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Abstract

In this paper, all the Lie point symmetries of difference equations of the form

Un
u jp =
n An +Bnununyo ’

where, (An)n>0 and (Bn)n >0 are sequences of real numbers, are obtained. We perform reduction of order using the invariant
of the group of transformations. Furthermore, we obtain their solutions. In particular, our work generalizes some results in the
literature.
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1. Introduction

Lie symmetry analysis is a powerful method not only for differential equations but also difference
equations. Its demonstration on difference equations has been successful and there has been progress in
this area (see [16, 19, 20]). The symmetry method has been used to find traveling wave solutions. For
more on traveling waves, refer to [12, 21-23].

In this method, one finds a group of mappings that map the set of solutions to the difference equation
under study onto itself. However, it should be stated that the computational difficulty in employing this
method can increase with increasing order of the equation being studied.

Elsayed [9] obtained the exact solutions of

Xn—3
+1+Xn_1Xn_3

Xn+1 = (1'1)
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Related work has been done (see [1-11, 13-15, 17, 18]). In this paper we obtain solutions of the following
difference equations via the invariant of their group of transformations:

Xn-3
an +bnXn_1Xn-3

Xn41 =

for some arbitrary sequences of real numbers (a,) and (br,). Thus the solution to the difference equation
above extends the solution of Elsayed [9] to equation (1.1) to a more general setting.
Without loss of generality, we instead study the difference equation

Unig = tn
o An+ Bnunun+2 ‘
1.1. Preliminaries
Consider the difference equation
Untq = f(n, un, Un+41/--- un+3)/ (12)

where f is an arbitrary function. Suppose that the point transformations are of the form
(n/un) = (n/un+€Q(n/un))/ (13)

where Q is the characteristic and

0
X — . 1u, ) _°
Q(n,un)aun +Qn+1,u +1)aun+1 +---+Q(n+3 un+3)aun+3

is the corresponding symmetry generator. We have the following linearized symmetry condition, obtained
using (1.3):

of of of

Qn+4,uniq) — a (M, un) — aun+2Q(“+2,un+2) -

3, =0, 1.4
aun+3Q(n+ Un43) (1.4)

whenever (1.2) holds. In solving our difference equation under study, we will use a canonical coordinate,
that is the variable S such that
XS=1.

We make use of the known choice of S given by (see [16])
g _ J dun,
Q (n/ u"l’l )
Equation (1.4) appears simpler, although it is generally hard to solve.

2. Main results

We apply the symmetry condition (1.4) to

Un

Uniq = 2.1
e An + Bnununy2 @1)
to solve for the characteristic Q. This yields
B up,2 An
Q(n+4/un+4)+ zQ(n+21un+2)7 zQ(nrun)- (22)

(Bnunun+2 +An) (Bnunun+2 + An)
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In oder to get an equation that involves u, only, we first differentiate implicitly (2.2) with respect to un
(keeping 4 fixed). This results in

Qr+2,1tn2) — 5o-Q ) +-Q (1, up) = 0. 23)

aun+2 0 mn n

Secondly, we differentiate (2.3) with respect to u,,. This yields

i (r Q)+ ZQ ) ~o
So,
— 2 Qmun) + Q) = afn)
oun n
Thus Q takes the form
Q (n,un) = f1(M)un? + f2(n)uy, (2.4)

where f; and f; are functions of n. Finally, we substitute (2.4) into (2.2) and do the separation by powers
of shifts of uy. This yields a system of equations that simplifies to

{fl (n) =0, (2.5)

Hence,
fin) =0, f2(n) = «™, fo(n) =&",

where « = exp{in/2} and & is the complex conjugate. Hence, we have two generators given as follows:

1 n+3

n+2
un+1aun+1 +x un+2aun+2 +o
2

_ +
Xo =™ un 0y, + ™ Un+30u, 5/

1 3

~n ~n+ ~n+ T+
X1 =&"Un 0y, +& un+1aun+1 + & un+26un+z +& un+3aun+3~

Let

dun 1

We perform a change of variable, thanks to (2.5):
Vi = Sna™ + Sp oo™ 2,

We have

so that V;, is an invariant of the group of transformations (1.3). Considering the fact that the equation
being studied is rational, it is convenient to utilise

V| = exp{—Vp}.

Using V,, with (2.1), we obtain
Vhi2 = AnVn £ Bn. (2.6)
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Now we make the choice of using the plus sign and thus write the solution of (2.6) as

Vonti =Vi HA2k1+1 +Z Boiti H A2io+i | 2.7)
K1=0 Ko=1+1

where 1 = 0, 1. Thus the solution of (2.1) can be obtained by reversing the changes of variables. We have

1 n—1 1 n—
lun| =exp (anSn) =exp | «c1 +a&™co + = Z ok In|Vy, |+ 5 Z k21n|vk2|
kl 0 ko=0

- 1 —k | ~n—k
=exp (oc“cl—i—oc“cz—i—zl;)(oc“ + &™) In | Vi

n—1
=exp | a™cy +ater + Re(o™ %) In [V
p

k=0
n—1
—k
=exp (oc“cl +acy + Z cos <(r12)7r> 1n|Vk|> .
k=0
Setting n :=4n +j and H; = odcq + & cp, we obtain
dn+j—1 .
— k)t
iy = exp (Hj Y (eos (“ X ))m |vk|> . 8)
k=0

For j =0, (2.8) becomes
[uan| = exp(Ho) exp(In|Vo| — In [Vo| + In [Va| — In [Vg| + - - - + In [Vian—a| — In [V o))

However, using (2.8) with j = 1,n =0, [ug| = exp(Hp). It can be shown that we do not need the absolute
values, thus

Using (2.7), where n :=2s and i = 0 for Vi, and n:=2s +1 and i = 0 for Vys2, we have

2s—1 2s—1 2s—1 2s—1 2s—1 2s—1
Vs = Vo H Az, + Z Bu J] Az =Vo| ] A2+ Z Bu [ Az
ko=1+1 k1=0 ko=1+1
1 2s—1 2s—1 2s—1
= H Aok, +uou2 Z B [ Az |,
UpUr
ko=1+1

and

Vis+2 = Vo H Azk, + Z B3 H Azk, = Vo H Az, + Vo Z Ba H A2k,

k1=0 ko=1+1 ko=1+1

= ugluz H Az, + Uguz Z Boy H A2k,

ko=1+1
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Thus
2s—1 2s—1 251
no1 LT Aak +uowa 3 Ba[io—11 A2k,
- u H k1=0 1=0
4An — WO 2s s ’
s=0 1_[ Aok, +uoup 3 By [ Aok,
Ky =0 =0 kp=l41
which implies that
2s—1 2s—1 2s—1
no1 1L aog +xax1 3 b [ ax,
Ky =0 =0 ko=141
xins=x3]] PR : (29)
s=0 H agi, +x-3x—1 ) by [ azg
K1=0 =0 kp=141

For j =1, (2.8) becomes
[Ugn 41| = exp(Hy) exp(In [Vq| = In[V3| +1In V5| —In [V7| + ... +1In Vi 3| = In[Vin_4]).

However, using (2.8) with j = 1,n =0, [uy| = exp(H;). It can be shown that we do not need the absolute
values, thus

* Vie
Ugn+1 =W H Vieon'
4s+3

By (2.7), we have

2s—1 2s—1 2s—1

Vigr1=V1 [ | Azisa + Z By [ Aziota
K1=0 Ko=1+1

2s—1 2s—1 2s—1

-V HA2k1+1+V Zle+1 [T A

kp=1+1
2s—1 2s—1 2s—1
1

= iu H Azk,+1 + U3 Z Basr || Azear1 |,
1= ko=1+1

and similarly,

Visys = H A2k, 41+ UU3 Z Boi1 H A2k, +1
Ujus
ko=1+1
Now
2s—1 2s—1 2s—1
et 11 Ao +wius 3 Boryr [T Aokt
k1=0 1=0 ko=1+1
Win+1 = H 2s 2s 2s ’
s=0 T Apg41+wus Z Bory1 [ Azt
K1=0 - Ko=141
which implies that
251 251 251
ne1 11 a1 +x2x0 ) borpr [ azk,41
K1=0 =0 ko=141
X4n—2 = X2 H 2s 2s 2s ’ (2.10)
s=0 T agk41+x—2x0 ) boy1 [ az,41
k1=0 1=0 ko=1+1

For j = 2, we find that (2.8) becomes

Wan 2| = exp(Hz) exp(—In Vo + In|Vo| = In[Vy[ 4 - - - + In[Vin o[ — In Vi ]).
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Similar to the earlier cases, setting n = 0 and j = 2 yields the equation |u;| = exp(H>) “}ﬁ So we have

F Vigio
Ugn+2 = U2 H

V4s+4

The expressions for Vys.» and Vg4 are obtained from (2.7), by settingn =2s+1,i =0andn =2s+2,i =

0, respectively. They are as follows:

Vise2 =Vo H Az, + Z Ba H A2k, = Vo H Az, + Vo Z Boy H Azk,

K1 =0 ko=1+1 ko=1+1
HAZk1+uOuZZBZL H Az, |
uouz
ko=1+1
and
2541 2s+1 2s+1 25+1 2s+1 2s5=1
Vigra =Vo [ | Az, + Z Ba [ Ase=Vo| ] Az, + Z Bu [ A
k1=0 ko=1+1 k1=0 ko=1+1
2541 2s5+1 2s5+1
H Az, + Uglz Z Bu [ A
uouz
ky=1+1
Hence
2s 2s 2s
ne1 11 Az, +uouz 3 Boy [ Ao,
B H K1 =0 =0  ko=l+1
Win+2 = U2 25+1 25+1 25+1 ’
s=0 T Agx, +upup 3> Boy [ As
K1=0 =0 ko=lt1
which gives
2s 2s
n—1 H g, +Xx—3x_1 > b [[ aok,
K1 =0 =0 kp=1+1
X4n—1 = X1 H 2s+1 2s+1 2s+1 (2.11)
s=0 [T agi, +x-3x—1 ) b [] aoxk,
k1=0 =0  ko=1l+1
For j = 3, (2.8) becomes
[usn 43l = exp(Hz) exp(—In [Vi| +In V3| —In[Vs| + - - - + In Vi 1| — In [Van 41).

Setting n = 0 and j = 3, we find that |uz| = exp(H3)|VL1‘. Hence usni3 = uz [ [i 4 Ve

n—1 Visy3

Following a

similar approach as was done in the earlier cases (j =0, 1,2), the reader can verify that

2s
no1 H Aok, 41+ Ujus Z Baii1 ]

ki=
Ugn4+3 = U3 H

Thus

X4n = X0 H 2s+1

A2k, 11
1=0 Ko=14+1
2s+1 2s+1 2s+1
s=0 T] Apyp1+wiug 3 Borpr [] Aokt
k=0 1=0 Ko=14+1
2s 2s 2s
l_[ Aok, 41 +X—2X0 2 boig1 [ aok,+1
1=0 ko141
2s+1 2s+1 (2'12)
s=0 1T agk,41+x—2x0 > borp1 [ azk,+1

k1=0

1=0 ko=1+1
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Therefore, the solution {x,} to the equation

Xn—3
an + bnxnflxn—3

satisfies equations (2.9), (2.10), (2.11), and (2.12), as long as the denominators do not vanish.

Xn41 =

3. The case when a; and bj are 2-periodic sequences

We assume that {aj};>0 = {ao, a1, ap, ...} where ag # aj, and {bj};>0 = {bo, b1, bo, by, ...} where by # b;.

31 ay#1,a1#1
Then after substitution, (2.9), (2.10), (2.11), and (2.12) become

n 02 n—1 s ZS
S+ Xx_3x_ 1b01 ag +x_ 2X0b11 a
X4n—3 = X-3 H 25417 X4n—2 = X2 ’
1— a? s+1 1— a25+1
s=0 a%SH +x_3x_1bp—= @ s=0 a%”l +x_2xob1—= a
25+1 25+1
-1 2 +1 1= 2 +1 1-
$ +X_3X_ 1b0ﬁ $ +Xx_ ZXOblﬁ
X4T1—1 =X_ 1 25+2 4 X4TL - XO H 25+2 7
2542 1- 2542 1-
s=0 CLOS+ +x_3x_1bo—— (10 s=0 als+ +x_2xob1—— 01
where
2 2s+1 2s+1
b() 1 — ) b1 (1 a )
H 0 Iy ax a2$+1 1 X_oX0 + a2$+1 ?é 0
1-— ap 1-— a
i=1
foralls=1,2,...,n—1.
4. The case when a; and b; are 1-periodic
In this case, replace a; and by, in the above section, by ag and by, respectively.
41 ag#1
In this case, the solution equations are given by
nlg2s 1—ag® n—1 _2s 1—af
+X_3X_q b(]ﬁ ag + X_Zxob()ﬁ
X4n—-3 = X3 2511/ X4n—2 = X2 2517
2 1 1-q 2s+1 1-
s—0 assth 4 x_ 3X_1bg = [210 s=0 aOH +Xx_7Xobg T—ag
Zs+1 2s+1
—1 2 +1 —1 2 +1 1-q
$ +X_3X_ 1b0ﬁ $ +Xx_ ZXQbOﬁ
Xgn—1 =X 2512/ X4n = X a25+2 7
2542 1—qj 2 2 1-
s=0 ag° "+ x_3x_1bo =% s=0 ag° 2 +x_2x0bg ——4—
where
25+1
bo(1—ag*™) bo(1 )
H — X 3X_1+ 025“ —Ox 2Xp + a23+1 #0
1— ap 1-— ap
i=1
foralls=1,2,...,n—1.
4.1.1. ap = —1,b0 =1
The solution is given by the following equations, and it appears in [9, Theorem 6].
Xgn—3 =X-3(=1+x3x 1) ", Xan—2 =X 2(—=1+x_2%x9) "™,
Xan—1=%_1(—1+x-3x1)", Xan = Xo(—1+x_2%0)",

where x_,xp # 1 and x_3x_1 # 1.
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4.1.2. Qg = —1,b0 = —
The solution is given by the following equations, and it appears in [9, Theorem 9].

Xan—3 = (—1)"x_3(1 +x_3x—1)" ", Xan—2 = (—1)™"x_2(1+x_px0) "™,
Xan—1 = (—1)"x_1 (1 +x_3x_1)"™, Xan = (—1)"x0(1+x_2x0)™,

where x_,xp # —1 and x_3x_1 # —1.

4.2. ap =1
The solution is given by the following equations:

n—1 n—1

N - H 14 2sbgx_3x_1 N -
n—3 =73 1+ (2s+1)box_3x_1’ n—2 = %2

14 2sbgx_2xg
1+ (2s +1)box_sxp”

n—1
=X0
s=0

X X H1+ 28+1b0X 3X_1
n—17 ! 1+ 28+2b0X 3X1

=0
1+ 28 + 1 boX 2X0
1+ 28 + 2 boX 2X0

where jbox_3x_1 # —1 and jbox_oxp # —1 forall j =1,2,...,2n.

4.2.1. aQpg = 1,b0 =1
The solution is given by the following equations, and it appears in [9, Theorem 1]:

n—1 n—1

X . H 1+2sx_3x_1 N o
4n—3 — 3 1+2S+1X3X1 4n—2 2

14+ 2sx_2%g
01+ 25—1—1)( 2X0

n—1

(25 + 1)X,2X0
(28 + Z)X,QXOI

14+ (2s+1)
X]H + s+ X3X1

Mn—1 = 1+ 25+2X 3X1

X4n =
4n = X0 1
s=

where jx_3x_1 # —1 and jx_pxg # —1 forallj =1,2,...,2n.

42.2. ap=1,b9=-1
The solution is given by the following equations, and it appears in [9, Theorem 4]:

n—1

1—2sx_3%x_1 1—2sx_»xg
X4n—3 = X3H1 (2s +1)x_ 3X1 Xan—2 = le_‘gl (2s+1)x_ 2X0
1
1—(2s+1)x_3x_1 51— (254 1)x_axo
X4TL1_)(11_[1—2s+2x 3X_1’ X4n—Xosljol_ 2s +2)x_2xo

where jx_3x_1 # 1 and jx_pxg # 1 forall j =1,2,...,2n.

5. Conclusion

We obtained two non-trivial symmetry generators of shifted equation and used one of these generators
to obtain exact solutions to difference equations of the form

Xn—3
7
an +bnXn_1Xn-3

Xn41 =

where (ay ) and (by, ) are arbitrary sequences of real numbers. In particular, our work generalized a result
of Elsayed [9].
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