]2J and Ix\%] are defined by (2.2) and (2.3), respectively. Therefore we arrive at
the following formula

A = (1 —i /A my i
((Nparsym)') —(—U“Z@ (A5 (87)' 8
i=1

!
= (1" (apsA5 —aq,s )
_ _ _1\ L
— (_1)(k+s 1 (ap,k,sA];Jrs 1 aq,k,SA‘E+S 1) 5

22T(k +s)
— (_ (k+s—1)1 Ll Y .
We obtain the Fourier transform of (L}(’S{é}>

—1) (ks gr(e 4 1)\
(18" = <( )ZZSF(k+s() : )> (Np.aes(my)'

Using (1.1)

1—s m 1—s 1
P P az p+q 5 P+q 62
2
ZXi Z 2 o Z X Z 5| 8
£ — Ox; . ) ox:
i=1 i=1 1 j=p-+1 j=p+1 )
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k
_ (f])(k+s—l)4r(k+1) t r(P p r(ﬂ + k) p+q )
_< 22T (k + s) > ' F(E+k+s—l Zl N4 +k+s—1) Z b

j=p+1

if s < B and s < 4. In particular letting s = 1 and k = m in the above equation we obtain the formula

P2 m p+q 2 vt P , m p+q , ™t
(£%) (%) -or |G () | e
i=1 1 j=p+1 7J i=1 j=p+1

Moreover letting m =1 in (3.9) and using (1.5) we obtain the following formula

(O0%)" = (—1)'P)". (3.10)

The formula (3.10) appears in [6].

Now using the formula (3.6) we give a sense to convolution of EY, . *E

ckm skm for « and Bbelng

complex numbers. In fact the distribution K}/ B defined by (2.5) is in the space O¢ then EY, € O, and
by [8] we have
A A
B
(Em *Em) = (Em) ™ (Em) = (Npaies(my) ™. (Np,gs(m,y))
= (Npais(my)™* = (E55)"

Thus

Som *EP L =EXR (3.11)

In particular putting « = r and 3 = lin (3.11) we obtain

r AN
L = (Cals kDS (Np s (my) ™)

A
= (Cl(sr k))r ((Np,q,k,s(m/y))r)/\ (Cl(S, k))l ((Np,q,k,s(mly))l) = er,s6 * Lll<,56'

where Cq(s, k) = (_1)22;&4&';“). Therefore we obtain the following formula

1-s k 1=s K]
) , P az p+q ) P+q aZ
Z X Z 2| — Z X Z 3.2 o
£ 0x} . ax
i=1 i=1 j=p+1 =p+1

LA s /p 2\ nra 178 [ piq
9 G5 -(29) (£
i= i j=p+ :p

1-s k 1=s K]t
P ) P 92 P+q ) P+q 92
PR 2 5] | X ¥ > d.
‘ — 0x;% . 2
i=1 i=1 1 j=p+1 j=p+1 )

Putting s =1,k = 2 in (3.12) we obtain

2 T+1 T

2
P 2 2 P+q 2 P 2 2 P+q 2
d ) d < d ) d
— | — — 6= — | — — )
> o > 52 > oo > o
<i—1 X (jp+1 ax)’) i=1 Xy (jp+1 axi)
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1

] - . 5.
* (Z ax2> Z 0x2

i=1 " j=p+1 I
Thus
<>k+16 — <>k5* <>16
That completes the proof. O
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