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Abstract

In this paper, we provide some Ostrowski-type integral inequalities for functions whose second derivatives belongs to the
Lebesgue L4 spaces using the Katugampola fractional integrals. We also introduced some new inequalities of Ostrowski-type
for functions whose second derivatives in absolute value at some powers are strongly (s, m)-convex with modulus p > 0 (in the
second sense). Our results are generalizations of some earlier results in the literature.
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1. Introduction
Let I be an interval R. A function f: I — R is said to be convex if
fltx + (1 —t)y) < tf(x) + (1 —-t)f(y),

forall x,y € Iand t € [0, 1].
The concept of convex functions has been generalized in different ways by many authors over the
years. In [4], the author introduced the concept of s-convex functions as follows.

Definition 1.1 ([4]). A function f: [0,00) — R is said to be s-convex (in the second sense), for s € (0, 1], if
fltx + (1 —t)y) < °f(x) + (1 - 1)°f(y),
for all x,y € [0,00) with t € [0, 1].
The concept of m-convex functions was also introduced in [23] as follows.
Definition 1.2 ([23]). A function f: [0, d] — R is said to be m-convex, for m € (0, 1], if
ftx + m(1 —t)y) < tf(x) + m(1 —t)f(y),
for all x,y € [0, d] with t € [0, 1].
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By combining the concepts of s-convex and m-convex functions we have the concept of (s, m)-convex
functions defined as follows.

Definition 1.3 ([10]). A function f : [0,00) — R is said to be (s, m)-convex (in the second sense), for
(s,m) € (0,1]3, if

fltx + m(1—t)y) < t°f(x) + m(1 —t)*f(y),
for all x,y € [0,00) with t € [0, 1].

In [19], Polyak also gave the following extension of convex functions to strongly convex functions.
Definition 1.4 ([19]). Given an interval I in R, a function f : I — R is said to be strongly convex with
modulus 1 > 0, if

fltx + (1 —t)y) < tf(x) + (1 —t)f(y) — pt(1 —t)(y —x)%
forallx,y € Iand t € [0,1].

Recently, Bracamonte et al. [3] introduced the concept of functions that are strongly (s, m)-convex in
the second sense as follows.

Definition 1.5 ([3]). A function f: [0, 00) — R is said to be strongly (s, m)-convex function with modulus
it > 0 (in the second sense), for (s, m) € (0,1]?, if

fltx +m(1—t)y) < t5(x) + m(1 —1)*f(y) — pt(1—t)(x —y)?,
for all x,y € [0,00) and t € [0, 1].

Over the years, many authors have studied and introduced several integral inequalities related to these
classes of convex functions. For more information and related results, we refer the interested reader to
the papers [3, 4, 10, 19, 23].

In what follows, we review some fractional integral operators that are of importance to our current
work.

Definition 1.6 ([18]). The left- and right-sided Riemann-Liouville fractional integrals of order « > 0 of f
are defined by

J&f(x) = F(loc) J:(x —t)*If(t)at,
and
1 (b
JE f(x) = e L (t—x)*"1f(t)dt,
with a < x < b and I'(:) is the gamma function given by

I'(x) ::J t*le7tdt, Re(x) >0,
0

with the property that I'(x +1) = xT'(x).

Definition 1.7 ([20]). The left- and right-sided Hadamard fractional integrals of order o« > 0 of f are
defined by

HE, £(x) = r(la) K <ln %) “ Ltt)dt,
and

b x—1
HE f(x) = —— J <1ni> f(tt)dt.
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Definition 1.8. X¥(a,b) (¢ € R, 1 < p < o) denotes the space of all complex-valued Lebesgue measur-
able functions f for which ||f|[xr < oo, where the norm || - ||x» is defined by

b dt 1/p
!Ww=<JH%th> , (1<p<oo),

a
and for p = o0

[fllxe = ess sup [tf(t)].
a<t<h
In 2011, Katugampola introduced a new fractional integral operator which generalizes the Riemann-
Liouville and Hadamard fractional integrals as follows [14].

Definition 1.9. Let [a,b] C R be a finite interval. Then, the left- and right-sided Katugampola fractional
integrals of order a > 0 of f € XF(a,b) are defined by

[0 —
Pla f(x) = Mo L P _tp)l_“f(t)dt,
and
1—ax b p—1
pro _P t
Ib_ﬂx)r_[%a)Jx(ﬂL_xpﬂ“fﬁ)db

with a < x < b and p > 0, if the integrals exist.
Remark 1.10. It is shown in [14] that the Katugampola fractional integral operators are well-defined on
XF(a,b).
Theorem 1.11 ([14]). Let « > 0 and p > 0. Then for x > a
1. F1)1_)nr11 Pla f(x) = Ja f(x);

2. ph_%l+ PIa f(x) = Ho f(x).

Similar results also hold for right-sided operators.

For more information about the Katugampola fractional integrals and related results, we refer the
interested reader to the papers [5, 11, 12, 14, 15, 22].

In 1938, Ostrowski [17] obtained the following inequality which is known in the literature as Ostrowski
inequality.
Theorem 1.12. Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b) and its derivative ' :
(a,b) — Ris bounded in (a,b). If M:= sup |f'(t)] < oo, then we have

te(a,b)
2
1, (o)
< |2 2 /7 _
\<4+ ®_a? (b—a)M,

b
ﬂﬂ—bianHMt

for all x € [a,b). The inequality is sharp in the sense that the constant % cannot be replaced by a smaller one.

Many authors have studied and generalized the Ostrowski inequality in several different ways. For
more information about the Ostrowski inequality and its associates, we refer the interested reader to the
papers [1, 2, 6-9, 11-13, 21]. The authors in [1, 11-13, 21] provided some Ostrowski-type inequalities for
some classes of convex functions.

Motivated by the results in the papers above and the current studies, the main goal of this paper
is to provide some Ostrowski-type integral inequalities for functions whose second derivates belongs to
the Lebesgue L4 spaces and also for functions whose second derivatives at some powers are strongly
(s, m)-convex (in the second sense) via the Katugampola fractional integrals.
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2. Main results
To prove our main results, we need the following important lemma which is quite interesting in itself.

Lemma 2.1. Let &, p > 0, and f : [a®, bP] — R be a twice differentiable function on (a®,b®) with 0 < a < b such
that f € Ly ([ap, bp]). Then for all x € [a, b], the following equality holds

p“r(cx—i—l) bf —xP o xP —aPf o4
bP —aPf [(Xp_ap)aple(ap)+wp x+f(bp):| —f(Xp)
(Xp_ap)(bp_xp) 1 N e
ICERICETD [p(xp—ap)Lt P (190 4 (1 - tP)a® ) dt 2.1)

1
+p(b? —xP) J

toxp+2e—lgr (tpxp +(1— tp)bp) dt] )
0

Proof. The proof follows directly by using integration parts, change of variables and the definition of the
Katugampola fractional integrals. First, we observe that

1
J txe2e—lgy (tpxp +(1- tp)aF’) dt
0

1
= J txete {tpflf” (tpxp +(1— tp)a‘))} dt

0
1 1
= _tOPFTPE(tPxP 4 (1 —tP)aP
a7 )l
1 1
- 0
— e P00
1 1
X‘;‘Jrap e tp 1f tpxp+(1—tp)ap)}dt
- 0
1
ot —ar) )
a+1 1 !
— toPf(tPxP + (1 —tP)aP
xP—ap{p(xp—ap) < xP 4+ ( )(1)0
1
_ p(prO‘ap)J tcxp—lf<tpxp +(1— tp)ap> dt}
- 0
B 1 iop oa+1 0
“obe—an) ) g — a0
1 1
- 0
B 1 oo a+1 o
T —an) )T pe —arp2 )
1 1
- 0
— ¥f/(xp) _ (xi—’—lf(xp)
" p(xP —aP) p(xP —ar)?

+ (‘XH)O)Z JX <up_ap>alf(u") w

(xP —aP xP —aPf xP —aPf
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B 1 op a+1 o
“ ot —ar) )T e —arp ™)
X
m J (WP — a®)* P 1f(uP)du
- a
_ 1 1P x+1 P
“ ot —an) X g —arp )
(a+1)ax T(x)
(xP — aP)oct2 pli(xpligf(ap)_
Thus,
! 1
J o +2o—Lgr (tpxp +(1— tp)ap) dt=——(xP)
0 p(xP —aP) 2.2)
a+1 o PTIT(4+2) ) o b '
B p(xP — ap)zf(x )+ (xP — aP)o+2 Ix,f(a )-

Similarly, we have

1
J gopt2e—len (tpxp +(1— t")bp> dt
0

— E txete {tpflf” (tpxp +(1— tp)bp)} dt

1 1
"~ p(xe - bp)t“pﬂf/(tpxp +1- tp)bp)

0
1 1
— p?ingb?)) J t“p+p—1f’<tpxp +(1— tp)bp) dt
- 0

= (xp—bp) f/(x?)

a+1
Xp—bp 0

= p(xp—bp)f/( ")

a+1 1
xP — bP p(xp—bp)

px ) Jl t“"*lf(tpxp +(1— tp)bp) dt}

1

P tp 1f tpxp—i-(l—tp)bp)}dt

1

t“Pf(tpxp +(1— tp)bp)

0

p(xP—bP) Jg
_ p(xpl_bp)f’(xp) - mﬂxp)
m J: t“p_lf(tpxp +(1— tp)bp) dt
— p(xpl—bp)fl(xp) — Mf(xp)
— p(xpl—bp)fl(xp) — mf(xp)

(41 [* [uP—bP\* ! oy uPt
+(xp—bp)2Jb xP —bP flu )xp—bpdu
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1 a+1
ol o) g e )
(x+1ea [ [bP—uP\*! oy uf!
+(Xp_bp)2 L beP —xP flu )bp_xpdu
1 a+1
g 7-‘:/ Py __ 7.‘: P
o —be) ) g —pep )
1 b
(ot Do (b° —uP)* T uP~lf(uP)du
(bp _Xp)cx+2
X
1 a+1
e 71’-‘/ Py 7.‘: P
ol — b2y ) pe —pep2 )
(a+1)ax T ()
(bP —xP)x+2 plﬂxpm&f(bp)'
Thus,
1
1 a+1
gOPF2e—Lp (4PxP 4 (1 —tP)bP )dt = ———— F/(x°) — ————f(x"
L (70 + (1= t9)6° ) dt = — et () = e (e9) 23)
P (o +2) '
—xP)
Now, we multiply (2.2) by p(x? — a®) and (2.3) by p(b? —xP), then add the results to get
1
p(xP —af) J topt2e—len (tpxp +(1—- tp)ap) dt
0
1
+p(b? —x?) L (302071 (190 4 (1 7)) dt
p*T (o +2)
- (XP — ap)oc+1 plsz(ap)
xr 2
P2 ope fipe)
(bP —xP)ot (2.4)
a+1 0 a+1 0
- ) — o ()
p*T (x4 2)
- (XP — ap)oc+1 pIi&f(ap)
p*T (o +2) pr p
(bP —xP)octl Ix+f(b )
(+1)(bP —aP)
- f(xP).
(x° —a®)(0° —x°)
P aP)(bP —xP
Multiplying (2.4) by ()((cx n ;1) ():: — a);)) gives the desired identity in (2.1). O
Remark 2.2. If p =1, then Lemma 2.1 reduces to [16, Lemma 2.1].
Theorem 2.3. Under the conditions of Lemma 2.1, suppose that " is bounded, i.e., ||[f"||c = sup [f"(t)] < oco.

telar,be]
Then for any x € la, b], the following inequality holds:

(x? — a?)(b° —xP)
(oc+1)(ex+2)

P*T(ax+1) bP —xP -~ 0 xP —aP pra 0 0
b —ar | o —ar)e ) e e FER) |~ ) S

< 1"l co-
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Proof. Using Lemma 2.1 and the properties of the absolute value, we have

p*T (o +1)
bP — aP

xP — qf
(b0 —x)=

bP — xP
a1 ¢

(xP —a®)(bP —xP)
(x+1)(bP —ar)
1

I
0

(x? —aP)(b? =xP) | ., 1 ap+2p—1
(¢ +1)(bP —aP) [Hf ”‘”p(bp—ap)Lt p+2p dt}
(xP —aP)(bP —xP) [p(b? —aP) £

(c+1)(bP —ar) { o(xt2) | Hoo]

"I,‘i&f(bp)] —f(x?)

1
|:p(xp _ ap) J .tocp+2p—1
0

i (tpxp +(1— tp)ap) ‘ dt

! (tpx" +(1— tp)bp) ‘ dt}

- (Xp B ap)(bp _Xp) Hf//H
(1D (x+2) o

This completes the proof. 0

Theorem 2.4. Under the conditions of Lemma 2.1, suppose that " € 1; ( [ap,bp]>. Then for any x € [a,b], the
following inequality holds:

< (xP —aP)(bP —x
= (a+1)(bP —aP

P*T (o +1) [ bP —xP xP —af

pro o] pPrx Py P
o | e —ar)e 1% f(a )+(bp_xp)“ 1% f(b )] f(xP)

") e,
) 7

bP
where ||f" |1 :J | (u)] du < oo.

af

Proof. Using Lemma 2.1 and the properties of the absolute value, we have

p*T(x+1) [ bP—xP « xP —aP
bP — aP [(Xp—ap)“ple(ap)+w
(x° — a?)(bP — x°)
(x+1)(bP —aPf) [

Plggaf(bp)] — f(xP)

1
p(xP — ap)J teptegp—lig/ (tpx" +(1 —tp)a"> ‘ dt

0

1
+ p(b° —xp)J txereie—l
0
(xP —aP)(b? —xP)
(+1)(bP —ar)

" (tpxp +(1— t")bp> ‘ dt]

1
[p(xp —a) [ w0

0

f (tpx" +(1 —tp)ap> ‘ dt

1
+ p(b? —xp)J et
0

7 (t"x" +(1— tp)bp> ‘ dt]

P —af)(b? —xP x? " b’ "
S eai e | NGRS IR

(xP — af)(bP —xP) bP (xP —aP)(bP —xP)
T (at+1)(b° —aP) Lp [t dw == e —aey I
This completes the proof. O

Theorem 2.5. Under the conditions of Lemma 2.1, suppose that " € L ([ap,bp]) with 1 < q < oco. Then for
any x € [a, b, the following inequality holds:

P*T(ec+1) [ bP—xP 0 xP —aP
bP—aP | (xP—aP)x L fla?) + (bP —xP)x

pIQ&f(bp)} — f(xP)
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Z(Xp—ap)(bp—xp)< 1 )1 y
< (a+1)(bP —ae)a \rlex+1) 7 lla-

b? ‘ 1 1
where [|f"] g = ’f”(u)‘q du| <ooand =+ = =1.
a af T q

p—1

Proof. Using Lemma 2.1, the fact that t°~! =t = t°7 and the Holder’s inequality, we have

p*T(a+1) [ bP—xP 0 xP —aP
% —av |0 —ar)® I f(af) +
(xP —aP)(b? —xP)
(a+1)(bP —ar)

Wpli‘ﬁ(bp)] — f(xP)

1
[p(xp —aP) J toxptpgp—1
0

i (tpxp +(1- tp)aF’) ‘ dt

1
+p(b° — XP)J optpgp—1
0

1
1 T
< P(Xp—ap)(bp—xp) (J tpr(oc+1)tp1dt>
0

£ (tpxp +(1— t")bp> ’ dt]

(x+1)(bP —aP)
1
X {(xp—ap) <J Pl f”(tpxp—i—(l—tp)ap)‘q dt)
0
1
P __ P p—1
+ (b? —xP) (L t

_p(xP—a?)(bP—xP) (1 \*
~ (a+1)(bP —aP) <pr(cx+1)>

X [(xp —a®) (p(xpl—ap) Lp ‘f”(u)!q du)

+ (b —x?) (Nbpl_xp) |, lrope du) }

_ (xP—aP)(bP —xP) 1 ¥
(a4 1)(bP —aP) (r(oc—i—l))

o=

=

" (t"x" +(1— tp)bp> ‘q dt)

|

x {(xp—ap)l—é OX £ (w)| du> q

pr ‘f”(u)‘q du> q ]

_ (xP — a®)(bP —xP) 1 T
(+1)(b°P —ar) <r(oc+ 1))

+ (bP — xp)l_% (

(200° = a®) 5117 ).
This completes the proof. O

Theorem 2.6. Let o,p > 0 and f : [0,00) — R be a twice differentiable function on (a®,b®) such that " €
Ly ([ap,bp]) where 0 < a < b. If [f"|9 is strongly (s, m)-convex with modulus p > 0 (in the second sense) and
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(s,m) € (0,11%, for q > 1, then for any x € [a, b], the following inequality holds:
Y g meq Y

P*T(oc+1) [ bP—xP xP —aP
I“_f P P
bP—aP |(xP—aP)x X (a )+(bp_xp)cx

_ (P —aP)(bP —x?) (1 =
(x+1)(bP —aPr) <<x+2>

I;mc(bp)} — f(xP)

q

o oy (x4
X [(xP—aP)[ ———= +mB(a+2,s+1)
x+s+2

o a? 2\ @
T (a+3)(x+4) (m_x > >

[ (xP)[
bP —xP
* * )<oc+s—|—2

H b? 2\
" (a+3)(a+4) (m"‘) ) }

where B(-, -) denotes the beta function defined by

£ a7p
m
£ E
m

q
+mB(x+2,s+1)

Qo

1
B(u,v) = J tv i 1—t)vtdt, uwv>0.
0

Proof. Using Lemma 2.1, the power mean inequality and the strong (s, m)-convexity of |f”|9, we have

p*T (o +1) [ BP—xP xP —aP
I® f(aP) 4~ &%

bP — aP (xP —ap)x X f(aP) + (b° —xp)=
(xP —aP)(bP —xP)
(ax+1)(bP —aPr)

01g+f(bp)] —f(x?)

1
[p(xp _ ap) J tocp+2p—1
0

" (t"xp +(1— tp)ap) ‘ dt

1
I
0

1—1
ol — ) —x*) ([ apizprg,)
S (et )bP — a?) <Ltp+p dt)

1
% [(Xp —a®) <J op+2p—1
0

1
oo ([
0

<p(xp—ap)(bp—xp)< 1 )15
(x+1)(bP —arf) plx+2)

f (tpx" +(1— tp)bp) ‘ dt]

al=

£ (tpxp +(1 —tp)ap) ’q dt)

f (tpxp +(1 —tp)bp) ‘ dt> q }

1 q
X [(xp—ap)(J gxp+2o—1 <ts"lf”(xp)|q +m(1—1tP)s
0

af 2 a
— utP(1—tP) (m —xp) >dt>

1
+ (b —x?) (J tet2e—l (tsp|f”(xp)|q +m(1—tP)°
0

2 1
— utP(1—tP) <2:—xp> )dt) q}

£ G'ip
m
f// E
m

q
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_p(xp—ap)(bp—xp)< 1 )13
 (a+1)(bP —aP) p(ax+2)

1
X [(xp —aP) (If”(x")lq J toeptspt20—lgy 4y
0

af 21 a
—u < —xp> J toPF2e—lyp(q tp)dt>

0

1
+ (bP —xP) <|f”(xp)|“I J toPFsP+20—lqt 4 m
0

2 01 1
—u(bp—xp> J t“p+2"_1tp(1—tp)dt>q].
m 0

The desired inequality follows from the above by noting that

f// E
m

0

1 1

q rl
1:// <ap> ‘ J t(xp+2pfl(1_tp)sdt
m 0

q (1
J toPF2e—1(1 _ ¢P)sqt

1 1
J tocp+sp+2pfl dt = J tcxp+2p71tp(1 - tp)dt —
0 0

plax+s+2)
and

1 1

J t"‘p“pl(l—tp)sdt:J PP (1 —P)StP1dt

0 0
1

= 1J w1 —u)sdu
P Jo
1

= 6B(oc+2,s+1).

This completes the proof.
Corollary 2.7. Under the conditions of Theorem 2.6,
1. if [f"]9 is s-convex, i.e., m = 1 and p = 0, then we have the inequality
Pp*T (o +1) [ bP —xP xP —af
(

PIx P
bP —qaP xP —aP)e Lo fla?) + (bP —xP)x

_ (P —a?) (P —xP) (1 =g
(x+1)(bP —ar) (oc+2>

"Ifjﬁ(bp)] —f(xP)

al=

X [(xp —aﬂ(M—i—B(oc—l—Z,s—i—l) £ (ap)‘q>

[ (x®)[4
x+s+2

1

+(bp—xp)< +B(oc+2,s+1)\f”(bp)\q>q];

2. if |[f"|9 is m-convex, i.e., s = 1 and p = 0, then we have the inequality

P*T(ec+1) [ BP—xP 0 xP —aP
bP—aP | (xP—aPf)x Lo fla?) + (bP —xP)e

_ (x° —a?)(b° —x?) ( 1 )13

plgaf(bp)] —f(x?)

(x+1)(bP —aP) o+ 2
(£ (xP)| m , (@]9 4
X[(Xp_“p)< %13 T ar2@id | <m> )

[ ()| m
x+3 (ax+2)(x+3)

)]

+ (b° —xp)<

f// E
m

ploc+3)(x+4)
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3. if [f"|9 is convex, i.e., s = m = 1 and w = 0, then we have the inequality

PpT(a+1) | bP—xP 0 xP —aPf
beP — aP (xP — aP)e Ix,f(a )+ (bP —xP)x

_ (xP—aP)(bP —xP) (1 -3
(x+1)(bP —aP) (oc+2>

) (@)t N
X[(Xp_ap)< oa+3 +(oc—i—2)(oc—i—3)>

7 (xP)|9 |67 (bP)[ H
x+3 (¢ +2)(x+3) '

PI;ﬁf(bp)] — f(x°)

+ (b® —xp)(

Theorem 2.8. Let o,p > 0 and f : [0,00) — R be a twice differentiable function on (a®,b®) such that " €
Ly ([ap,bp]> where 0 < a < b. If [f|9 is strongly (s, m)-convex with modulus w > 0 (in the second sense) and
(s,m) € (0,1%, for q > 1, then for any x € [a, b], the following inequality holds:

pT(a+1) | bP—xP 0 xP—af
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s+1 s+1

()
—— | — —x
6 \m
1

q

+ (b° —xp)<

wherel—l—l:l.
T dq

p—1

Proof. Using Lemma 2.1, the fact that t°~1 = t = t%, the Holder’s inequality and the strong (s, m)-
convexity of [f”|49, we have

p*T(a+1) [ b —xP | xP —aP
1% f(aP - -
bP — aP (Xp_ap)oc x (Cl )+(bp_xp)oc
(Xp _ Clp)(bp —Xp)
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1
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0
1
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This completes the proof. O
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Corollary 2.9. Under the conditions of Theorem 2.8,
1. if [f”]9 is s-convex, i.e, m = 1 and p = 0, then we have the inequality
p*T(oc+1) [ bP —xP xP —af

pPTx P
be —arf (xP —aP)e Lo-fla®) + (bP —xP)x

_ (xP — aP)(bP —xP) 1 )1
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« [6xe -y (0 +f“(ap)|q>5

"I,‘i&f(bp)] —f(x?)

s+1
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s+1

7

+ (b° —xp)<

2. if [f”]9 is m-convex, i.e, s = 1 and . = 0, then we have the inequality
p*T (e +1) [ bP —xP xP —af

pro p
beP — aP (xP — aP)e Ix,f(a )+ (bP —xP)x

_ (P —a?)(b° —x?) 1 ¥
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y [(Xp_ap)<|fu(xp)|q L <?:> q)é

2 2
1
b\ |9\ ¢
f// ;

()T m
3. if [f"|9 is convex, i.e, s = m = 1 and p = 0, then we have the inequality

+ (b° —xp)<

> T3

p*T(ax+1) [ bP —xP « xP —aPf
bP — ap [(xp—ap)“ple(ap)—i_(bp—xp)o‘
<(xp—ap)(bp—xp)< 1 >1
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o oy (I 0
[£/(xP)|9 + £ ()| ) 3]
7 .

pl;ﬁf(bp)] — F(xP)
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3. Conclusion

We introduced several Ostrowski-type integral inequalities using the Katugampola fractional integral
operators for functions whose second derivatives belongs to the Lebesgue L4 spaces and also for functions
whose second derivatives in absolute value at some powers are strongly (s, m)-convex, in the second
sense. Some particular cases have also been considered. Several other inequalities could be derived
from by considering different values of the parameters in our results. In particular, if we take the limits
as p — 1 and p — 07, then our results could be stated using the Riemann-Liouville and Hadamard
fractional integrals respectively. The details are left for the interested reader.
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