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Abstract
This paper proves the existence of a unique common fixed point of two self mappings defined on complete cone quasi

metric space C with respect to Banach algebra, consequently in particular, it proves the existence of only one fixed point of a
generalized cyclic Banach algebra contraction and a cyclic Banach algebra Kannan type mappings with respect to a couple of
non empty subsets (A,B) of a complete cone quasi metric space C. These existences extend the fixed point results of the attached
references and then generalized the corresponding classical results in usual Banach spaces as well.
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1. Introduction and preliminaries

In 2007, Huang and Zhang [16] introduced cone metric spaces as generalization of metric spaces, they
carefully defined convergence and completeness in these spaces and proved some fixed point theorems
in this setting. The distance d(x,y) of two elements x and y in a cone metric space (X,d) is defined to be
a vector in a cone of an ordered Banach space (E,6), and a mapping T : X→ X is said to be contractive if
there is a constant k ∈ [0, 1) such that

d(Tx, Ty) 6 kd(x,y), ∀x,y ∈ X.

In 2010, Haghi et al. [13] showed that some generalizations in fixed point theory are really conse-
quences of Huang and Zhang results.

It no longer becomes better generalization because in 2012, Çakally et al. [5] obtained that any cone
metric space (X,d) is equivalent to the usual metric space (X,d?), where the real-valued metric function
d? is defined by a nonlinear scalarization function, one also can see [1, 6].

In 2013, Liu and Xu [18] introduce the concept of cone metric spaces with Banach algebras, they
replaced Banach spaces E by Banach algebras A as the underlying spaces of cone metric spaces. With
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this modification, they proved some fixed point theorems of generalized Lipschitz mappings with weaker
conditions on generalized Lipschitz constants (the constant k is a vector in a normal cone of the Banach
algebra and the essential conditions on the contraction constant k are neither order relations nor norm
relations, but spectrum radius). A well formulated example shows that their main results concerning the
fixed point theorems in the setting of cone metric spaces with Banach algebras are more useful than the
standard results in cone metric spaces presented in the literature.

A Banach algebra is a set A admitting three operations, scalar multiplication, vector addition +, and
vector multiplication o such that

1. A is a complex Banach space (A, ‖.‖) with respect to vector addition and vector multiplication;
2. A is a ring with respect to vector addition and vector multiplication;
3. for a scalar µ ∈ C and any two vectors y and z ∈ A, µ(yoz) = (µy)oz = yo(µz);
4. for any two vectors y and z ∈ A, ‖yoz‖ 6 ‖y‖ ‖z‖.

In this paper, if A has identity element with respect to multiplication, then the identity element with
respect to multiplication will be denoted by ∆, while the neutral element with respect to addition will be
denoted by Θ.

The spectral radius of y ∈ A denoted by ρ(y) is defined as:

ρ(y) := sup{λ ∈ C : y− λ∆ has no multiplicative inverse element}.

The following is a well known lemma [20].

Lemma 1.1. If A is a Banach algebra with a unit ∆ and y ∈ A, then

1. we have
ρ(y) = lim

n→∞ n
√
‖yn‖ = inf

n∈N

n
√
‖yn‖;

2. if ρ(y) < 1, then ∆− y has a multiplicative inverse (∆− y)−1. Moreover (∆− y)−1 =
∑∞

n=0 y
n, where the

series is norm convergent.

Remark 1.2. If x and y are two commuting elements in a Banach algebra A, then ρ(yo x) 6 ρ(y)ρ(x). In fact;
ρ(yox) = limn→∞ ‖[yo x]n‖ 1

n = limn→∞ ‖yno xn‖ 1
n 6 limn→∞[‖yn‖ ‖xn‖] 1

n = limn→∞[‖yn‖ 1
n ‖xn‖ 1

n ] =
ρ(y)ρ(x).

A subset C of A is a cone in A iff

1. C is non-empty closed and {Θ, ∆} ⊂ C;
2. αC+βC ⊂ C for all non-negative real numbers α, β;
3. C2 = C×C ⊂ C;
4. C

⋂
−C = {Θ}.

A cone C in a Banach algebra A induces an ordered relation

y 6 z⇐⇒ z− y ∈ C.

In [18] one also considers the order relations

y � z⇐⇒ (z− y ∈ C andy 6= z), and y < z⇐⇒ z− y ∈ intC,

where intC is the set of all interior points of C. Some authors denote 6 by�.
A sequence {zn}n∈N in A is bounded above by z ∈ A iff

zn � z, ∀n ∈N.
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The cone C is called normal if there is a number M > 0 such that for all x,y ∈ A,

Θ 6 x 6 y =⇒ ‖x‖ 6M‖y‖.

In 2016, Huang and Radenovic [15] generalized the concept of [18], they introduced a more general
cone b metric space over a Banach algebra and proved some fixed point results of generalized Lipschitz
mappings concerned with this space.

In 2017, George et-al. [12] later generalized Huang and Radenovic’s concept as they introduce rectan-
gular cone b-metric space over a Banach algebra, and proved both Banach contraction principle and weak
Kannan contraction principle in these spaces, they provided examples supporting the superiority of their
results.

On the other side, in 2003, Kirk et-al. [17] introduced the concept of contractive types of mapping
satisfying cyclical condition and proved also some related fixed point results.

In 2008, Choudhury [7] proved the existence of (fp) for the weak ψ-φ contraction mappings.
In 2012, Aydi et al. [4] showed that some of these fixed points theorems are particular of previous

existing theorems.
In 2013, Haghi et al. [14] took care of Cauchy-ness, convergent, and completeness definitions in partial

metric spaces, and they showed that fixed point generalizations to partial metric spaces can be obtained
from the corresponding results in metric spaces.

In 2013, Ali [2] established some fixed point theorems for {a,b, c}-ctype and ntype mappings in weakly
Cauchy normed spaces.

In 2017, Sharma in [21] proved fixed point theorem of contractive mapping in cone b metric spaces
without using the normality condition.

Different approaches and notions of N, Np, Nb, and F-cone metric spaces over Banach algebra have
been given by Malviya et al. [19], Fernandez et al. [10], Fernandez et al. [11], and Fernandez et al. [9],
respectively. Also they define generalized Lipschitz and expansive maps for such spaces and investigate
some fixed points for mappings satisfying such conditions in these new frameworks.

In 2017, continuation of the generalization of cyclic weak φ of these types introduced in quasi metric
spaces [3].

Definition 1.3. Suppose that C is a non empty set, C is a cone in the Banach algebra A, r ∈ C; ρ(r) > 1,
and q(r) (simply written as q) is a function; q : C× C→ A; such that

1. Θ� q(u, v), ∀u, v ∈ C;
2. q(u, v) = Θ⇐⇒ u = v;
3. q(u, v) = q(v,u), ∀u, v ∈ C;
4. q(u, v) 6 ro [q(u,w) + q(w, v)], ∀u, v,w ∈ C.

Then (C,C, q(r)) is defined to be a cone quasi metric space on the Banach algebra A. If in particular, r = ∆,
then (C,C, q(r)) simply written as (C,C, q) is cone metric on A.

1.1. Example

Let Rm be the set of all finite m sequences of real numbers, for {ak}
m
k=1, {bk}mk=1 in Rm and α ∈ R.

Define on Rm the following operations

α{ak}
m
k=1 = {αak}

m
k=1, {ak}

m
k=1 + {bk}

m
k=1 = {ak + bk}

m
k=1, and {ak}

m
k=1 × {bk}

m
k=1 = {ak × bk}mk=1.

If 0 < p 6 1, denote ‖{ak}mk=1‖p = p
√∑m

k=1 |ak|
p, we have

p

√√√√ m∑
k=1

|ak + bk|p 6 2
1
p [ p

√√√√ m∑
k=1

|ak|p + p

√√√√ m∑
k=1

|bk|p], ∀{ak}mk=1 , {bk}mk=1 ∈ Rm.
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Let A = M(Rm) be the algebra of all n-square matrices whose entries are elements in Rm

A = {a : a = {aij}16i,j6n, aij = {a
ij
k }

m
k=1 ∈ Rm, ∀1 6 i, j 6 n}.

Operations on A are defined as follows:

αa = α{aij}16i,j6n = {α{a
ij
k }

m
k=1}16i,j6n = {{αa

ij
k }

m
k=1}16i,j6n,

a⊕ b = {aij}16i,j6n ⊕ {bij}16i,j6n

= {aij + bij}16i,j6n = {{a
ij
k }

m
k=1 + {b

ij
k }

m
k=1}16i,j6n = {{a

ij
k + bijk }

m
k=1}16i,j6n,

and

a� b = {aij}16i,j6n � {bij}16i,j6n

= {

n∑
l=1

ailblj}16i,j6n

= {

n∑
l=1

{ailk }mk=1 × {b
lj
k }

m
k=1}16i,j6n = {

n∑
l=1

{ailk b
lj
k }

m
k=1}16i,j6n = {{

n∑
l=1

ailk b
lj
k }mk=1}16i,j6n.

Define the norm

‖a‖p =
∑

16i,j6n

‖{aijk }
m
k=1‖p =

∑
16i,j6n

p

√√√√ m∑
k=1

|a
ij
k |

p,

or

‖a‖∞ = max
16i6n

∑
16j6n

‖{aijk }
m
k=1‖p = max

16i6n

∑
16j6n

p

√√√√ m∑
k=1

|a
ij
k |

p.

Then A is a real Banach algebra, its zero element is the matrix that all of its entries are the zero element
of Rm, O = {0, 0, . . . , 0}. The unit element ∆n of A is the matrix whose diagonals are elements in Rm each
of its components is 1, e = {1, 1, 1, . . . , 1} and the other entries of ∆n are the zero elements in Rm;

∆n =


e O O · · · O

O e O · · · O

O O e · · · O

O O O · · · O

O O O · · · e

 .

Let C = {a : a = {aij}16i,j6n, aij = {a
ij
k }

m
k=1, 1 6 i, j 6 n, andaijk > 0 for all 1 6 i, j 6 n, 1 6 k 6 m}; the

set of all n square matrices each entry is an m-sequence of non-negative real numbers. Then C ⊂ A is a
cone.

Let C = M(Rm) and r = 2
1
p∆n. Then

ρ(r) = lim
n→∞ n

√
‖[2

1
p∆n]n‖p = lim

n→∞ n

√
‖[2

n
p∆n]‖p = lim

n→∞ n

√
[2

n
pn×m

1
p ]

= 2
1
p lim
n→∞

n

√
n×m

1
p = 2

1
p (1) = 2

1
p > 1

or

ρ(r) = lim
n→∞ n

√
‖[2

1
p∆n]n‖∞ = lim

n→∞ n

√
‖[2

n
p∆n]‖∞ = lim

n→∞ n

√
[2

n
pm

1
p ] = 2

1
p lim
n→∞

n

√
m

1
p = 2

1
p (1) = 2

1
p > 1.



S. M. A. Abou Bakr, J. Nonlinear Sci. Appl., 12 (2019), 644–655 648

Define q : C× C→ A as follows:

q(a,b) = {{‖aij − bij‖pδjk}mk=1}16i,j6n = { { p

√√√√ k∑
l=1

|a
ij
l − bijl |

pδjk}
m
k=1 }16i,j6n.

Then (C,C, q(r)) is a cone quasi metric space on the Banach algebra A. In fact; for any a,b, c ∈ C, we have

2
1
p∆n � [q(a, c) + q(c,b)] = 2

1
p∆n � [{ {‖aij − cij‖pδjk}mk=1 }16i,j6n + { {‖cij − bij‖pδjk}mk=1 }16i,j6n]

= 2
1
p∆n � [{ {‖aij − cij‖pδjk}mk=1 + {‖cij − bij‖pδjk}mk=1 }16i,j6n]

= 2
1
p∆n � [{ {

[
‖aij − cij‖p + ‖cij − bij‖p

]
δjk}

m
k=1 }16i,j6n]

= { {2
1
p

[
‖aij − cij‖p + ‖cij − bij‖p

]
δjk}

m
k=1 }16i,j6n

= { {2
1
p

[
p

√√√√ k∑
l=1

|a
ij
l − cijl |

p + p

√√√√ k∑
l=1

|c
ij
l − bijl |

p
]
δjk}

m
k=1 }16i,j6n,

hence q(a,b) 6 ro [q(a, c) + q(c,b)], ∀a,b, c ∈ C because

2
1
p

[
p

√√√√ k∑
l=1

|a
ij
l − bijl |

p + p

√√√√ k∑
l=1

|c
ij
l − bijl |

p
]
− p

√√√√ k∑
l=1

|a
ij
l − bijl |

p > 0, ∀1 6 i, j 6 n, 1 6 k 6 m.

A sequence {vn}n∈N in (C,C, q(r)) converges to v whenever for each z ∈ A with Θ < z there is n0 ∈ N

such that q(vn, v) < z for all n > n0.
A sequence {vn}n∈N in (C,C, q(r)) is Cauchy whenever for each z ∈ A with Θ < z there is n0 ∈N such

that q(vn, vm) < z for all n,m > n0.
A cone quasi metric space on a Banach algebra (C,C, q(r)) is complete whenever every Cauchy se-

quence in C converges to an element belonging to C.
Also in [18] the convergence and Cauchy-ness of sequences is defined in terms of the relation �.

Denoting this convergence by vn →C v, it follows:

vn →C v⇐⇒ q(vn, v)→ Θ (inA),

provided the cone C is normal (another hypothesis assumed in [18]).
In this paper we introduce the following concepts.

Definition 1.4. Let (C,C, q) be a cone metric on a Banach algebra A and S be a self mapping on C. If there
are vectors x,y, z ∈ A with spectral radius ρ[(∆− y)−1 (x+ z)] < 1 such that

q(S(u),S(v))� xo q(u, v) + yo q(v,S(v)) + zo q(u,S(u)), ∀u, v ∈ C,

then S is said to be generalized Banach algebra contraction on C.

We have the following.

Remark 1.5. If a,b, c are scalars, a,b, c ∈ [0, 1), a + b + c < 1, x = a∆,y = b∆, z = c∆ ∈ A, then
scalarization metric function insures that S is reduced to the classical case of abc-generalized contraction
types of mappings, see [2, 3, 8].

More general concept is as follows.

Definition 1.6. Let (C,C, q(r)) be a cone quasi metric on a Banach algebra A, ∅ 6= A ⊂ C and ∅ 6= B ⊂ C,
C = A

⋃
B, and S be a self mapping on C. Then S is generalized cyclic Banach algebra contraction on C

with respect to the pair (A,B) iff S fulfils the following:
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1. S(A) ⊂ B and S(B) ⊂ A; and
2. there are vectors x,y, z ∈ A with Θ� x,y, z, ρ(x) < 1, ρ(y) < 1, ρ(ro (∆− y)−1o (x+ z)) < 1, and

q(S(u),S(v))� xoq(u, v) + yoq(v,S(v)) + zoq(u,S(u)), ∀ u ∈ A, v ∈ B.

Remark 1.7.

1. For cyclical concepts in classical case, see [17].
2. Any generalized Banach algebra contraction on C is cyclic generalized (with r = ∆) Banach algebra

contraction on C with respect to the pair (C,C).

Through this work C is C−q(r) cone quasi metric space in the Banach algebra A, A 6= ∅ and B 6= ∅ in C,
C = A

⋃
B, S and T are mappings from C into C, and for simplicity we will drop the o of the multiplication

operation of the Banach algebra A.
In this paper, generalization of the contraction and Kannan types of mappings on wider class of

spaces; (namely C− q(r) cone quasi metric spaces on Banach algebra) are given. Next; generalized cyclic
Banach algebra generalized contractions are introduced. The existence of a unique common fixed point
of two self mappings of such types is proved, and then fixed point theorem of generalized cyclic Banach
algebra contractions on C−q(r) cone quasi metric space C with respect to a couple of compact sets (A,B)
is established. Consequently; generalization of the classical concepts are given and new fixed point results
are proved.

2. Main results

We have the following theorem.

Theorem 2.1. Let (C,C, q(r)) be a cone quasi metric space in a Banach algebra A and {vn}n∈N be in C such that

q(vn+2, vn+1)� r0 q(vn+1, vn), n = 0, 1, 2, . . .

for some vector r0 ∈ C which commutes with r and ρ(r) ρ(r0) < 1.Then {vn}n∈N is Cauchy.

Proof. Taking into account the conditions C2 ⊂ C and C+C ⊂ C, it follows that

q(vn+1, vn)� r0q(vn, vn−1),

this implies,
r0q(vn, vn−1) − q(vn+1, vn) ∈ C.

Since r0 ∈ C, we have
r0[r0q(vn, vn−1) − q(vn+1, vn)] ∈ C,

that is
r0r0q(vn, vn−1) − r0q(vn+1, vn) ∈ C.

Consequently
r0

2q(vn, vn−1) − r0q(vn+1, vn) ∈ C. (2.1)

Additionally, q(vn+2, vn+1)� r0q(vn+1, vn) gives

r0q(vn+1, vn) − q(vn+2, vn+1) ∈ C. (2.2)

Inclusions (2.1) and (2.2) yield the following:

[r0
2q(vn, vn−1) − r0q(vn+1, vn)] + [r0q(vn+1, vn) − q(vn+2, vn+1)] ∈ C,
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thus
[r0

2q(vn, vn−1) − q(vn+2, vn+1)] ∈ C,

hence
q(vn+2, vn+1)� r0q(vn+1, vn)� r0

2q(vn, vn−1).

This implies successively,

q(vn, vn+1)� r0q(vn−1, vn)� r0
2q(vn−2, vn−1)� · · · � r0

nq(v0, v1). (2.3)

Now let n,m ∈N be such that m > n and use the transitive and positivity properties of C. We have

q(vn, vm)� r[q(vn, vn+1) + q(vn+1, vm)]

� r[q(vn, vn+1) + r{q(vn+1, vn+2) + q(vn+2, vm)}]

� rq(vn, vn+1) + r2q(vn+1, vn+2) + r2[r{q(vn+2, vn+3) + q(vn+3, vm)}]

� rq(vn, vn+1) + r2q(vn+1, vn+2) + r3q(vn+2, vn+3) + · · ·+ rm−nq(vm−1, vm).

Back to inequalities (2.3), we get

q(vn, vm)� rr0
nq(v1, v0) + r2r0

n+1q(v1, v0) + r3r0
n+2q(v1, v0) + · · ·+ rm−nr0

n+(m−1−n)q(v1, v0)

� [rr0
n + r2r0

n+1 + r3r0
n+2 + · · ·+ rm−nr0

n+(m−1−n)]q(v1, v0)

= r[∆+ rr0 + (rr0)
2 + · · ·+ (rr0)

(m−1−n)]r0
nq(v1, v0),

we see that
r[∆+ rr0 + (rr0)

2 + · · ·+ (rr0)
(m−1−n)]r0

nq(v1, v0) − q(vn, vm) ∈ C.

Since
r(rr0)

(m−1−n+j)r0
nq(v1, v0) ∈ C, ∀j ∈N,

we have

r(rr0)
(m−1−n+j)r0

nq(v1, v0) + [r[∆+ rr0 + (rr0)
2 + · · ·+ (rr0)

(m−1−n)]r0
nq(v1, v0) − q(vn, vm)]∈C,∀j ∈N,

that is

[r[∆+ rr0 + (rr0)
2 + · · ·+ (rr0)

(m−1−n)]r0
nq(v1, v0)

+ r(rr0)
(m−1−n+j)r0

nq(v1, v0)] − q(vn, vm) ∈ C, ∀j ∈N.

Equivalently

r[∆+ rr0 + (rr0)
2 + · · ·+ (rr0)

(m−1−n)

+ (rr0)
(m−1−n+j)]r0

nq(v1, v0) − q(vn, vm) ∈ C, ∀j ∈N.

Continuing this process shows that

q(vn, vm)� r[∆+ rr0 + (rr0)
2 + · · · ]r0nq(v1, v0). (2.4)

Since ρ(r) ρ(r0) < 1, we have ρ(r r0) < 1, hence the element (∆ − r r0) is invertible and the series∑∞
n=1(rr0)

n−1 is convergent. Moreover

(∆− rr0)
−1 =

∞∑
n=1

(rr0)
n−1,
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substituting in (2.4) gives

q(vn, vm)� r[

∞∑
n=1

(rr0)
n−1]r0

nq(v1, v0)� r(∆− rr0)
−1r0

nq(v1, v0). (2.5)

Since ρ(r) > 1 and ρ(r) ρ(r0) < 1, we have ρ(r0) < 1, hence {r0
n}n∈N is absolutely convergent to Θ

(because {r0
n}n∈N are the n’s terms of a norm convergent series

∑∞
n=1 r0

n−1), taking the limit as n→∞
of the two sides of (2.5) shows that r(∆− rr0)

−1r0
nq(v1, v0)→ Θ as n→∞ and completes the proof.

We have the following theorem.

Theorem 2.2. Let C be a complete cone quasi metric space, C = A
⋃
B, S, T : C → C be two mappings such that

S(A) ⊂ B, T(B) ⊂ A, and

q(S(u), T(v))� x q(u, v) + y q(u,S(u)) + z q(v, T(v)), ∀ u ∈ A, v ∈ B,

where x,y, z ∈ A, r[∆− y]−1(x+ z) = [∆− y]−1(x+ z)r with Θ � x,y, z and ρ(r)ρ([∆− y]−1(x+ z)) < 1.
Then there is a single point w ∈ C such that S(w) = T(w) = w ∈ A

⋂
B.

Proof. Let u0 be an arbitrarily chosen element in C, if u0 ∈ B, then u1 = T(u0) ∈ A, u2 = S(u1) ∈ B,
u3 = T(u2) ∈ A, and then define by induction:

u2n+2 = S(u2n+1) ∈ B and u2n+1 = T(u2n) ∈ A, ∀ n > 0.

First, suppose n is an odd natural number. Then

q(un+1,un) = q(S(un), T(un−1))� x q(un,un−1) + y q(S(un),un) + z q(T(un−1),un−1)

= x q(un,un−1) + y q(un+1,un) + z q(un,un−1)

= (x+ z) q(un,un−1) + y q(un+1,un),

thus
q(un+1,un)� [(∆− y)−1(x+ z)] q(un,un−1).

Second; by a similar method when n is an even natural number, we obtain the same conclusion, taking
r0 = (∆− y)−1(x+ z) and using Theorem (2.1) prove that the sequence {un}n∈N is Cauchy, the complete-
ness of C insures the existence of w0 ∈ C such that limn→∞ un = w0. Since any subsequence of {un}n∈N

should converge to the same limit w0, then

lim
n→∞u2n+2 = w0 and lim

n→∞u2n+1 = w0.

That is
lim
n→∞S(u2n+1) = w0 and lim

n→∞ T(u2n) = w0. (2.6)

Now

q(u2n+2, T(w0)) = q(S(u2n+1), T(w0))

� x q(u2n+1,w0) + y q(S(u2n+1),u2n+1) + z q(T(w0),w0)

� x q(u2n+1,w0) + y q(u2n+2,u2n+1) + z q(T(w0),w0).

On limiting approach as n→∞, equation (2.6) sufficiently proves that:

q(w0, T(w0))� z q(T(w0),w0),

hence (∆− z)q(w0, T(w0)) � Θ, multiplying the two sides with (∆− z)−1, we get q(w0, T(w0)) = Θ, that
is T(w0) = w0 and w0 is a fixed point of T . Similarly, we prove that S(w0) = w0.
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If there exists another point w such that S(w) = w = T(w), then

q(w0,w) = q(S(w0), T(w))� x q(w0,w) + y q(S(w0),w0) + z q(T(w),w) = x q(w0,w).

This shows that (∆− x)q(w0,w) � Θ, multiplying the two sides with (∆− x)−1 gives q(w0,w) � Θ, that
is Θ− q(w0,w) ∈ C or q(w0,w) ∈ −C, but q(w0,w) ∈ C, hence q(w0,w) ∈ −C

⋂
C = {Θ}, this shows that

q(w0,w) = Θ, consequently w0 = w.

Corollary 2.3. If S is a generalized cyclic Banach algebra contraction on a complete cone quasi metric space C with
respect to (A,B), then S has only one fixed point.

For the Kannan type of mappings, we first prove the following.

Lemma 2.4. If y0 ∈ A with ρ(y0) < 1
2 , then ρ([∆− y0]

−1y0) 6 1
2 . Moreover

{∆− [∆− y0]
−1y0}

−1 = Σ∞
n=1[∆− y0]

1−ny0
n−1.

Proof. Taking in account that ρ(y0) = limn→∞ n
√
‖y0n‖ < 1

2 , we have 1
2 − ρ(y0) > 0, hence for ε0 =

1
2 − ρ(y0) there exists a natural number n0 such that

| n
√
‖y0n‖− ρ(y0)| < ε0, ∀n > n0, −ε0 + ρ(y0) <

n
√
‖y0n‖ < ρ(y0) + ε0 =

1
2

, ∀n > n0,

hence
n0+j

√
‖y0n0+j‖ < 1

2
, ∀ j > 0,

since
[∆− y0]

−1 = Σ∞
n=1y0

(n−1),

both [∆− y0]
−1 and y0 are commuting, ([∆− y0]

−1y0)
n0 = [∆− y0]

−n0y0
n0 . Denote

([∆− y0]
−1)n0 = (Σ∞

j=1y0
(j−1))n0 = Σ∞

j=1γ
n0
j y0

j.

We have

‖([∆− y0]
−1y0)

n0‖ = ‖[∆− y0]
−n0y0

n0‖ = ‖Σ∞
j=1γ

n0
j y0

jy0
n0‖

= ‖Σ∞
j=1γ

n0
j y0

(j+n0)‖ 6 Σ∞
j=1γ

n0
j ‖y0

(j+n0)‖ 6 Σ∞
j=1γ

n0
j [

1
2
](j+n0)

= [
1
2
]n0Σ∞

j=1γ
n0
j [

1
2
]j = [

1
2
]n0(Σ∞

j=1[
1
2
](j−1))n0 = [

1
2
]n0 [

1
2

1 − 1
2

]n0 = [
1
2
]n0 .

Thus n0
√
‖([∆− y0]−1y0)n0‖ 6 1

2 , consequently, we have

lim
n→∞ n

√
‖([∆− y0]−1y0)n‖ = inf

n∈N

n

√
‖([∆− y0]−1y0)n‖ 6 n0

√
‖([∆− y0]−1y0)n0‖ 6 1

2
.

We have the following.

Definition 2.5. Let (C,C, q(r)) be a cone quasi metric on a Banach algebra A, ∅ 6= A ⊂ C and ∅ 6= B ⊂ C,
C = A

⋃
B, and S a self mapping on C. Then S is said to be cyclic Banach algebra Kannan type on C with

respect to the pair (A,B) iff S fulfills the following:

1. S(A) ⊂ B and S(B) ⊂ A; and
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2. there is vector x ∈ A with Θ� x, ρ(xr) < 1
2 , and

q(S(u),S(v))� x[q(u,S(v)) + q(v,S(u))], ∀ u ∈ A, v ∈ B.

Theorem 2.6. Let (C,C, q(r)) be a cone quasi metric on a Banach algebra A, ∅ 6= A ⊂ C and ∅ 6= B ⊂ C,
C = A

⋃
B, S and T be a self mappings on C with the following:

1. S(A) ⊂ B and T(B) ⊂ A; and
2. there is a vector x ∈ A with Θ� x, ρ(rx) < 1

2 , and

q(S(u), T(v))� x[q(u,S(v)) + q(v, T(u))], ∀ u ∈ A, v ∈ B.

Then S and T have a single common fixed point.

Proof. As in Theorem 2.2, let u0 be arbitrarily chosen element in C, if u0 ∈ B, then u1 = T(u0) ∈ A,
u2 = S(u1) ∈ B, u3 = T(u2) ∈ A, and then define {un}n∈N by induction:

u2n+2 = S(u2n+1) ∈ B and u2n+1 = T(u2n) ∈ A, ∀ n > 0.

First, suppose n is an odd natural number. Then

q(un+1,un) = q(S(un), T(un−1))

� x[q(un,S(un−1)) + q(un−1, T(un))]
� x[q(un,un) + q(un−1,un+1)]

� xq(un−1,un+1)

� xr[q(un−1,un) + q(un,un+1)]

� xrq(un−1,un) + xrq(un,un+1).

Consequently

q(un+1,un) − xrq(un,un+1)� xrq(un−1,un), [∆− xr]q(un,un+1)� xrq(un−1,un).

Hence
q(un,un+1)� [∆− xr]−1xrq(un−1,un).

Let z = [∆− xr]−1xr and continue in this process, we see that

q(un,un+1)� znq(u1,un0).

Similar conclusion can be proved for any even natural number n. Using Lemma 2.4 with y0 = xr, ρ(z) < 1
2

insures that that the sequence {un}n∈N is Cauchy sequence. By the completeness of C, there is w ∈ C such
that limn→∞ un = w. We have

lim
n→∞S(u2n+1) = w and lim

n→∞ T(u2n) = w. (2.7)

Now

q(u2n+2, T(w)) = q(S(u2n+1), T(w))
� x [q(u2n+1,S(w)) + q(w, T(u2n+1))]

� x [q(T(u2n),S(w)) + q(u2n+2,w)]
� x [x{q(u2n, T(w)) + q(S(u2n),w)}+ q(u2n+2,w)]
� x [x{q(u2n, T(w)) + q(u2n+1,w)}+ q(u2n+2,w)].
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On limiting approach as n→∞, equation (2.7) proves that:

q(w, T(w))� x2 q(T(w),w).

Hence (∆− x2)q(w, T(w))� Θ, multiplying the two sides with (∆− x2)−1, we get q(w, T(w)) = Θ, that is
T(w) = w and w is a fixed point of T . Similarly, we prove that S(w) = w. If there exists another point y
such that S(y) = y = T(y), then we get

q(w,y) = q(S(w), T(y))� x [q(w,S(y)) + q(y, T(w))]
� x [q(w,y) + q(y,w)]� 2x q(w,y)
� 2x r[q(w,w) + q(w,y)]� 2x rq(w,y).

Thus
q(w,y) − 2x rq(w,y)� Θ; [∆− 2x r]q(w,y)� Θ.

Since ρ(x r) < 1
2 , we have ρ(2x r) < 1 and ∆ − 2x r has an inverse, multiplying the two sides with

(∆− 2x r)−1 gives q(w,y)� Θ, that is q(w,y) = Θ, consequently w = y.

Corollary 2.7. If S is a cyclic Banach algebra Kannan type mapping on a complete cone quasi metric space C with
respect to (A,B), then S has only one fixed point.

3. Conclusion

This paper proves the existence of a single common fixed point of two self mappings defined on
complete cone quasi metric space with respect to Banach algebra and then it proves the existence of
single fixed point of generalized cyclic Banach algebra contraction and cyclic Banach algebra Kannan
type on cone quasi metric space C with respect to a pair of non empty subsets (A,B) of C. Consequently;
generalizations of some fixed point theorems proved in the usual classical metric spaces.

Acknowledgment

The author is sincerely thank the anonymous referees and editors for their valuable comments which
gave a step forward to the main manuscript file.

References
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