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Abstract
Let G be a group with identity e. Let R be a G-graded commutative ring and M a graded R-module. In this paper we will

obtain some results concerning the graded 2-absorbing and graded weakly 2-absorbing submodules of a graded modules over a
commutative graded ring.
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1. Introduction and preliminaries

Throughout this paper all rings are commutative with identity and all modules are unitary.

The concept of weakly prime ideals was initiated by Anderson and Smith in [8]. The concept of weakly
2-absorbing ideals was introduced in [14] as a generalization of the notion of weakly prime ideals. Badawi
in [13] introduced the concept of 2-absorbing ideals of commutative rings that is a generalization of the
concept of prime ideals. Later on, Anderson and Badawi in [7] generalized the concept of 2-absorbing
ideals of commutative rings to the concept of n-absorbing ideals of commutative rings for every positive
integer n > 2. In light of [7, 13] many authors studied the concept of 2-absorbing submodules and n-
absorbing submodules, (see for example, [15, 18, 24, 26, 27]).

The scope of this paper is devoted to the theory of graded modules over graded commutative rings.
One use of rings and modules with gradings is in describing certain topics in algebraic geometry. Graded
prime ideals, and graded weakly prime ideals have been studied by various authors, (see for example [5,
10, 25]). The concept of graded 2-absorbing ideals and graded weakly 2-absorbing ideals, generalizations
of graded prime ideals, and graded weakly prime ideals, respectively, were studied by Al-Zoubi and
Abu-Dawwas, and other authors, (see [2, 19]). Graded prime submodules, and graded weakly prime
submodules have been studied by various authors, (see for example [4, 6, 9, 11, 23]). The concept of
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graded 2-absorbing submodules and graded weakly 2-absorbing submodules, generalizations of graded
prime submodules, and graded weakly prime submodules, respectively, were studied by Al-Zoubi and
Abu-Dawwas in [1]. Later on, Hamoda and Ashour in [17] introduced the concept of graded n-absorbing
submodules that is a generalization of the concept of graded prime ideals.

Here, we study several results concerning of graded 2-absorbing and graded weakly 2-absorbing
submodules of graded modules over graded commutative rings.

First, we recall some basic properties of graded rings and modules which will be used in the sequel.
We refer to [16, 20-22] for these basic properties and more information on graded rings and modules.

Let G be a group with identity e and R be a commutative ring with identity 1g. Then R is a G-graded
ring if there exist additive subgroups Rg of R such that R = @ g Rg and RgRn € Rgp for all g, h € G.
The elements of Rq are called to be homogeneous of degree g where the Ry’s are additive subgroups of R
indexed by the elements g € G. If x € R, then x can be written uniquely as } ;g xg, where xg is the
component of x in Rg. Moreover, h(R) = Jyc Rg- Let I be an ideal of R. Then 1 is called a graded ideal of
(R, G)if I=@gec(IMRg). Thus, if x € I, thenx =} g xg withxg € L.

Let R be a G-graded ring and M an R-module. We say that M is a G-graded R-module (or graded R-

module) if there exists a family of subgroups {Mg},_. of M such that M = P Mg (as Abelian groups)
geG
and RgMy, € My, for all g,h € G. Here, RgM;, denotes the additive subgroup of M consisting of all

finite sums of elements rgysy with ry € Rg and sy, € My,. Also, we write h(M) = |J M4 and the elements

€G

geqG
of h(M) are called to be homogeneous. Let M = € Mg be a graded R-module and N a submodule of M.
geiG
Then N is called a graded submodule of M if N = @ N4, where Ng = NN Mg for g € G. In this case, N is
geaG

called the g-component of N. Let R be a G-graded ring, M a graded R-module, and N a graded submodule
of M. Then (N :g M) is defined as (N :;g M) = {r € RrM C N}. It is shown in [9, Lemma 2.1] that if N is
a graded submodule of M, then (N :x M) ={r € R: ™M C N} is a graded ideal of R. A proper graded
submodule P of M is said to be a graded prime submodule (Resp. graded weakly prime submodule) of M if
whenever r € h(R) and m € h(M) with rm € P (Resp. 0 # rm € P), then either r € (P :x M) or m € P
(see [9, 11]). A proper graded ideal I of R is said to be a graded 2-absorbing ideal (Resp. a graded weakly
2-absorbing ideal) of R if whenever 1,s,t € h(R) with rst € I (Resp. 0 # rst € I), thenrs € Tor rt € I or
st € I (see [2]). A proper graded submodule N of a graded R-module M is said to be a graded 2-absorbing
submodule (Resp. graded weakly 2-absorbing submodule) of M if whenever 1,s € h(R) and m € h(M) with
rsm € N (Resp. 0 #rsm € N), then rs € (N:g M) or rm € N or sm € N (see [1]).

2. Graded 2-absorbing submodules

Lemma 2.1. Let R be a G-graded ring, M a graded R-module, and N a graded 2-absorbing submodule of M. Let

I= & 14 bea graded ideal of R. Then for every v € h(R), m € h(M) and g € G with rIgm C N, either rm € N
geaqG
or [gm € Norrlg C (N:x M).

Proof. Let v € h(R), m € h(M) and g € G such that rIgm € N, rm ¢ N and rIg € (N :x M). We have to
show that Igm C N. As rIg € (N :x M), there exists ig € I4 such that rig ¢ (N :g M). Since N is a graded
2-absorbing submodule, rigm € N, rm € N and rig ¢ (N ;g M), we have igm € N. Now, let i/g € ly.
By ig + 1y € Ig it follows that T(ig +1iy)m € N. Then either (ig +1iy)m € N or r(ig +1;) € (N :x M)
as N is a graded 2-absorbing submodule. If (i4 —i—i’g)m € N, then we get i’gm € N since igm € N. If
T(ig +1y) € (N :x M), then we get riy ¢ (N ;g M) since ig ¢ (N :x M), but rigm € N, so iym € N since
N is a graded 2-absorbing submodule, rm ¢ N and ri’g ¢ (N :g M). Hence Igm C N. O

Theorem 2.2. Let R be a G-graded ring, M a graded R-module, and N a graded 2-absorbing submodule of M. Let

I= @ 1y and ] = @ Jg4 be a graded ideals of R. Then for every m € h(M) and g, h € G with IgJym C N,
gei geag

either Igm C N or Jym C Nor IgJy, € (N :x M).
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Proof. Let m € h(M) and g,h € G such that IgJym C N, Igm € N and J,m ¢ N. We have to show
that I4Jp C (N ;g M). Let ig € Iy and jn € Jn. As Igm ¢ N and Jpym ¢ N, there exist iy € Iy and
jt, € Jn such that i’gm ¢ N and jj m ¢ N. Since i/g]hm CN, i’gm ¢ Nand Jam ¢ N, by Lemma 2.1, we
get i’g]h C (N :g M). Also since jIgm C N, jim ¢ N and Igm ¢ N, we get jjIg € (N :g M), which
implies (Ig\(N :x m))Jn € (N :x M) and (Ju\(N :x m))Ig C (N :x M). Hence we have igj; € (N :x M),
igjn € (N :x M) and igj;, € (N ;g M). By (ig+ i) € Ig and (jn+ j3,) € Jn it follows that (ig + 1) (jn+
jn)m € N. Since N is a graded 2-absorbing submodule, we get either (ig + ig)m e Nor (jn+jp)me Nor
(ig +1g)(ntin) € (N:r M). If (ig +1g)m € N, then igm ¢ N since iym ¢ N, so iy € Ig\(N :zx m). Hence
igjh € (N :x M). Similarly, if (jn+ jj,)m € N, then jym ¢ N since j; m ¢ N, therefore j, € Jn\(N :x m).
Hence igjn € (N iz M). If (ig +1,)(jn+ j1) € (N i M), ie, igjn +igj}, +igint igjy, € (N :x M), then
igjh € (N 'k M) since ig]‘%, i/gjh/ 1/9]1'1 € (N :g M). Thus Ig]h C (N:}x M). ]

Theorem 2.3. Let R be a G-graded ring, M a graded R-module, and N be a proper graded submodule of M. Let

I= @ Iy and ] = @ Jq be graded ideals of Rand U = @ Ug be a graded submodule of M. Then the following
geag geaq geG
statements are equivalent:

(i) N is a graded 2-absorbing submodule of M;
(ii) for every g,h, A € G with Ig]Jn Uy € N, either IgUy € Nor JpUx € Nor IgJn € (N:x M).

Proof.

(i)=(ii) Assume that N is a graded 2-absorbing submodule of M. Let g,h,A € G such that I4];, Uy € N
and IgJh € (N :x M). By Theorem 2.2 for all uy € U, we have either Iguy C N or Jyuy, € N. If
Iqun © N for all uy € Uy, then IgUy € N. Similarly, if Jux € N for all uy € U,, then JU) C N.
Assume that there exist uy, uj € Uy, such that Iquy € N and Jpuy € N. Since IgJpun € N, Iguy € N
and IgJn € (N :x M), by Theorem 2.2, we get Jouy C N. Also since IgJhuj C N, Jpuj ¢ N and
IgJh € (N g M), we get Igul € N. By u, +uj € U, it follows that IgJn (ux + 1)) € N. By Theorem 2.2,
we get either Ig(ux +u}) € N or Ju(ux +ujy) € N If Ig(up +uh) € N, then Igup € N since Iguj € N
which is a contradiction. Similarly if Jy, (uy +uj) € N, then Jyu} C N since Joup € N, a contradiction.
Therefore either IgU) € N or JpU) € N.

(ii)=-(i) Assume that (ii) holds. Let r4, sy, € h(R) and m) € h(M) such that rgsy,m) € N. Let I = r4R and
J = shR be graded ideals of R generated by 1, sy, respectively and U, = mxR be a graded submodule
of M generated by mj. Then Ij],U)x € N. By our assumption we obtain IgU, € N or JpUx € N or
IgJn € (N :g M). Hence rgmy € N or spmy € Nor rgsy, € (N :g M). Therefore N is a graded 2-absorbing
submodule of M. O

3. Graded weakly 2-absorbing submodules

Let N be a graded submodule of M and let g € G. We say that N4 is a weakly g-2-absorbing
submodule of Re-module Mg, if Ng # Mg; and whenever 1,5 € Re and m € Mgy with 0 # rsm € N,
then either rs € (Ng :x, Mg) or rm € Ng or sm € Ny (see [1]).

Lemma 3.1. Let R be a G-graded ring, M a graded R-module and N a graded weakly 2-absorbing submodule of
M, and g € G. If reseU € Ng and 0 # 2reseU for some ve,se € Re and some submodule U of Mg, then either
TeSe € (Ng iR, Mg) or teU € Ng or seU € Ng.

Proof. By [1, Lemma 3.2], N is a weakly g-2-absorbing R.-submodule of M4 for every g € G. Assume that
TeseU € Ng, 0 # 2reseU and 1ese & (Ng :x, Mg) for some t¢, se € Re and some submodule U of M 4. We
have to show that U C (Ng4 ‘Mg Te) U(Ng Mg Se). Letug € U C M. If 0 # reseuy, then either reug € Nyg
or sely € Ng since Ng is a weakly g-2-absorbing Re-submodule of Mg and rese & (Ng g, Mg). So
Ug € (Ng :m, Te) U (Ng :m, se). Suppose that Teseug = 0. Since 0 # 2resel, there exists u’g e U< My
such that 0 # 2rescuy, hence 0 # Teseuy € Ng. Since Ng is a weakly g-2-absorbing Re-submodule of Mg,
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we have either reuy € Ng or seuy € Ng. Let vg = ug +1uy. Hence 0 # 1esevg € Ng. Then revg € Ng or
sevg € Ng as Ny is a weakly g-2-absorbing Re-submodule of My. Now, we consider three cases.

Case 1: reu/g € Ng and seu/g & Ng. On the contrary let reug ¢ Ng. Then revg ¢ Ng and hence sevg € Ng.
This yields that Te(vg +uy) & Ng and se(vg +uy) € Ng. S0 0 = Tese(vg +uy) = 2reseuy since Ng is a
weakly g-2-absorbing submodule and rese € (Ng :r, Mg), which is a contradiction. Thus reug € Ng.

Case 2: Teu/g Z Ng and seu’g € Ng. The proof is similar to that of Case 1.

Case 3: reu’g € Ng and seu’g € Ny. Since revg € Ng or sevg € Ng, we get Teug € Ng or seug € Ng. Thus
Ug € (Ng:m, Te) U(Ng im, se)- O

Theorem 3.2. Let R be a G-graded ring, M a graded R-module, and N a graded weakly 2-absorbing submodule of
Mand g € G. If reIU C Ng and 0 # 4r.IU for some ve € Re, 1ideal of Re and some submodule U of Mg, then
either eI C (Ng :r, Mg) or U C Ng or IU C Ng.

Proof. By [1, Lemma 3.2], Ny is a weakly g-2-absorbing R.-submodule of My for every g € G. Assume
that reIU C Ng, 0 # 4reIU, reI € (Ng :r, Mg) and reU € Ny for some re € Re, I ideal of Re and some
submodule U of My. We have to show that IU C Ng. By [3, Lemma 2.15], there exists s, € I such that
0 # 2reseU +21eseU and 1ese & (Ng g, Mg). Hence 0 # 2reseU and 1eseU € Ng. Thus seU € Ng by
Lemma 3.1. Let i € I. Assume that 0 # 2reieU. Since reielU € Ng and reU ¢ Ng, by Lemma 3.1, we
have either reie € (Ng :g, Mg) or icU C Ng. Thus i € ((Ng :r, Mg) g, Te) U(Ng g, U). Now, let
2reicU = 0. This yields that 0 # 2reseU = 27¢(se +1e)U and 1e(se +1ie)U € Ng. It follows that either
(se +1ie)U C Ng or te(se +1ie) € (Ng :r, Mg) by Lemma 3.1. If (se +1ie)U € Ny, then since seU C Ny,
we get ieU C Ng. Let te(se +1ie) € (Ng :r, Mg) and (se +1ie)U € Ng. Then (se +ie +se)U € Ny since
sell € Ng. As tese € (Ng :r, Mg) and 1e(se +1ie) € (Ng g, My), then 1e(se +1ie +5se) € (Ng iR, Mg).
Since 2re(se +ie +5e)U =4reseU # 0and re(se +ie +5e)U € Ng, by Lemma 3.1, we get U C Ny, which
is a contradiction. Hence (se +1e)U € Ng and so iU € Ng. Thus I C ((Ng :r, Mg) R, Te) U (Ng g, U).
This yields that IU C Ng since el € (Ng :r, Mg). O

Let R; be a graded commutative ring with identity and M; be a graded Ri-module for i = 1,2. Let
R = R; x Rp. Then M = M; x M5 is a graded R-module and each graded submodule of M is of the form
N = N; x Nj for some graded submodules N; of M; and N of M.

Theorem 3.3. Let R = Ry x Ry be a G-graded ring and M = M; x My be a graded R-module where M; is a
graded Ry-module and My is a graded Ro-module. Let Ny be a proper graded submodule of M. Then the following
statements are equivalent:

(i) Ni is a graded 2-absorbing of My;

(if) Ny x My is a graded 2-absorbing submodule of M;
(iif) N1 x My is a graded weakly 2-absorbing submodule of M.

Proof.

()=(ii) Assume that (r1,12)(s1,82)(m1, Mp) = (r1s1mMy, T282mM2) € Ny x My, where 11,81 € h(R1),12,8 €
h(R2), m; € h(Mj), my € h(My). Then r1s;my € Nj. Since N is a graded 2-absorbing of M, we get either
1My € Nj or symy € Nj or 181 € (Nl 'Ry Ml). If r1m; € Nj, then (T'l,Tz)(ml,mz) = (Tlml,T‘zmz) € Nj x
M,. Similarly, if symy; € Ny, then (s1,s2)(my, m2) = (s1my, som2) € Ni x My. Again, if 1181 € (Ng 1z, My),
then (rq,12)(s1,52) = (r151,m282) € (N1 X M3 :g M). Thus N x My is a graded 2-absorbing submodule of
M.

(ii)=-(iii) It is obvious.

(iii)=-(i) Let rysgymy € Nj for r1,s1 € h(R1) and my; € h(My). Then for each 0 = my € h(M;), we have
(0,0) # (r1,1)(s1,1)(my, mp) = (r1s1my, M) € Ny x My. Since Ny x My is a graded weakly 2-absorbing
submodule of M, we get either (r1,1)(my, ma) = (rymy, m2) € Ny x My or (s1,1)(my, mp) = (symy, mp) €
Ny x My or (r1,1)(s1,1) = (r181,1) € (N7 x M5 :g M). It follows that either rym; € Ny or symy € Nj or
T1S1 € (Nl 'Ry Ml). O
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Theorem 3.4. Let R = Ry x Ry be a G-graded ring and M = My x My be a graded R-module where M; is a
nonzero graded Ri-module and My is a nonzero graded Ry-module. Let Ny and Ny be proper graded submodules of
M and My, respectively.

(i) If N =Ny x Ny is a graded weakly 2-absorbing submodule of M, then Ny is a graded weakly prime submodule
of My; moreover, if 0 # Ny, then Ny is a graded classical prime submodule of M.

(i) If N = Ny x Ny is a graded weakly 2-absorbing submodule of M and (Ny :x, M1)My # 0, then Ny is a
graded prime submodule of M.

Proof.

(i) Assume that N = Nj x N is a graded weakly 2-absorbing submodule of M. We show that N is a
graded weakly prime submodule of M;. Since Ny # My, there exists m, € h(M;)\N2. Let 0 # rmy € Ny
for r € h(Ry) and m; € h(My). Then (0,0) # (r,1)(1,0)(mq,mp) = (rm1,0) € N = Nj x N»p. Since
N = Nj x Ny is a graded weakly 2-absorbing submodule of M and m; ¢ N, either (r,1)(1,0) = (r,0) €
(N ;g M) = (Ny Ry My) x (N Ry M) or (1,0)(mq,mp) = (mqy,0) € N = N;j x Njy. Hence either
my; € Ny or r € (Ny ;g My) which shows that N; is a graded weakly prime submodule of M;. Now
assume that 0 £ N, and let rsm; € Ny for r, s € h(Ry) and m; € h(Mq). Let 0 # np, € Ny Nh(My).
Then (0,0) # (r,1)(s,1)(my,n2) = (rsmy,n2) € N = Ny x Np. Since N = Nj x Ny is a graded weakly
2-absorbing submodule of M and 1 ¢ (Nj :x M3), we get either (r,1)(my,n2) = (rmy,n2) € N =N; x Np
or (s,1)(my,n2) = (smy,nz) € N = Ny x Ny. Hence, either rm; € Nj or smy € Nj. Therefore Ny is a
graded classical prime submodule of M;.

(ii) Assume that N = N; x N, is a graded weakly 2-absorbing submodule of M and (Nj :x, M1)M; # 0.
Let rmp; € Ny for r € h(Ry) and mp € h(Myp). If (Ng g, Mj)m; = 0 for each m;y € M;\Nj, then
(M1\N7) C (0 My (N1 Ry M1)). Thus M; = Ny U (M;\N7) € N7 U (0 My (N1 Ry M17)) and since
M; € Ny, we get My C (0 :m (N7 g, My)) by [12, Lemma 2.2]. Hence (Nj :g, M1)M; = 0, which is a
contradiction. Thus there exist t € (Ny :x, M1) Nh(Rq) and my € h(M)\N; with tm; # 0. Then (0,0) #
(t,1)(1,7) (my, mp) = (tmy,Tmy) € N = N; x No. Since N = Nj x N is a graded weakly 2-absorbing
submodule of M and m; ¢ Ny, we get (t,1)(1,7) = (t,v) € (N :x M) = (N z, M1) x (N3 g, M) or
(t,1)(my, my) = (tmy, my) € N. It follows that either r € (N3 :g, M) or my € Nj. Therefore N, is a graded
prime submodule of M. O

Theorem 3.5. Let R = Ry x Ry be a G-graded ring and M = My x My be a graded R-module where M; is a
nonzero graded Ri-module and My is a nonzero graded Ry-module. Let 0 # Ny be a proper graded submodule of
M and (Nq :x, My)My # 0. Then the graded submodule Ny x 0 is a graded weakly 2-absorbing submodule of M4
if and only if N1 is a graded weakly prime submodule of My and 0 is a graded prime submodule of M.

Proof.
(=) By Theorem 3.4.

(<) Assume that (0,0) # (11, 12)(s1, 82) (M1, My) = (r181mMy, r2spmy) € N1 x 0, where 11,51 € h(Rq), 12,82 €
h(Rz2), m; € h(M;), my € h(M3;). Then 0 # r1symy; € Nj and mspymy = 0. Since Nj is a graded weakly
prime submodule of My, we get either r; € (N; :g, Mj) or sy € (Ng :g, M) or my € Nj. Since 0is a graded
prime submodule of M; and r250m; = 0, we get either 1, € (0 :g, M2) or s; € (0:g, M2) or mp =0. Itis
easy to see that in any of the above cases (11,12)(s1,82) € (N1 x0:x M) or (r1,12)(my, m2) € Ny x 0 or
(s1,82) (mg, my) € Ny x 0. Thus N; x 0 is a graded weakly 2-absorbing submodule of M. d
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