
Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 12 (2019), 120–123

Research Article

ISSN: 2008-1898

Journal Homepage: www.isr-publications.com/jnsa

Weak mixing in general semiflows implies multi-sensitivity,
but not thick sensitivity

Alica Miller

Department of Mathematics, University of Louisville, USA.

Abstract
It was proved by Wang et al. [Wang, J. Yin, Q. Yan, J. Nonlinear Sci. Appl., 9 (2016), 989–997] that any weakly mixing

semiflow on a compact metric space, whose all transition maps are surjective, is thickly sensitive. We consider what happens if
we do not have the assumptions of compactness and surjectivity. We prove that even in that case any weakly mixing semiflow is
multi-sensitive, and that, however, it does not have to be thickly sensitive.
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1. Introduction

Research on relations between the mixing properties and sensitivity in semiflows has a long history.
We will mention some recent papers. In 2004 it was proved in [2] by He et al. that weak mixing implies
sensitivity in the context of Ergodic Theory. In 2006 it was proved in [4] by Lardjane that strong mixing
implies sensitivity for topological semiflows. In 2007 in [7] Moothathu introduced the notion of multi-
sensitivity for semiflows and mentioned that (1) every weakly mixing compact cascade is multi-sensitive
and that (2) every multi-sensitive compact cascade is thickly sensitive. Note that in compact cascades
every transition map is surjective. Indeed, if (X, f) is a compact cascade, then f is surjective, otherwise
nothing from X would be mapped to the open set X \ f(X) by any transition map. In 2016 it was proved
in [8] by Wang et al. that any semiflow on a compact metric space (with an arbitrary acting topological
monoid) whose every transition map is surjective is thickly sensitive, thus generalizing Moothathu’s
comments. In this paper we consider what happens if we do not have the assumptions of compactness of
the phase space and surjectivity of the transition maps. We prove that the semiflow is still multi-sensitive
(Theorem 2.3 below) and that, however, it does not have to be thickly sensitive (Theorem 2.4 below). We
thus generalized Moothathu’s first comment to the case of general semiflows and showed that his second
comment does not hold in general semiflows. Let us also mention that multi-sensitivity for continuous
semiflows was discussed in [5].
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We now give some definitions. In this paper T will always denote a noncompact abelian topological
monoid, written additively, whose identity element is 0. For example: (N0,+), where N0 = {0, 1, 2, . . .},
(N2

0,+), (Z,+), (R+,+), where R+ = [0,∞), (R2
+,+), (R,+), etc..

A subset A of T is called thick if for every compact subset K of T there is a t ∈ T such that t+K ⊆ A.
If (X,d) is a metric space, x ∈ X and r > 0, the open ball with center x and radius r is denoted by B(x, r).

It consist of all points y ∈ X such that d(x,y) < r. The closed ball with center x and radius r is denoted by
B−(x, r). It consist of all points y ∈ X such that d(x,y) 6 r. It is a closed subset of X.

A jointly continuous monoid action π : T × X → X of a topological monoid T on a metric space (X,d)
is called a semiflow and denoted by (T ,X,π) or by (T ,X). The element π(t, x) will be denoted by t.x or tx,
so that the defining conditions for a monoid action have the form

s.(t.x) = (s+ t).x, 0.x = x,

for any s, t ∈ T and x ∈ X. The maps πt : X → X, x 7→ tx are called the transition maps. For any x ∈ X the
set Tx = {tx | t ∈ T } is called the orbit of x. The metric space X is called the phase space.

An N0-semiflow (N0,X,π) is called a cascade. It is completely determined by the transition map f := π1
since πn = fn for every n ∈ N0. It is also denoted by (X, f). For a similar reason the Z-flows are called
cascades.

For any two open sets U,V of the phase space X in a semiflow (T ,X) we denote D(U,V) = {t ∈
T | tU∩ V 6= ∅}.

A semiflow (T ,X) is called topologically transitive if for any nonempty open subsets U,V of X there is
a t ∈ T such that tU ∩ V 6= ∅. A semiflow (T ,X) is called weakly mixing (WM) if for any four nonempty
open subsets U1,V1,U2,V2 of X there is a t ∈ T such that tU1 ∩V1 6= ∅ and tU2 ∩V2 6= ∅. A semiflow (T ,X)
is called strongly mixing if for any two nonempty open subsets U,V of X there is a compact subset K of T
such that for every t ∈ T \ K, tU ∩ V 6= ∅. Every strongly mixing semiflow is weakly mixing. A semiflow
(T ,X) is called sensitive if there is a number c > 0 (called a sensitivity constant) such that for any nonempty
open set U ⊂ X there are two points x,y ∈ U and t ∈ T with d(tx, ty) > c.

The paper is self-contained, i.e., all the notions used in the paper are defined in it. The reader can also
consult the papers [3, 6] for additional information.

2. Sensitivity of general weakly mixing semiflows

The following lemma is well-known, but there is no good reference for the proof for general semiflows.
Our proof is similar to the proof in [1].

Lemma 2.1. Let (T ,X) be a weakly mixing semiflow and U1, . . . ,Un,V1, . . . ,Vn nonempty open subsets of X
(n > 1). Then there is a t ∈ T such that tUi ∩ Vi 6= ∅ for all i = 1, . . . ,n.

Proof. The proof is by induction on n. This is clearly true for n = 1 and n = 2 by the definition of
weak mixing. Suppose the statement is true for n > 2 pairs od sets. Consider n+ 1 pairs of sets Ui,Vi,
I = 1, 2, . . . ,n+ 1. Let

t ∈ D(U1,V1)∩D(U2,V2)

and
s ∈ D(U1 ∩ t−1V1,U2 ∩ t−1V2)∩D(U3,V3)∩ · · · ∩D(Un+1,Vn+1).

Then (U1 ∩ t−1V1) ∩ s−1(U2 ∩ t−1V2) 6= ∅, hence s ∈ D(U1,V1) ∩ D(U2,V2). Hence s ∈ D(U1,V1) ∩
D(U2,V2)∩ · · · ∩D(Un+1,Vn+1).

Definition 2.2. A semiflow (T ,X) is multi-sensitive if there is a real number c > 0 such that for any integer
m > 1 and any nonempty open subsets U1,U2, . . . ,Um of X there is a t ∈ T with the following property:
for every i ∈ {1, 2, . . . ,m} there are xi and yi in Ui such that d(txi, tyi) > c.
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It is important to mention that in the next theorem we do not assume neither that X is compact nor
that the transition maps have dense images.

Theorem 2.3. Every weakly mixing semiflow on a metric space consisting of more than one point is multi-sensitive.

Proof. Let ∆ = diam(X) > 0. Then for any ball B(x,∆/3), x ∈ X, we have X \B(x,∆/3) 6= ∅. We will
show that (T ,X) is multi-sensitive with sensitivity constant c = ∆/12. Let m > 1 be an integer and let
U1,U2, . . . ,Um be nonempty open subsets of X. Let xi ∈ Ui (i = 1, 2, . . . ,m). For each i = 1, 2, . . . ,m let
Bi = B(xi, ri), where ri < ∆/12 is such that Bi ⊆ Ui. Let also C−

i = B−(xi,∆/6). Then each Vi = X \C−
i

is a nonempty open subset of X. Note that for any a ∈ Bi and b ∈ Vi,

d(a,b) > d(b, xi) − d(a, xi) > ∆/6 − ∆/12 = ∆/12.

By Lemma 2.1 there is a t ∈ T such that the following 2m relations hold all at the same time:

tBi ∩Bi 6= ∅ for i = 1, 2, . . . ,m, tBi ∩ Vi 6= ∅ for i = 1, 2, . . . ,m.

Let yi, zi ∈ Bi ⊆ Ui (i = 1, 2, . . . ,m) be such that

tyi ∈ Bi for i = 1, 2, . . . ,m, tzi ∈ Vi for i = 1, 2, . . . ,m.

Then (as we noticed earlier for any points a,b) d(tyi, tzi) > ∆/12 (i = 1, 2, . . . ,m). The theorem is
proved.

The following is Theorem 4.11 from [8].

Theorem 2.4 ([8]). Let (T ,X) be a semiflow on a compact metric space X whose all transition maps are surjective.
If (T ,X) is weakly mixing, then it is thickly sensitive.

We consider what happens if we do not have the assumptions that X is compact and all transition
maps surjective. By our previous theorem we know that (T ,X) is still multi-sensitive, however, in the next
theorem we show that we cannot reach the conclusion that (T ,X) has to be thickly sensitive, like in the
theorem of Wang et al.. So the assumptions that they have in their theorem are essential.

Theorem 2.5. There exists a weakly mixing semiflow which is not thickly sensitive.

Proof. Let T be a one-dimensional torus R/Z, i.e., T = [0, 1) with the metric d(x,y) = min{|x− y|, 1 −
|x− y|}. Define a continuous function f : T → T by f(x) = 2x (mod 1) for every x ∈ T. A point x ∈ T

in the cascade (T, f) is said to be eventually fixed if there is an n > 0 such that fn(x) = 0. The set of all
eventually fixed points is X = {k/2n | k,n > 0 integers,k < 2n}, which is a dense subset of T. Note
that f(X) ⊆ X, so that we can consider the restricted semiflow (X, f). Each point in this semiflow has a
finite orbit whose last term is 0. The point 0 is the only fixed point. We now show that (X, f) is weakly
mixing. Let U1 = {x ∈ X | a1 < x < b1}, V1 = {x ∈ X | c1 < x < d1}, U2 = {x ∈ X | a2 < x < b2}, and
V2 = {x ∈ X | c2 < x < d2} be four open subsets of X, where a1,b1, c1,d1,a2,b2, c2,d2 are real numbers
from [0, 1). Let x0 = k/2m be an element of V1 with k an odd number. Then

X1 := f−1(x0) = {
k

2m+1 ,
k

2m+1 +
1
2
} = {x1,0 =

k

2m+1 , x1,1 =
k+ 2m

2m+1 }.

The distance between the two elements of X1 is 1/21. Now

X2 := f−1(X1) = {
k

2m+2 ,
k

2m+2 +
1
4

,
k

2m+2 +
2
4

,
k

2m+2 +
3
4
}

= {x2,0 =
k

2m+2 , x2,1 =
k+ 2m

2m+2 , x2,2 =
k+ 2 · 2m

2m+2 , x2,3 =
k+ 3 · 2m

2m+2 }.
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The distance between the neighboring elements of X2 is
1
22 , including the distance between x2,0 and x2,3.

The sets X3 := f−1(X2), X4 := f−1(X3), . . . have analogous properties. If r1 ∈N is such that b1 − a1 >
1

2r1
,

then for any r > r1 an element xr,i of Xr is in U1. Hence fr(xr,i) = x0, so that fr(U1)∩ V1 6= ∅.
Let now y0 = l/2n be an element of V2 with l an odd number. In the same way as before we form

for y0 the sets Y1, Y2, . . . (analogous to the sets X1,X2, . . . for x0). We conclude that if r2 ∈ N is such

that b2 − a2 >
1

2r2
, then for any r > r2 an element yr,j of Yr is in U2. Hence fr(yr,j) = y0, so that

fr(U2) ∩ V2 6= ∅. Taking r > max{r1, r2} we have both fr(U1) ∩ V1 6= ∅ and fr(U2) ∩ V2 6= ∅, so that we can
conclude that (X, f) is weakly mixing.

Let now T1 = {0, 1} be a discrete monoid with the operation 0 + 0 = 0, 1 + 0 = 0 + 1 = 1 + 1 = 1. Let
T = N0 × T1 = {(n, t) | n ∈ N0, t ∈ T1} be the product monoid of the discrete monoids N0 and T1 (with
componentwise addition). Define a monoid action of T on X by

(n, t) . x =

{
fn(x), if t = 0,
0, if t = 1.

It is easy to verify that this is indeed a monoid action. All transition maps are clearly continuous, so we
have a topological semi-flow (T ,X). This semiflow is weakly mixing since (X, f) is weakly mixing. Note
that none of the transition maps x→ (n.1) . x from X to X (n ∈N0) has a dense image as they map all the
points of X to 0.

We now show that (T ,X) is not thickly sensitive. Let U be any open set in X and let c be any positive
number. The set D(U, c) does not contain any translate (n, t) +K of the compact K = {(0, 1)}, i.e., D(U, c)
does not contain any element (n, 1) ∈ T . Indeed, for any two points x,y ∈ Uwe have (n, 1) . x = (n, 1) .y =
0 < c. Thus D(U, c) is not thick.

3. Conclusion

We considered a weakly mixing semiflow whose phase space is not necessarily compact and whose
transition maps do not necessarily have dense images. We proved that the semiflow is still multi-sensitive
(Theorem 2.3 above) and that, however, it does not have to be thickly sensitive (Theorem 2.3 above) like in
the case when we have those assumptions. It would be interesting to investigate the case when the phase
space is not necessarily compact, but the transition maps do have dense images.
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