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Abstract
In this paper, we introduce and study an Ishikawa-like iterative algorithm to approximate a common solution of a split

common null point problem and a fixed point problem of asymptotically pseudo-contractive mappings in the intermediate sense
on unbounded domains. We prove that the sequence generated by the iterative scheme strongly converges to a common solution
of the above-said problems. The method in this paper is novel and different from those given in many other papers. The results
are the extension and improvement of the recent results in the literature.
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1. Introduction

Let H be a real Hilbert space, C a nonempty closed convex subset of H, T : C→ C a self-mapping of C
and Fix(T) := {x ∈ C : Tx = x}.

Recall that a mapping T is said to be an asymptotically k-strict pseudo-contraction [10], if there exist
a constant k ∈ [0, 1) and a sequence {kn} ⊂ [1,+∞) with kn → 1 as n→∞ such that

‖Tnx− Tny‖2 6 kn ‖x− y‖2 + k ‖(I− Tn)x− (I− Tn)y‖2 , ∀n > 1, x,y ∈ C.

Recall that T is said to be an asymptotically k-strict pseudo-contraction in the intermediate sense [18], if

lim sup
n→∞ sup

x,y∈C
{‖Tnx− Tny‖2 − kn ‖x− y‖2 − k ‖(I− Tn)x− (I− Tn)y‖2

} 6 0, (1.1)

where k ∈ [0, 1) and kn ∈ [1,∞) such that kn → 1 as n→∞. Put

τn = max{ sup
x,y∈C

(‖Tnx− Tny‖2 − kn ‖x− y‖2 − k ‖(I− Tn)x− (I− Tn)y‖2), 0}.
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It follows that τn → 0 as n→∞. Then, (1.1) is reduced to the following:

‖Tnx− Tny‖2 6 kn ‖x− y‖2 + k ‖(I− Tn)x− (I− Tn)y‖2 + τn, ∀n > 1, x,y ∈ C. (1.2)

A mapping T is said to be an asymptotically pseudo-contraction [19], if there exists a sequence {kn} ⊂
[1,+∞) with kn → 1 as n→∞ such that

〈Tnx− Tny, x− y〉 6 kn ‖x− y‖2 , ∀n > 1, x,y ∈ C.

Recall that T is said to be an asymptotically pseudo-contraction in the intermediate sense [16], if

lim sup
n→∞ sup

x,y∈C
{〈Tnx− Tny, x− y〉− kn ‖x− y‖2

} 6 0, (1.3)

where kn ∈ [1,∞) such that kn → 1 as n→∞. Put

vn = max{ sup
x,y∈C

(〈Tnx− Tny, x− y〉− kn ‖x− y‖2), 0}.

It follows that vn → 0 as n→∞. Then, (1.3) is reduced to the following:

〈Tnx− Tny, x− y〉 6 kn ‖x− y‖2 + vn, ∀n > 1, x,y ∈ C. (1.4)

In real Hilbert spaces, we see that (1.4) is equivalent to

‖Tnx− Tny‖2 6 (2kn − 1) ‖x− y‖2 + ‖(I− Tn)x− (I− Tn)y‖2 + 2vn, ∀n > 1, x,y ∈ C. (1.5)

Remark 1.1. From above definitions, we find that

• an asymptotically k-strict pseudocontraction is a uniformly L-Lipschitz mapping with

L =
k+
√

1+(sup{kn}−1)(1−k)
1−k ; see [9].

• if T is an asymptotically k-strict pseudocontraction in the intermediate sense, then it is an asymp-
totically pseudocontractive mapping in the intermediate sense but the converse does not hold such
as in the following example.

Example 1.2 ([7]). Let H = R and C = [0, 1]. For all x ∈ C, define T : C→ C by

Tx = (1 −
√
x)2.

Then T is an asymptotically pseudocontractive mapping in the intermediate sense but not an asymptoti-
cally k-strict pseudocontraction in the intermediate sense.

Recall that T is said to be uniformly asymptotically regular [27], if for any ε > 0, there exists an integer
N > 1 such that ∥∥Tn+1x− Tnx

∥∥2
6 ε, ∀n > N, x ∈ C. (1.6)

Clearly, (1.6) is equivalent to the following

lim
n→∞ sup

x∈C
{
∥∥Tn+1x− Tnx

∥∥} = 0.

A mapping T is said to be uniformly L-Lipschitz [27], if there exists some L > 0 such that

‖Tnx− Tny‖ 6 L ‖x− y‖ , ∀n > 1, x,y ∈ C.

Recall that T is said to be firmly nonexpansive if

‖Tx− Ty‖2 6 〈Tx− Ty, x− y〉, ∀x,y ∈ C.



Y. Song, X. Chen, J. Nonlinear Sci. Appl., 12 (2019), 86–101 88

It is easily found that T is firmly nonexpansive if and only if T = 1
2(I+V) for some nonexpansive mapping

V ; hence a firmly nonexpansive mapping must be nonexpansive.
The class of asymptotically pseudo-contractive mappings in the intermediate sense was introduced by

Qin et al. [16]. We know that the class of asymptotically pseudo-contractive mappings in the intermediate
sense contains properly the class of asymptotic pseudo-contractions as a subclass. To compute the fixed
point of asymptotically pseudo-contractive mappings in the intermediate sense, Qin et al. [16] demon-
strated the hybrid methods on bounded domains. But his methods cannot be applied to the case when
domains are unbounded.

Motivated by Qin et al. [16], Ge [7] introduced and studied certain new hybrid algorithm with variable
coefficients for asymptotically pseudo-contractive mappings in the intermediate sense on unbounded
domains in real Hilbert spaces. However, we find that the sequence generated by the algorithm in [7] is
difficult to compute because it involves projecting x0 onto the intersection of closed convex sets Cn and
Qn for each n > 1.

Recently, Zegeye et al. [26] studied the convergence for the class of asymptotically pseudocontractive
mappings in the intermediate sense without using the hybrid method adopted by Qin et al. [16] and Ge
[7]. They presented the following algorithm{

yn = (1 −βn)xn +βnT
nxn,

xn+1 = (1 −αn)xn +αnT
nyn, n > 1,

where T : C → C is uniformly L-Lipschitz and asymptotically pseudo-contractive in the intermediate
sense with sequences {kn} ⊂ [1,∞) and {vn} ⊂ [0,∞) as defined in (1.4). They also proved a strong
convergence theorem under assumption that the interior of Fix(T) is nonempty. But we observe that the
assumption that the interior of Fix(T) is nonempty is also a severe restriction. It is trivial to see the fact
from Example 1.3.

Example 1.3 ([7]). Let H = R and C = [1, 9]. For all x ∈ C, define T : C→ C by

Tx = (4 −
√
x)2.

Then T is a uniformly L-Lipschitz mapping and asymptotically pseudo-contractive mapping in the inter-
mediate sense. It is easy to see that Fix(T) = 4 and the interior of Fix(T) is empty.

On the other hand, Takahashi and Yao [22] considered the following split common null point problem
in Banach spaces: Given set-valued mappings A : H→ 2H, B : E→ 2E

∗
, respectively, and bounded linear

operator T : H→ E, the split common null point problem [22] is to find a point z ∈ H such that

z ∈ A−10
⋂
T−1(B−10) 6= ∅,

where A−10 and B−10 are null point sets of A and B, respectively. In order to find a solution of the
split common null point problem in Banach spaces, they also introduced the following hybrid method in
mathematical programming: 

zn = Jλn(xn − λnT
∗JE(Txn −QµnTxn)),

yn = αnzn + (1 −αn)xn,
Cn = {z ∈ H : ‖yn − u‖ 6 ‖xn − u‖ ,
Qn = {z ∈ H : 〈xn − z, x1 − xn〉 > 0},
xn+1 = PCn

⋂
Qnx1, ∀n ∈N.

Then they obtained a strong convergence theorem under some mild restrictions on the parameters.
Motivated and inspired by Takahashi and Yao [22], Qin et al. [16], Ge [7], Zegeye et al. [26] and

Olaleru and Okeke [14], we suggest and analyze a new iterative algorithm for finding a common solution
to the split common null point problem and the fixed point problem of asymptotically pseudo-contractive
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mappings in the intermediate sense. We prove the convergence of the proposed algorithm without using
hybrid method. Also the assumption that the interior of Fix(T) is empty is not required. Our results
improve essentially the corresponding results in [7, 14, 16, 22, 26]. Further, some other results are also
improved; see [5, 6, 8, 13, 15, 17–19, 24, 25].

2. Preliminaries

Throughout this paper, we denote E the real Banach space, E∗ the dual of E, I the identity mapping
on E, H the real Hilbert space, R the set of real numbers, and N the set of nonnegative integers. The ex-
pressions xn → x and xn ⇀ x denote the strong and weak convergence of the sequence {xn}, respectively.
The (normalized) duality mapping of E is denoted by J, that is,

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 , ‖x∗‖ = ‖x‖}

for all x ∈ E, where 〈·, ·〉 denotes the generalized duality pairing between E and E∗. If E is a Hilbert space,
then J = I, where I is the identity mapping on H.

The norm of a Banach space E is said to be Gâteaux differentiable if the limit

lim
t→0

‖x+ ty‖− ‖x‖
t

(2.1)

exists for all x,y on the unit sphere S(E) = {x ∈ E : ‖x‖ = 1}. In this case, we say that E is smooth. In a
smooth Banach space E, it holds that

(‖x‖− ‖y‖)2 6 〈x− y, Jx− Jy〉

for all x,y ∈ E; see [1].
The norm of E is said to be uniformly Gâteaux differentiable if for each y ∈ S(E), the limit (2.1) is

attained uniformly for x ∈ S(E). The norm of E is said to be Fréchet differentiable if for each x ∈ S(E), the
limit (2.1) is attained uniformly for y ∈ S(E). The norm of E is said to be uniformly Fréchet differentiable
if the limit (2.1) is attained uniformly for x,y ∈ S(E). In this case E is said to be uniformly smooth. It is
known that:

• if E is smooth, then the duality mapping J is single-valued;
• if the norm of E is uniformly Gâteaux differentiable, then J is uniformly norm-to-weak∗ continuous

on each bounded subset of E;
• if the norm of E is Fréchet differentiable, then J is norm-to-norm continuous;
• if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of
E;

see [20, 21] for more details.
A Banach space E is said to be strictly convex if ‖x− y‖ < 2 whenever x,y ∈ S(E) and x 6= y. It is

known that if E is strictly convex, then the duality mapping J is injective, that is, x,y ∈ E and x 6= y imply
Jx
⋂
Jy = ∅. A Banach space E is said to be uniformly convex if ‖xn − yn‖ → 0 whenever {xn} and {yn}

are sequences in S(E) and ‖xn + yn‖ → 2. It is known that if E is uniformly convex, then

• E is strictly convex and reflexive;
• E has the Kadec-Klee property, that is, a sequence {xn} in E converges strongly to xwhenever xn ⇀ x

and ‖xn‖ → ‖x‖;

see [20, 21] for more details.
We know that E is reflexive if and only if J is surjective. Therefore, if E is a smooth, strictly convex

and reflexive Banach space, then J is a single-valued bijection and in this case, the inverse mapping J−1

coincides with the duality mapping J∗ on E∗.
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Let E be a Banach space and let A be a mapping of E into 2E
∗
. The effective domain of A is denoted

by dom(A), that is, dom(A) = {x ∈ E : Ax 6= ∅}. A multi-valued mapping A on E is said to be monotone
if 〈x− y,u∗ − v∗〉 > 0 for all x,y ∈ dom(A), u∗ ∈ Ax, and v∗ ∈ Ay. A monotone operator A on E is said
to be maximal if its graph is not properly contained in the graph of any other monotone operator on E.
Suppose E is a smooth, strictly convex, and reflexive Banach space and A is a monotone operator. Then
it is known that the single-valued mapping Jr := (I+ rJ−1A)−1 is well-defined for all r > 0; see [4]. Such
Jr, r > 0 are called the metric resolvents of A. It is also known that if A is a maximal monotone operator,
then

ran(I+ rJ−1A) = E

for all r > 0, where ran(I+ rJ−1A) is the range of (I+ rJ−1A); see [20]. The set of null points of A is
defined by A−10 = {z ∈ E : 0 ∈ Az}. We know that A−10 is closed and convex and Fix(Jr) = A−10; see
[2, 20].

Let H be a Hilbert space and let A be a maximal monotone operator on a Hilbert space H. The metric
resolvent Jr of A is called the resolvent of A simply. It is known that the resolvent Jr of A for any r > 0 is
firmly nonexpansive, i.e.,

‖Jrx− Jry‖2 6 〈x− y, Jrx− Jry〉, ∀x,y ∈ H.

Lemma 2.1. In a Hilbert space H, it holds that

‖λx+ (1 − λ)y‖2 = λ ‖x‖2 + (1 − λ) ‖y‖2 − λ(1 − λ) ‖x− y‖2

for all x,y ∈ H and λ ∈ [0, 1], and

2〈x− y,u− v〉 6 ‖x− v‖2 + ‖y− u‖2 − ‖x− u‖2 − ‖y− v‖2

for all x,y,u, v ∈ H.

Lemma 2.2. There holds the following inequality in an inner product space H:

‖x+ y‖2 6 ‖x‖2 + 2〈y, x+ y〉, ∀x,y ∈ H.

Lemma 2.3 ([12]). Let {αn} be a sequence of real numbers such that there exists a subsequence {ni} of {n} such that
αni < αni+1 for all i ∈ N. Then there exists a nondecreasing sequence {mk} ⊆ N such that mk → ∞ and the
following properties are satisfied for all (sufficiently large) numbers k ∈N:

αmk
6 αmk+1 and αk 6 αmk+1.

In fact, mk = max{j 6 k : αj < αj+1}.

Lemma 2.4 ([23]). Let {αn} be a sequence of nonnegative real numbers satisfying the following relation:

αn+1 6 (1 + γn)αn + σn, n > n0,

where n0 is some nonnegative integer. If
∑∞
n=1 γn <∞ and

∑∞
n=1 σn <∞, then limn→∞ αn exists.

Lemma 2.5 ([16]). Let C be a nonempty close convex subset of a real Hilbert space H and T : C → C a uniformly
L-Lipschitz and asymptotically pseudo-contractive mapping in the intermediate sense such that Fix(T) is nonempty.
Then I− T is demiclosed at zero.

Lemma 2.6 ([16]). Let C be a nonempty close convex subset of a real Hilbert space H and T : C → C a uniformly
L-Lipschitz and asymptotically pseudo-contractive mapping in the intermediate sense with sequences {kn} and {νn}

as defined in (1.4). Then Fix(T) is a closed convex subset of C.
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Lemma 2.7 ([11]). Let {αn} be a sequence of nonnegative numbers satisfying the property:

αn+1 6 (1 − γn)αn + bn + γncn, n ∈N,

where {γn}, {bn}, {cn} satisfy the restrictions:

(i)
∑∞
n=1 γn =∞, limn→∞ γn = 0;

(ii) bn > 0,
∑∞
n=1 bn <∞;

(iii) lim supn→∞ cn 6 0.

Then, limn→∞ αn = 0.

3. Main results

We also need the following lemmas which are fundamental for Theorem 3.4.

Lemma 3.1. Let H be a Hilbert space and let E be a uniformly convex and smooth Banach space. Let J be the duality
mapping on E. Let A and B be maximal monotone operators of H into 2H and E into 2E

∗
, respectively. Let Jλ be

the resolvent of A for λ > 0 and let Qµ be the metric resolvent of B for µ > 0. Let S : H → E be a bounded linear
operator such that S 6= 0 and let S∗ be the adjoint operator of S. Suppose that A−10

⋂
S−1(B−10) 6= ∅. Then it

holds, for all λ, r > 0, that

Fix(Jλ(I− rS∗J(I−Qµ)S)) = A−10
⋂
S−1(B−10).

Proof. We first prove that

Fix(Jλ(I− rS∗J(I−Qµ)S)) ⊆ A−10
⋂
S−1(B−10).

Suppose that z = Jλ(I− rS∗J(I−Qµ)S)z and z0 ∈ A−10
⋂
S−1(B−10). Then we have

z = Jλ(I− rS
∗J(I−Qµ)S)z⇔ (I− rS∗J(I−Qµ)S)z ∈ (I+ λA)z⇔ −

r

λ
S∗J(I−Qµ)Sz ∈ Az.

Since A is monotone and 0 ∈ Az0, we see that

〈z− z0,S∗J(I−Qµ)Sz〉 6 0

and hence
〈Sz− Sz0, J(I−Qµ)Sz〉 6 0. (3.1)

On the other hand, since B is monotone and Sz0 ∈ B−1(0), we have from [2] (or [22]) that

〈QµSz− Sz0, J(I−Qµ)Sz〉 > 0. (3.2)

Adding up (3.1) and (3.2) we find that

‖Sz−QµSz‖2 = 〈Sz−QµSz, J(I−Qµ)Sz〉 6 0.

Therefore, Sz = QµSz. That is, z ∈ S−1(B−10) and also Sz−QµSz = 0 implying S∗J(I−Qµ)S)z = 0. This
reduces the fixed point equation z = Jλ(I− rS

∗J(I−Qµ)S)z to the fixed point equation z = Jλz that is
equivalent to z ∈ A−10. Consequently, z ∈ A−10

⋂
S−1(B−10).

We now prove
A−10

⋂
S−1(B−10) ⊆ Fix(Jλ(I− rS∗J(I−Qµ)S)).

Since z0 ∈ A−10
⋂
S−1(B−10), we have that z0 ∈ A−10 and z0 ∈ S−1(B−10). It follows that z0 = Jλz0 and

Sz0 = QµSz0. Hence, we have
z0 = Jλ(I− rS

∗J(I−Qµ)S)z0,

which implies A−10
⋂
S−1(B−10) ⊆ Fix(Jλ(I− rS∗J(I−Qµ)S)). This completes the proof.
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Lemma 3.2. In the setting of Lemma 3.1, if r ∈ (0, 2
‖S‖2 ], then the mapping Jλ(I− rS∗J(I−Qµ)S) : H → H is

quasi-nonexpansive.

Proof. Since the resolvent Jλ is nonexpansive, we see that, for u ∈ A−10
⋂
S−1(B−10),

‖Jλ(z− rS∗J(Sz−QµSz)) − u‖2

6 ‖z− rS∗J(Sz−QµSz) − u‖2

= ‖z− u‖2 + ‖rS∗J(Sz−QµSz)‖2 − 2r〈z− u,S∗J(Sz−QµSz)〉

6 ‖z− u‖2 + r2 ‖S‖2 ‖Sz−QµSz‖2 − 2r〈Sz−QµSz+QµSz− Su, J(Sz−QµSz)〉

6 ‖z− u‖2 + r2 ‖S‖2 ‖Sz−QµSz‖2 − 2r ‖Sz−QµSz‖2 − 2r〈QµSz− Su, J(Sz−QµSz)〉

6 ‖z− u‖2 + r2 ‖S‖2 ‖Sz−QµSz‖2 − 2r ‖Sz−QµSz‖2

= ‖z− u‖2 − r(2 − r ‖S‖2) ‖Sz−QµSz‖2

6 ‖z− u‖2 .

This shows that the mapping Jλ(z− rS∗J(Sz−QµSz)) is quasi-nonexpansive.

Lemma 3.3 ([3]). Let H be a Hilbert space and let A be a maximal monotone operator with resolvent Jλ =
(I+ λA)−1 for λ > 0. Then it holds, for all λ,µ > 0 and x ∈ H,

Jλx = Jµ(
µ

λ
x+ (1 −

µ

λ
)Jλx).

Theorem 3.4. Let E be a uniformly convex and smooth Banach space and let J be the duality mapping on E. Let
H be a Hilbert space and let C be a nonempty closed convex subset of H. Let A and B be maximal monotone
operators of H into 2H such that dom(A) ⊂ C and E into 2E

∗
, respectively. Let Jλ be the resolvent of A for

λ > 0 and let Qµ be the metric resolvent of B for µ > 0. Let S : H → E be a bounded linear operator such that
S 6= 0 and let S∗ be the adjoint operator of S. Let T : C → C be a uniformly L-Lipschitz, uniformly asymptotically
regular and asymptotically pseudo-contractive mapping in the intermediate sense with sequences {kn} ⊂ [1,∞) and
{vn} ⊂ [0,∞) as defined in (1.4). Assume Γ := Fix(T)∩A−10

⋂
S−1(B−10) is nonempty and the element x0 ∈ C

is fixed. Let {xn} be a sequence generated by
x1, chosen arbitrarily,
zn = Jλn(xn − δnS

∗J(Sxn −QµnSxn)),
yn = (1 − γn)zn + γnT

nzn,
xn+1 = αnx0 + (1 −αn)[(1 −βn)zn +βnT

nyn],

(3.3)

where {αn}, {βn}, {γn} ⊂ [0, 1] and {λn}, {δn}, {µn} ⊂ (0,+∞) satisfy the following conditions:

(i) limn→∞ αn = 0 and
∑∞
n=1 αn =∞;

(ii) 0 < lim infn→∞ βn and βn 6 γn;
(iii) a 6 γn 6 b for some a > 0 and b ∈ (0, 1√

k2
n+L

2+kn
);

(iv)
∑∞
n=1 vn <∞, vn = o(αn), kn − 1 = o(αn) and

∑∞
n=1(kn − 1) <∞;

(v) 0 < lim infn→∞ δn 6 lim supn→∞ δn < 2
‖S‖2 , 0 < lim infn→∞ λn 6 lim supn→∞ λn < ∞ and 0 <

lim infn→∞ µn 6 lim supn→∞ µn <∞.

Then the sequence {xn} generated by (3.3) converges strongly to a point z0 ∈ Γ , where z0 = PΓx0.

Proof. Let u ∈ Γ . Then we get from (3.3) that

‖xn+1 − u‖2 = ‖αn(x0 − u) + (1 −αn)[(1 −βn)(zn − u) +βn(T
nyn − u)]‖2

6 αn ‖x0 − u‖2 + (1 −αn) ‖(1 −βn)(zn − u) +βn(T
nyn − u)‖2 .
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By Lemma 2.1, we get

‖(1 −βn)(zn − u) +βn(T
nyn − u)‖2

= (1 −βn) ‖zn − u‖2 +βn ‖Tnyn − u‖2 −βn(1 −βn) ‖zn − Tnyn‖2 .
(3.4)

Choose y = u in (1.5) to derive

‖Tnx− u‖2 6 (2kn − 1) ‖x− u‖2 + ‖x− Tnx‖2 + 2vn. (3.5)

From (3.5) and Lemma 2.1, we obtain

‖Tnyn − u‖2 6 (2kn − 1) ‖yn − u‖2 + ‖yn − Tnyn‖2 + 2vn

= (2kn − 1) ‖(1 − γn)zn + γnT
nzn − u‖2 + ‖(1 − γn)zn + γnT

nzn − Tnyn‖2 + 2vn

= (2kn − 1) ‖(1 − γn)(zn − u) + γn(T
nzn − u)‖2

+ ‖(1 − γn)(zn − Tnyn) + γn(T
nzn − Tnyn)‖2 + 2vn

= (2kn − 1)[(1 − γn) ‖zn − u‖2 + γn ‖Tnzn − u‖2 − γn(1 − γn) ‖zn − Tnzn‖2]

+ (1 − γn) ‖zn − Tnyn‖2 + γn ‖Tnzn − Tnyn‖2 − γn(1 − γn) ‖Tnzn − zn‖2 + 2vn

= (2kn − 1)[(1 − γn) ‖zn − u‖2 + γn(2kn − 1) ‖zn − u‖2 + γn ‖zn − Tnzn‖2 + 2γnvn

− γn(1 − γn) ‖zn − Tnzn‖2] + (1 − γn) ‖zn − Tnyn‖2 + γn ‖Tnzn − Tnyn‖2

− γn(1 − γn) ‖Tnzn − zn‖2 + 2vn

= (2kn − 1)[(1 − γn) ‖zn − u‖2 + γn(2kn − 1) ‖zn − u‖2 + 2γnvn + γ2
n ‖zn − Tnzn‖2]

+ (1 − γn) ‖zn − Tnyn‖2 + γn ‖Tnzn − Tnyn‖2 − γn(1 − γn) ‖Tnzn − zn‖2 + 2vn.

(3.6)

Observe that
‖zn − yn‖ = γn ‖zn − Tnzn‖ . (3.7)

Since T is uniformly L-Lipschitz, from (3.6) and (3.7), we deduce

‖Tnyn − u‖2 6 (2kn − 1)[(1 − γn) ‖zn − u‖2 + γn(2kn − 1) ‖zn − u‖2 + 2γnvn + γ2
n ‖zn − Tnzn‖2]

+ (1 − γn) ‖zn − Tnyn‖2 + γ3
nL

2 ‖zn − Tnzn‖2 − γn(1 − γn) ‖Tnzn − zn‖2 + 2vn

= [(2kn − 1)(1 − γn) + (2kn − 1)2γn] ‖zn − u‖2

+ [(2kn − 1)γ2
n + γ3

nL
2 − γn(1 − γn)] ‖zn − Tnzn‖2 + 2(2kn − 1)γnvn

+ (1 − γn) ‖zn − Tnyn‖2 + 2vn

= [1 + 2(2knγn − γn + 1)(kn − 1)] ‖zn − u‖2 − γn(1 − 2knγn − γ2
nL

2) ‖zn − Tnzn‖2

+ 2(2kn − 1)γnvn + (1 − γn) ‖zn − Tnyn‖2 + 2vn.

(3.8)

By condition (iii), we know that γn 6 b < 1√
k2
n+L

2+kn
for all n > 1. Then, we deduce that 1 − 2knγn −

γ2
nL

2 > 0 for all n > 1. Thus, we have from (3.8) that

‖Tnyn − u‖2 6 [1 + 2(2knγn − γn + 1)(kn − 1)] ‖zn − u‖2 + 4knvn + (1 − γn) ‖zn − Tnyn‖2 . (3.9)

It follows from (3.4), (3.9), Lemma 3.3, and condition (ii) that

‖(1 −βn)(zn − u) +βn(T
nyn − u)‖2

6 (1 −βn) ‖zn − u‖2 +βn[1 + 2(2knγn − γn + 1)(kn − 1)] ‖zn − u‖2

+ 4βnknvn +βn(1 − γn) ‖zn − Tnyn‖2 −βn(1 −βn) ‖zn − Tnyn‖2
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6 [1 + 2βn(2knγn − γn + 1)(kn − 1)] ‖zn − u‖2 +βn(βn − γn) ‖zn − Tnyn‖2 + 4βnknvn

6 [1 + 2(2knγn − γn + 1)(kn − 1)] ‖xn − u‖2 + 4knvn.

Thus, we get that

‖xn+1 − u‖2 = ‖αnx0 + (1 −αn)[(1 −βn)zn +βnT
nyn] − u‖2

6 αn ‖x0 − u‖2 + (1 −αn) ‖(1 −βn)(zn − u) +βn(T
nyn − u)‖2

6 max{‖x0 − u‖2 , [1 + 2(2knγn − γn + 1)(kn − 1)] ‖xn − u‖2 + 4βnknvn}

6 max{‖x0 − u‖2 , [1 +M1(kn − 1)] ‖xn − u‖2 +M2vn},

where M1 = supn>1{2(2knγn − γn + 1)} and M2 = supn>1{4kn}. This implies that the sequence {xn} is
bounded by Lemma 2.4. In terms of Lemma 2.2 and (3.3), we have

‖xn+1 − u‖2 = ‖αn(x0 − u) + (1 −αn)(zn − u) + (1 −αn)βn(T
nyn − xn)‖2

6 ‖(1 −αn)(zn − u) + (1 −αn)βn(T
nyn − zn)‖2 + 2αn〈x0 − u, xn+1 − u〉

= (1 −αn)
2 ‖zn − u‖2 + (1 −αn)

2β2
n ‖Tnyn − zn‖2

+ 2(1 −αn)
2βn〈zn − u, Tnyn − zn〉+ 2αn〈x0 − u, xn+1 − u〉.

(3.10)

Combining Lemma 2.1 and (3.8) yields

2〈zn − u, Tnyn − zn〉

= ‖Tnyn − u‖2 − ‖Tnyn − zn‖2 − ‖zn − u‖2

6 [1 + 2(2knγn − γn + 1)(kn − 1)] ‖zn − u‖2 − γn(1 − 2knγn − γ2
nL

2) ‖zn − Tnzn‖2

+ 2(2kn − 1)γnvn + (1 − γn) ‖zn − Tnyn‖2 + 2vn − ‖Tnyn − zn‖2 − ‖zn − u‖2

6 2(2knγn − γn + 1)(kn − 1) ‖zn − u‖2 − γn(1 − 2knγn − γ2
nL

2) ‖zn − Tnzn‖2

− γn ‖zn − Tnyn‖2 + 4knvn.

(3.11)

Now put Jλn = 1
2(I + Kn) for all n > 1. Since Jλn is firmly nonexpansive, then we know that Kn is

nonexpansive and Fix(Jλn) = Fix(Kn) for all n > 1. Therefor, we get

‖zn − u‖2 = ‖Jλn(xn − δnS
∗J(Sxn −QµnSxn)) − u‖

2

=
1
2
‖(xn − δnS

∗J(Sxn −QµnSxn)) − u‖
2 +

1
2
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − u‖
2

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

6 ‖xn − δnS
∗J(Sxn −QµnSxn) − u‖

2

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

6 ‖xn − u‖2 + ‖δnS∗J(Sxn −QµnSxn)‖
2 − 2δn〈xn − u,S∗J(Sxn −QµnSxn)〉

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

6 ‖xn − u‖2 + ‖δnS∗J(Sxn −QµnSxn)‖
2

− 2δn〈Sxn −QµnSxn +QµnSxn − Su, J(Sxn −QµnSxn)〉 (3.12)

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

6 ‖xn − u‖2 + δ2
n ‖S‖

2 ‖Sxn −QµnSxn‖
2
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− 2δn〈QµnSxn − Su, J(Sxn −QµnSxn)〉− 2δn ‖Sxn −QµnSxn‖
2

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

6 ‖xn − u‖2 + δ2
n ‖S‖

2 ‖Sxn −QµnSxn‖
2 − 2δn ‖Sxn −QµnSxn‖

2

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

= ‖xn − u‖2 − δn(2 − δn ‖S‖2) ‖Sxn −QµnSxn‖
2

−
1
4
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2 .

It follows from (3.10), (3.11), and (3.12) that

‖xn+1 − u‖2 6 (1 −αn)
2 ‖zn − u‖2 + (1 −αn)

2β2
n ‖Tnyn − zn‖2

+ 2(1 −αn)
2βn(2knγn − γn + 1)(kn − 1) ‖zn − u‖2

− (1 −αn)
2βnγn(1 − 2knγn − γ2

nL
2) ‖zn − Tnzn‖2

− (1 −αn)
2βnγn ‖Tnyn − zn‖2

+ 4(1 −αn)
2βnknvn + 2αn〈x0 − u, xn+1 − u〉

6 (1 −αn) ‖zn − u‖2 + 2(1 −αn)
2βn(2knγn − γn + 1)(kn − 1) ‖zn − u‖2

− (1 −αn)
2βnγn(1 − 2knγn − γ2

nL
2) ‖zn − Tnzn‖2

+ 4(1 −αn)
2βnknvn + 2αn〈x0 − u, xn+1 − u〉

6 (1 −αn) ‖zn − u‖2 + 2(2knγn − γn + 1)(kn − 1) ‖zn − u‖2

− (1 −αn)
2βnγn(1 − 2knγn − γ2

nL
2) ‖zn − Tnzn‖2 + 4knvn

+ 2αn〈x0 − u, xn+1 − u〉

6 (1 −αn) ‖xn − u‖2 − (1 −αn)δn(2 − δn ‖S‖2) ‖Sxn −QµnSxn‖
2

−
1
4
(1 −αn) ‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

+M1(kn − 1) ‖xn − u‖2 + 2αn〈x0 − u, xn+1 − u〉

− (1 −αn)
2βnγn(1 − 2knγn − γ2

nL
2) ‖zn − Tnzn‖2 +M2vn,

(3.13)

which implies that

(1 −αn)δn(2 − δn ‖S‖2) ‖Sxn −QµnSxn‖
2

+
1
4
(1 −αn) ‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

2

+ (1 −αn)
2βnγn(1 − 2knγn − γ2

nL
2) ‖zn − Tnzn‖2

6 ‖xn − u‖2 − ‖xn+1 − u‖2 +M1(kn − 1) ‖xn − u‖2 +M2vn

+ 2αn〈x0 − u, xn+1 − u〉.

(3.14)

Case 1. Assume there exists some integer m > 0 such that {‖xn − u‖} is decreasing for all n > m. In this
case, we know that limn→∞ ‖xn − u‖ exists. From (3.14), conditions (i)-(v), we deduce

lim
n→∞ ‖zn − Tnzn‖ = 0, (3.15)

lim
n→∞ ‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖ = 0 (3.16)

and

lim
n→∞ ‖Sxn −QµnSxn‖ = 0. (3.17)
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It follows from (3.16) and (3.17) that

‖zn − xn‖ = ‖Jλn(xn − δnS
∗J(Sxn −QµnSxn)) − xn‖

=

∥∥∥∥1
2
(xn − δnS

∗J(Sxn −QµnSxn)) +
1
2
Kn(xn − δnS

∗J(Sxn −QµnSxn)) − xn

∥∥∥∥
6

1
2
‖δnS∗J(Sxn −QµnSxn)‖+

1
2
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − xn‖

6
1
2
‖δnS∗J(Sxn −QµnSxn)‖

+
1
2
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖

+
1
2
‖(xn − δnS

∗J(Sxn −QµnSxn)) − xn‖

6 λn ‖S‖ ‖Sxn −QµnSxn‖

+
1
2
‖Kn(xn − δnS

∗J(Sxn −QµnSxn)) − (xn − δnS
∗J(Sxn −QµnSxn))‖ → 0.

(3.18)

Observe that

‖Jλnxn − xn‖ 6 ‖Jλnxn − zn‖+ ‖zn − xn‖
6 ‖δnS∗J(Sxn −QµnSxn)‖+ ‖zn − xn‖
6 λn ‖S‖ ‖Sxn −QµnSxn‖+ ‖zn − xn‖ .

This together with (3.17) and (3.18) implies

lim
n→∞ ‖Jλnxn − xn‖ = 0. (3.19)

It follows from (3.7) and (3.15) that
lim
n→∞ ‖zn − yn‖ = 0.

Since T is uniformly L-Lipschitz, we have

lim
n→∞ ‖Tnzn − Tnyn‖ 6 L lim

n→∞ ‖zn − yn‖ = 0. (3.20)

Taking into consideration that

‖xn − Tnyn‖ 6 ‖xn − zn‖+ ‖zn − Tnzn‖+ ‖Tnzn − Tnyn‖ , (3.21)

we deduce from (3.15), (3.18), (3.20), and (3.21) that

lim
n→∞ ‖xn − Tnyn‖ = 0. (3.22)

In view of (3.3), we get

‖xn+1 − xn‖ 6 αn ‖x0 − xn‖+ (1 −αn)(1 −βn) ‖zn − xn‖+ (1 −αn)βn ‖Tnyn − xn‖ .

This together with (3.18), (3.22), and condition (i) implies that

lim
n→∞ ‖xn+1 − xn‖ = 0. (3.23)

It is clear that
‖xn − Tnxn‖ 6 ‖xn − zn‖+ ‖zn − Tnzn‖+ ‖Tnzn − Tnxn‖ . (3.24)
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Again since T is uniformly L-Lipschitz, then we derive from (3.15), (3.18), and (3.24) that

lim
n→∞ ‖xn − Tnxn‖ = 0. (3.25)

Notice

‖xn+1 − Txn+1‖ 6
∥∥xn+1 − T

n+1xn+1
∥∥+ ∥∥Tn+1xn+1 − T

n+1xn
∥∥+ ∥∥Tn+1xn − Txn+1

∥∥
6
∥∥xn+1 − T

n+1xn+1
∥∥+ L ‖xn+1 − xn‖+ L ‖Tnxn − xn+1‖

6
∥∥xn+1 − T

n+1xn+1
∥∥+ 2L ‖xn+1 − xn‖+ L ‖Tnxn − xn‖ .

(3.26)

By (3.23), (3.25), and (3.26), we conclude that

lim
n→∞ ‖xn+1 − Txn+1‖ = 0.

Since {xn} is bounded, there exists a subsequence {xni} of {xn} satisfying xni ⇀ x̃ ∈ C. Without loss of
generality, we may also assume

lim
i→∞〈x0 − z0, xni − z0〉 = lim sup

n→∞ 〈x0 − z0, xn − z0〉. (3.27)

Since S is bounded and linear, we also see that Sxni ⇀ Sx̃ as i → ∞. Noticing (3.17), we also have
QµniSxni⇀Sx̃ as i→∞. SinceQµn is the metric resolvent of B for µn > 0, then we obtain J(Sxn−QµnSxn)

µn
∈

BQµnSxn for all n ∈ N. From the monotonicity of B we see that

0 6 〈u−QµniSxni , ũ−
J(Sxni −QµniSxni)

µni
〉, ∀(u, ũ) ∈ B.

Letting i→∞ and noticing
∥∥∥J(Sxni −QµniSxni)∥∥∥ =

∥∥∥Sxni −QµniSxni∥∥∥→ 0, we deduce that

0 6 〈u− Sx̃, ũ− 0〉, ∀(u, ũ) ∈ B

by (3.17) and condition (v). Since B is maximal monotone, we get Sx̃ ∈ B−10. Hence, x̃ ∈ S−1B−10.
Similarly, noticing (3.19), we also get x̃ ∈ A−10. Therefor, we have x̃ ∈ A−10

⋂
S−1B−10. Meanwhile, using

Lemma 2.5 and (3.26), we obtain x̃ ∈ Fix(T). And hence it follows from (3.27) and Lemma 2.6 that

lim sup
n→∞ 〈x0 − z0, xn − z0〉 = lim

i→∞〈x0 − z0, xni − z0〉 = 〈x0 − z0, x̃− z0〉 = 〈x0 − PΓx0, x̃− PΓx0〉 6 0.

By (3.13), we deduce

‖xn+1 − z0‖2 6 (1 −αn) ‖xn − z0‖2 +M1(kn − 1) ‖xn − z0‖2 +M2vn + 2αn〈x0 − z0, xn+1 − z0〉. (3.28)

Applying Lemma 2.7 and (3.23) to (3.28), we deduce xn → z0.

Case 2. Suppose that there exists {ni} of {n} such that ‖xni − z0‖ < ‖xni+1 − z0‖ for all i ∈ N. Then by
Lemma 2.3, there exists a nondecreasing sequence {mj} in N such that∥∥xmj

− z0
∥∥ 6

∥∥xmj+1 − z0
∥∥ and

∥∥xj − z0
∥∥ 6

∥∥xmj+1 − z0
∥∥ .

We want to show that
lim sup
j→∞ 〈x0 − z0, xmj

− z0〉 6 0, (3.29)

where z0 = PΓx0. Without loss of generality, there exists a subsequence {xmjk
} of {xmj

} such that xmjk
⇀ ω

for some ω ∈ C and
lim
k→∞〈x0 − z0, xmjk

− z0〉 = lim sup
j→∞ 〈x0 − z0, xmj

− z0〉.
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Following a similar argument as in the proof of Case 1, we also have

lim
j→∞

∥∥xmj
− Tmjxmj

∥∥ = 0 (3.30)

and
lim
j→∞

∥∥xmj+1 − xmj

∥∥ = 0. (3.31)

Since T is uniformly asymptotically regular, we derive from (3.30) that∥∥xmj
− Txmj

∥∥ 6
∥∥xmj

− Tmjxmj

∥∥+ ∥∥Tmjxmj
− Tmj+1xmj

∥∥+ ∥∥Tmj+1xmj
− Txmj

∥∥
6
∥∥xmj

− Tmjxmj

∥∥+ ∥∥Tmjxmj
− Tmj+1xmj

∥∥+ L∥∥Tmjxmj
− xmj

∥∥
6 (L+ 1)

∥∥xmj
− Tmjxmj

∥∥+ ∥∥Tmjxmj
− Tmj+1xmj

∥∥→ 0.

(3.32)

By virtue of Lemma 2.5 and (3.32), we deduce that ω ∈ Fix(T). Like in Case 1, we can also obtain
ω ∈ A−10

⋂
S−1(B−10). Thus we obtain

lim sup
j→∞ 〈x0 − z0, xmj

− z0〉 = lim
k→∞〈x0 − z0, xmjk

− z0〉 = 〈x0 − PΓx0,ω− PΓx0〉 6 0.

Since
∥∥xmj

− z0
∥∥ 6

∥∥xmj+1 − z0
∥∥, we deduce from (3.13) that∥∥xmj

− z0
∥∥2

6
∥∥xmj+1 − z0

∥∥2

6 (1 −αmj
)
∥∥xmj

− z0
∥∥2

+M1(kmj
− 1) +M2vmj

+ 2αmj
〈x0 − z0, xmj+1 − z0〉

6 (1 −αmj
)
∥∥xmj

− z0
∥∥2

+M1(kmj
− 1) +M2vmj

+ 2αmj
〈x0 − z0, xmj

− z0〉
+ 2αmj

‖x0 − z0‖
∥∥xmj+1 − xmj

∥∥ .

(3.33)

It follows that∥∥xmj
− z0

∥∥2
6

1
αmj

[M1(kmj
− 1) +M2vmj

] + 2〈x0 − z0, xmj
− z0〉+ 2 ‖x0 − z0‖

∥∥xmj+1 − xmj

∥∥ . (3.34)

In view of (3.29), (3.31), (3.34), and (iv), we have

lim
j→∞

∥∥xmj
− z0

∥∥ = 0. (3.35)

Again apply (3.33) to obtain∥∥xmj+1 − z0
∥∥2

6 (1 −αmj
)
∥∥xmj

− z0
∥∥2

+M1(kmj
− 1) +M2vmj

+ 2〈x0 − z0, xmj
− z0〉

+ 2 ‖x0 − u‖
∥∥xmj+1 − xmj

∥∥ .
(3.36)

It follows from (3.29), (3.31), (3.35), (3.36), (i), and (iv) that

lim
j→∞

∥∥xmj+1 − u
∥∥ = 0.

Applying Lemma 2.3, we obtain
0 6

∥∥xj − z0
∥∥ 6

∥∥xmj+1 − z0
∥∥ .

Consequently, we get xn → z0 as n→∞. The proof is completed.

Remark 3.5. Theorem 3.4 extends, improves and develops Theorem 2.1 and Theorem 2.2 of Qin et al. [16],
Theorem 2.4 of Ge [7], Theorem 2.1 of Zegeye et al. [26], Theorem 2.1 of Olaleru and Okeke [14], and
Theorem 9 of Takahashi and Yao [22] in the following aspects.
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• Theorem 3.4 extends, improves and develops corresponding results in [7, 14, 16, 22, 26] from the
problem for finding an element of Fix(T) or A−10

⋂
S−1(B−10) to the more general and challenging

problem for finding an element of Fix(T)∩A−10
⋂
S−1(B−10).

• We establish strong convergence results concerning asymptotically pseudo-contractive mappings in
the intermediate sense by using the Ishikawa-like algorithm but not the hybrid algorithm. Therefore
the computation of Cn

⋂
Qn is not required for each n > 1.

• The assumption that the interior of Fix(T) is empty is not required in our Theorem 3.4. However, it
is very necessary in Theorem 2.1 of Zegeye et al. [26] and Theorem 2.1 of Olaleru and Okeke [14].
• The subset C of real Hilbert space H does not have to be bounded in our Theorem 3.4 which is

indispensable in Theorem 2.1 and Theorem 2.2 of Qin et al. [16].
• The algorithm (3.3) is more advantageous and more flexible than the ones given in [16, 26]. In

particular, whenever E = H, a Hilbert space, A = B = 0 and αn ≡ 0, our scheme (3.3) reduces to (∗)
in [16] and (2.1) in [26]. Hence the new algorithm is expected to be widely applicable.

4. An extension of our main results

By using Theorem 3.4, we have the following strong convergence results for computing the fixed point
problem of asymptotically pseudo-contractive mappings.

Conclusion 4.1. Let E be a uniformly convex and smooth Banach space and let J be the duality mapping
on E. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let A and B be
maximal monotone operators of H into 2H such that dom(A) ⊂ C and E into 2E

∗
, respectively. Let Jλ

be the resolvent of A for λ > 0 and let Qµ be the metric resolvent of B for µ > 0. Let S : H → E be
a bounded linear operator such that S 6= 0 and let S∗ be the adjoint operator of S. Let T : C → C be
a uniformly L-Lipschitz, uniformly asymptotically regular and asymptotically strict pseudo-contractive
mapping in the intermediate sense with sequences {kn} ⊂ [1,∞) and {vn} ⊂ [0,∞) as defined in (1.2).
Assume Γ := Fix(T) ∩ A−10

⋂
S−1(B−10) is nonempty and the element x0 ∈ C is fixed. Let {xn} be a

sequence generated by 
x1, chosen arbitrarily,
zn = Jλn(xn − δnS

∗J(Sxn −QµnSxn)),
yn = (1 − γn)zn + γnT

nzn,
xn+1 = αnx0 + (1 −αn)[(1 −βn)zn +βnT

nyn],

(4.1)

where {αn}, {βn}, {γn} ⊂ [0, 1] and {λn}, {µn}, {δn} ⊂ (0,+∞) satisfy the following conditions:

(i) limn→∞ αn = 0 and
∑∞
n=1 αn =∞;

(ii) 0 < lim infn→∞ βn and βn 6 γn;
(iii) a 6 γn 6 b for some a > 0 and b ∈ (0, 1√

k2
n+L

2+kn
);

(iv)
∑∞
n=1 vn <∞, vn = o(αn), kn − 1 = o(αn) and

∑∞
n=1(kn − 1) <∞;

(v) 0 < lim infn→∞ δn 6 lim supn→∞ δn < 2
‖S‖2 , 0 < lim infn→∞ λn 6 lim supn→∞ λn < ∞ and

0 < lim infn→∞ µn 6 lim supn→∞ µn <∞.

Then the sequence {xn} generated by (4.1) converges strongly to a point z0 ∈ Γ , where z0 = PΓx0.

Proof. Note that, any uniformly L-Lipschitzian and asymptotically k-strict pseudocontractive mapping T
in the intermediate sense is uniformly L-Lipschitzian and asymptotically pseudocontractive mapping in
the intermediate sense and hence the conclusion follows from Theorem 3.4.

Conclusion 4.2. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let A and
B be two maximal monotone operators of H into 2H such that dom(A) ⊂ C. Let Jλ be the resolvent of A
for λ > 0 and let Qµ be the resolvent of B for µ > 0. Let S : H → H be a bounded linear operator such
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that S 6= 0 and let S∗ be the adjoint operator of S. Let T : C → C be a uniformly L-Lipschitz, uniformly
asymptotically regular and asymptotically pseudo-contractive mapping in the intermediate sense with
sequences {kn} ⊂ [1,∞) and {vn} ⊂ [0,∞) as defined in (1.4). Assume Γ := Fix(T) ∩A−10

⋂
S−1(B−10) is

nonempty and the element x0 ∈ C is fixed. Let {xn} be a sequence generated by
x1, chosen arbitrarily,
zn = Jλn(xn − δnS

∗(Sxn −QµnSxn)),
yn = (1 − γn)zn + γnT

nzn,
xn+1 = αnx0 + (1 −αn)[(1 −βn)zn +βnT

nyn],

(4.2)

where {αn}, {βn}, {γn} ⊂ [0, 1] and {λn}, {µn}, {δn} ⊂ (0,+∞) satisfy the following conditions:

(i) limn→∞ αn = 0 and
∑∞
n=1 αn =∞;

(ii) 0 < lim infn→∞ βn and βn 6 γn;
(iii) a 6 γn 6 b for some a > 0 and b ∈ (0, 1√

k2
n+L

2+kn
);

(iv)
∑∞
n=1 vn <∞, vn = o(αn), kn − 1 = o(αn) and

∑∞
n=1(kn − 1) <∞;

(v) 0 < lim infn→∞ δn 6 lim supn→∞ δn < 2
‖S‖2 , 0 < lim infn→∞ λn 6 lim supn→∞ λn < ∞ and

0 < lim infn→∞ µn 6 lim supn→∞ µn <∞.

Then the sequence {xn} generated by (4.2) converges strongly to a point z0 ∈ Γ , where z0 = PΓx0.
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