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Abstract

In this paper, first, we study the Green function of the Diamond Klein Gordon Bessel operator iterated k times. We give a
sense of Distribution theory considering the properties of the convolution of the Green function. Finally, we solve the following
equation

2\k = 2\ ¥
(08 +@) ux) =3 cr (0n+a?) s
=0

It was found that the type of above equation depend on the relationship between the value k and m.
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1. Introduction

The operator &K has been first by Kananthai [3] and is named as the Diamond operator iterated k
times and defined by

k
Kk L2 ? PG 52 i
i=1 1 j=p+1 7]

where n is the dimension of the space R™, for x = (x1,%2,- -+ ,xn) € R™ and k is a nonnegative integer.
The operator O can be expressed in the form

<>k _ Aka — DkAk, (12)
where A¥ is the Laplacian operator iterated k-times is defined by
> 2 \*
A=+ — 4. +— ),
<ax% * 0x3 L ax%>

and [ is the Ultrahyperbolic operator iterated k-times defined by

*Corresponding author
Email address: wanchack@gmail.com (Wanchak Satsanit)

doi: 10.22436/jnsa.012.08.06
Received: 2017-02-19 Revised: 2019-02-27  Accepted: 2019-03-05


http://dx.doi.org/10.22436/jnsa.012.08.06
http://crossmark.crossref.org/dialog/?doi=10.22436/jnsa.012.08.06&domain=pdf

W. Satsanit, ]. Nonlinear Sci. Appl., 12 (2019), 552-561 553

k
. [ 2 02 22 02 o2
D=l T T2 32 32 . a2 ) -
ax1 aXZ XP aXp—i—l Xp+2 Xp—o—q

Kananthai [3] has shown that the solution of the convolution form
u(x) = (—1)*RE, (x) * RAL (%),

is a unique elementary solution of the operator {*, where RS, (x) and R} (x) are defined by (2.4) and (2.2)
with & = 2k respectively, that is

OF (1) R (x) * RhL (x)) = 5.

In 2004, Yildirim, Sarikaya and Sermin [7, 8] first introduced the Bessel diamond operator ¥ iterated

k times, and defined by
K

by 2
P p+q
k
OF = <Z B) - X By |-
i=1 j=p+1
2 .
where By, = aaTZ + 2;’; 6%1’ 20; = 204+ 1, o4 > —%, xi > 0. The operator <>‘]§ can be expressed by

Ok = AEDE = DEAE, where

P K P ptq «
AE = ZBXi and Of = ZBM— Z By,
i=1 i=1 j=p+1

Yildirim, Sarikaya and Sermin [7, 8] have shown the convolution form u(x) = (—1)%Sox (%) * Ry (x) is
a unique elementary solution of ¥ that is

OB ((=1)*Saic(x) * Ra(x)) = §,

where Sy (x) and Rox(x) are defined by (2.5) and (2.6) with « = y = 2k, respectively. Next, Bunpog

and Kananthai [1] have first introduced the operator (<>B + m4)k named Diamond Klien-Gordon Bessel
operator iterated k times and can be written in the following form

(O +m*) = (A +m2) (Op +m?2) —m? (Ap +0p) ¥, (1.3)

where (g + m? is the Bessel Klien-Gordon operator and Ag + m? is the Bessel Helmholtz operator defined
by

p P+q
Ty 4= Y By 3 Bym?
i=1 j=p+1

and

n

Ag+m? = ZBXi +m?2.
i=1
The purpose of this work, first, we study the elementary solution or Green function of the (<>B + dz) k ,
that is
2k
(OB +4d%) G(x) =3,

where G(x) is the Green function, 6 is the Dirac delta distribution, k is a nonnegative integer and x =
(x1,%2,- -+ ,xn) € R™ We also consider the convolution of Green function.



W. Satsanit, ]. Nonlinear Sci. Appl., 12 (2019), 552-561 554

Finally, we are finding the solution of the equation

(OB + d2 Z cr (OB + d2) (1.4)

=0

We use the B-convolution for the generalized function. It was found that the type of the solution (1.4) that
depend on the relationship between the values of k and m are as the following cases:

(1) If m < k and m = 0, then the solution of (1.4) is
u(x) = coWax (x),

which is an elementary solution of the operator (g + d?) “ in Theorem 3.1, is the ordinary function
for 2k > n + 2Jv|, and is a tempered distribution for 2k < n + 2Jvl.

(2) If 0 < m < k, then the solution of (1.4) is

m
= Z CTWZ(k—r) (X)
r=1

which is an ordinary function for 2k —2r > n + 2Jv| and is tempered distribution for 2k —2r <
n+ 2.

(3) If m > k and suppose k < m < M, then (1.4) has the solution

Zcm B+d2 k5,

which is only the singular distribution.

Before proceeding that point, the following definitions and some important concepts are needed.

2. Preliminaries
Definition 2.1. Let x = (x1,X2,--- ,Xn ) be a point of the n-dimensional Euclidean space R™ and write
2,2 2 2 2 2
V=X] XXy =X~ Xpyo — — Xpiqs (2.1)

wherep+q=n isithe dimension of the space R™. Let Iy ={x € R™ : x; > 0 and u > 0} is the interior of
forward cone and I' ;. denotes it closure. For any complex number «, define the function

s
RH(v) = { Knter forx el 2.2)
0, forx €Ty,

where the constant K, («) is given by the formula

“T 24+ax—m 1—x
k(o) = T TN (@

(2.3)

The function R (v) is called the Ultra-hyperbolic kernel of Marcel Riesz and was introduced by Nozaki
[5].
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It is well known that R} (v) is an ordinary function if Re() > n and is a distribution of o if Re(«) < n.
Let supp R} (v) denote the support of R} (v) and suppose supp R (v) C T, that is supp R (v) is compact.
From Trione [6], R} () is an elementary solution of the operator (%, that is

ORAL (1) = 8(x).

1
Definition 2.2. Let x = (x1,%2,--- ,Xn) be a point of R™ and |x| = (x% + x% 4+ X%L) 2 the function R (x)
denoted the elliptic kernel of Marcel Riesz and is defined by

where .
2297 (&
W (o) = (n_f(;),
2

o is a complex parameter and n is the dimension of R™.

Definition 2.3. Let x = (x1,X2, -+ ,Xn), V= (v1,v2,--+,vn) € R\. For any complex number «, we define
the distribution family Sy (x) by
|X|oc—n—2\v|

Salx) = , (2.5)

wn ()

where [x| =x2 +x3 + -+ +%24, V|=vi+Vvo+ -+ vy and

nOViTa[(vi 4L
walo) = =L 20TV )
o+ [v|— ar(f)

Definition 2.4. Let x = (x1,X2,- -+ ,Xn), V= (v1,V2,---,vn) € R}, and denote by
2,2 2 _ .2 2 2
V=x{+X3+ -+ X5 = X501 —Xpgo— " —Xpyqr
the nondegenerated quadratic form. Denote the interior of the forward cone by
My =xeRl:x1>0,%>0,-,x, >0, V>0},

and T’ denotes its closure. For any complex number vy the distribution family Ry (x) is defined by

y—n-2|v|
Vv
Ry(x) = { Kaly) + fOrxely, (2.6)

0, forx ¢ Ty,

where
A (B2 1 (1Y) Ty

r (2+v—§—2\VI> r(25Y)

4

Kn(y) =

where 7y is a complex number.

Definition 2.5. Let x = (x1,X2,- -+ ,xn ) be a point of R}, we define the function

* (—1)'T (2 .
Welx) =3 W(mz)f(—l)z+fsa+zr(x) #Rocy2r (x), 27)

where the function Sy 2 and Ry2r are defined by Definition 2.3 and Definition 2.4, respectively.
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Lemma 2.6. Let o and (3 be complex numbers and S (x) be the function defined by (2.1). Then the following
properties are valid
So(X

)
S_ok(x)
AB{Sa(x)}
Sa(x)* Sg(x)

(x),
1kAk

1)*So 2k( ),
g (x),

where AX is the Laplace Bessel operator iterated k times and defined by (1.2).

5
(=
(=
Socr

Proof. [4]. O

Lemma 2.7. Let « and (3 be complex numbers and R, (x) be the function defined by (2.2). Then the following
properties are valid
Ro(x) = d(x),

R ok (x) = 0OKS,
OK{Sy (X)) = Sy_ax(x),
Re(x) % Rp(x) = M( x),

where O is the Ultrahyperbolic Bessel operator iterated k times and defined by (1.2).

Proof. [4]. O

Lemma 2.8. The functions S« (x) and Ry (x) defined by (2.1) and (2.2) respectively are homogeneous distribution
of order o« —n — 2[v| and also tempered distribution.

Proof. Since Ry (x) and Sy (x) satisfy the Euler equation, that is
(c—m—2v|)R Z x1 )

and
(o —n—2v])S le

We have Ry (x) and S4(x) as homogeneous distributions of order « —n — 2jv| and Donoghue [2] has
proved that every homogeneous distribution is a tempered distribution. That completes the proof. O

Lemma 2.9 (The convolution of tempered distribution). The convolution Ry (x) * S (x) exists and is a tempered
distribution.

Proof. Choosing supp R« (x) = K C I't. where K is a compact set, the function Ry (x) is a tempered distribu-
tion with compact support and by Donoghue [2] Ry (x) * S« (x) exists and is a tempered distribution. [

Lemma 2.10. Given the equation {$Xu(x) = 8(x) for x € Ry, where O defined by (1.1), and
u(x) = (=1)*Sai(x) * Rox (x),

where Sy (x) and Roy (x) are defined by (2.1) and (2.3) with o« = 2k,y = 2Kk, respectively. We obtain (—1)%Sok (x) *
Rox (x) is an elementary solution of the operator Y. That is,

OB ((—1)*Soi(x) * Rak (x)) = 8(x).

Proof. [7, 8]. O
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Lemma 2.11. Let o and 3 be complex numbers. The following formulas are valid

Wo(x) = 8(x),
Wo( * ng = W“_Hg,
W x W_g = Wy _ok.

Proof. By Definition 2.3, we obtain

By Definition 2.3 again, we have

Welx) * W (x) = (_‘5> (M) (1) 7Sz (x) % Recsar ().

1]
i
o

Il
M
M

|
7 Nle
N———
VR
o |
N[
N————
3
Z

+

w

|
=

R
N F
[

+

=

+

w

r=0s=0 (28)
X (Sorar(x) ¥ Raqor(x)) * (S[S+25 (x) * Rp 125 (X))
© 00 s i B wip
=3 () () S (St (0 * R 8)
T=0s=0
S (2 -5\ (% orB
=2 m 3 (2 2 ) [ DT (Sarprak(x) # Rackpran(x)) -
k=0 r=0
By properties
kK /7 a\/_B ot
Z 2 2 ) 2
2 ()) -4
The Equation (2.8) becomes
ad —M x+B
Wal) s W) = 3 ( k )(mz)r(—l)ﬁksmﬂk(x) N
r=0
= W(x+[5 (X)
Thus,
Wa(x) ¥ Wg (x) = W p (x). (2.9)
Putting 3 = —2k in (2.9), we obtain
W (x) * W_gi (x) = Wx—ak(x).
That completes the proof. O

3. Main results

Theorem 3.1. Given the equation
(0B +d%) ulx) = 8(x),

for x € Ry and (O + dz)k is the Diamond Klein Gordon operator iterated k times defined by (1.3), we obtain

u(x) = Wa(x), (3.1)
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is an elementary solution or Green function of the operator (<>B + dz) * and Wi (x) is defined by (2.7) with « = 2Kk.

The function Way (x) has the following properties

and 5
(O +d?) " {(Wa(x)} = Wa_ak (%)

Proof. In fact,

(s +a) T = {05 (14203} ¥ =05 (140" 7,
and
(1 + dZle)f% 5 = Z <;> (d2<>g1)1‘5
r=0
=y <_r? a?rogTs
r=0
Thus,

If we put @« = —2k, we obtain

Putting k = 0 in (3.2), we obtain
By Lemma 2.6, we have

W (x) % Wg (x) = Way g (x).

Putting 3 = —2k, we obtain
W (x) x W_gi(x) = Wk (x),

Walx) = (O +d2) 6 = Wa_aic(x),

(3.2)
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(OB + %) Wa(x) %8 = Wi (x). (3.3)

If we put « = 2k in (3.3), we obtain
Kk
(O +d?)" 8% War(x) = Wy(x) = 8(x).

It follows that Wy (x) is an elementary solution or Green function of the operator (<> + d2)k . That com-
pletes the proof. O

Theorem 3.2. For 0 <r <k
T
(OB +d?) Wak(x) = Wae_py(x),

and for k <m

(OB +d)™ = (Op+d)™ "5,

where (O + dz)k is the Diamond Bessel Klein Gordon operator iterated k times defined by (1.3), b is the Dirac
delta distribution and the function Wy (x) defined by (2.7) with o« = 2k.

Proof. For 0 < r < k, from Theorem 3.1,

(OB + %)  War(x)) = 6.

We can write the above equation in the following form

(OB +d) " (Op + ) War(x) =5,

or
(<>B + dz)kir d* (<>B + (3.2)r Woi (x) = 8.

We have used the convolution of both sides by W) (x), we obtain

kf
W py # (OB +d?) " 8% (O +d2) War(x) = Wae_p) (x) % 8.

By property of convolution, we have

kf
(OB +d2)" T Wage_p) * (OB +d?) Wap) (%) = Wage_py (x).
By Lemma 2.7, we obtain
5 (O +d?)" Wa(x) = Wape_p (%),

or
(Op + )" Wak(x) = Wape_p (x),

as required. For k < m

(OB +d2) " Wa(x) = (OB + dz)mik (OB + dz)kWZk(X))
= (<>B + dz)mik J.

It follows that

)mfk 6.

(OB +d%) " Wa(x)) = (Op + d?
That completes the proof. O
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Theorem 3.3. Given the linear differential equation

(05 +d%)" Z cr (OB + dz) (34)

r=0

Then the type of solution (3.4) that depend on the relationship between the values of k and m are as the following
cases:

(1) if m < k and m = 0, then the solution of (3.4) is
u(x) = coWax(x)),
which is an elementary solution of the ($g + dz)m operator in Theorem 3.1;

(2) if 0 < m < k, then the solution of (3.4) is

m
X) = Z CTWZ(k—r)(X)
r=1

which is an ordinary function for 2k — 2r > n + 2[v| and is tempered distribution for 2k —2r < n +2v|;
(3) if m > k and suppose k < m < M, then (3.4) has the solution

M k
= Z Cr (<>B + dz)ri 9,

r=k
which is only the singular distribution.
Proof.
(1) For m = 0, we have (<>B + d2)k u(x) = cod, and by Theorem 3.1 we obtain

u(x) = War(x).

Now, W (x) analytic function for 2k > n 4+ 2Jv| and also Wy (x) exists and is an analytic function by
(3.1). It follows that W5y (x) is an ordinary function for 2k > n + 2|v| and is a tempered distribution with
2k < n+2Jvl.

(2) For the case 0 < m < k, we have

(OB + d2 Z cr (OB + dz)

=C (<>B+d >6+C2(<>B+d2)25+'-'+cm (<>B+d2)k6.

Convolving both sides of the above equation by Wy (x), we obtain

Wor (x) * (OB + dz)ku(x) =1 Wak(x) (O + d?) 8+ caWak (x) (O + dZ)Z 8
+---+ CmWZk(X) (<>]3 + dz)k 5,

u(x) * (O + dz)kWZk(X) =c1 (Op + d%) Wak(x) + 2 (Op + dz)ZWZk(X)
+otem (O +d%) " War(x),
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u(x) = c1 (Op + d?) Wak(x) + 2 (Op + d2)2W2k(X)
+---+Cm (<>B + dz)mWZk(X).

By Theorem 3.1 and Theorem 3.2, we obtain

u(x) = ctWok—1)(x) + caWp 0y (X) + - - - + cnWo (i) (%), (3.5)

or .
u(x) = Z crWok—r)(x). (3.6)

r=1

Similarly, as in the case (1), u(x) is an ordinary function for 2k —2r > n + 2Jv| and is a tempered distribu-
tion for 2k —2r < n +2Jv|.

(3) For the case m > k and suppose k < m < M, we have

)k+1

(OB +a) wx) = cx (OB +d) 8+ (OB +d2) T 54+ em (O +d2) 6. (37)

We convolved both sides of the above equation by W5 (x), we obtain
k 2
Wor (x) + (O + )" u(x) = ctWak(x) (O + d?) 8 + caWak (x) (O +d?)" 8
Foo e Wa(x) (O + d2)¥s.

By Theorem 3.1 and Theorem 3.2 again, we obtain

W(x) = cid + i1 (O + d2) 8+ creya (O + )76+ +om (O +d2)
M
= Cm (<>B + d?

m=k

)mfk 5.

Since ({p + d?) ™K is a singular distribution, hence u(x) is only the singular distribution. That com-
pletes the proofs. [
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