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Abstract

In this paper, by introducing a parameter q and using the expression of the beta function establishing the inequality of the
weight coefficient, we give a g-analogue of the Hilbert’s type inequality. As applications, a generalization of Hardy-Hilbert’s
inequality are obtained.
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1. Introduction

g-Series, which are also called basic hypergeometric series, play a very important role in many fields,
such as affine root systems, Lie algebras and groups, number theory, orthogonal polynomials, physics,
etc.. We first recall some definitions, notations, and known results in [1, 6, 7].

The ratio (1—q“)/(1 —q) is called a g-number (or basic number) and we have:

1—q¢

élinﬂ 1—gq =a. (1.1)
The following is the g-integral:
1 0 a o0
JO f(t)dgt = (1—q) )_f(q™)q"™ and L f(t)dqt =a(l—q) > f(q™)q™
n=0 n=0

When f is continuous on [0, al, it can be shown that

a a
limJ f(t)dqtzj f(t)dt.
q—1Jo 0
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The g-gamma function is defined as
(q;q)oo 1—
Mq(x) = ———(1— X,
a0 = (1= )
where 0 < g <1,(a:q)eo =[[ro(1—ag®)and lim Ty(x) =T(x).

q—1-
Analogous to the definition of the the beta function

F()r(y) r 1 1
B(x,y) = ——2 = | " 1(1—t)v~ldt,
(Y = Ty = ) Y
the g-beta function is defined by

Bq(x,y) =

4

Fq(x)Tq (y) :Jl x—1 (td; 4)eo

Fq(x+y) Jo (tq¥; qloo

which tends to B(x,y)as q — 17.
pr,r>1,%+%:1,an)O,bn>0,f0rn IL,meNand0< Y ah <00, 0< Z bl, < oo, then

n=1

)=

S~ 3 Ambn P : S pr | 12
PR sm(g){za } {nz—l “} ' -2
and

;

szax{m n} pr{;aﬁ} {Z_lb;} ’ (1.3)

where the constant ;"= and pr is best possible for each inequality, respectively. Inequality (1.2) is Hardy-
Hilbert’s inequality. Inequality (1.3) is a Hilbert’s type inequality [2].

In [5, 10, 12], Krnic at al. gave some generalization and reinforcement of inequality (1.2). In [3], Kuang
and Debnath gave a reinforcement of inequality (1.3):

1 1
0o 00 ambn B » P 00 - . T
Z > max{m, ] {Z pr Jla } {Zh@r G(r,n)]bn} , (1.4)
1m=1 =1 n=1
t+4—3
where G(t,n) = —3 3 >0 (t=p,7).
2n+1)t

In [8, 9], Xi gave a generalization and reinforcement of inequalities (1.3) and (1.4):

3rn -
—1m=1 =1
n=lm n 1 (1.5)
o0 1 B T
X{Z [K(?\)— MZ]nl Abrn} ,
n=1 3pn »
where k(A) = (p+7\_g)r(};+)\_2) >0,2—min{p, 1} < A < 2.
— — Ambn - 1 1 B 1-A
A - P
Z Z max{m?* + A, n* 4+ B} {Z {K( ) n==2 <3r 1+B>} "
n=1m=1 n=1
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In this paper, by introducing a parameter q and using the expression of the beta function establishing
the inequality of the weight coefficient, a q-Hardy-Hilbert’s inequality is proved, that is a g-analogue
of the Hardy-Hilbert’s inequality. As applications, a generalization of Hardy-Hilbert’s inequality are
obtained.

2. A Lemma

First, we need the following formula of the Riemann-( function (see [4, 11, 13]):

1-1
Z . . L . Z sz —0 1 821 —0 3 (2 1)
ko 1 —0 2n° 2k 2k —1 ) no+2k—1 21 \ 21— no+21-1’ .

whereo>0,0#1,n,1>1,n, 1eN,0<e=¢(o,,n) <1 Thenumber381 —-1/2,B, =1/6, B3 =0,
By = —1/30,... are Bernoulli numbers. In particular, ((0) = Y ¥ ; & (o > 1).
Since ((0) = —1/2, then the formula of the Riemann- C function (2.1) is also true for o = 0.

1,1 .
Lemma 2.1. pr,r>1,5—|—;:1,2—mm{p,r}<7\ 2,n>1,q>1andn €N, then

© ‘

[ 1 n z
w(m, A q,p) = Z max{(qk—1)* (g™ —1)*} (E)

k=1

- (2.2)
L K(A) +p(n) — .
(q—1)* 3pnp+Pj ,
and
. 1 -
w(n A q,) _];max{(qk—l))‘/(qn_l))\} (&) (2.3)
< s [ - L]
(g—17 3]
" n*l(g—1)*
where k(A) = a5 gy KW = o Z(qniim

Proof. Equalities (2.2) and (2.3) define the weight coefficient. When 2 — min{p,r} < A < 2, taking o =
% >0,1=1,in (2.1), we obtain

p+A-2

2-A | pn 1 2-A
C <> = — — - — + — 51, (24)
p k; K5 PHA=2 on%t 12pn!tH
where 0 < g1 < 1
Taking 0 = = + A 1=1, we obtain
2 A\ Y1 o 1 A+2r
C(+>:Z s T A 2+ 23 T ° 1242 25)
p T o ket THA— 2ne ' F 12pm' TR Y

where 0 < 5 < 1.
In addition,

0]

1 ny\ 5
WOLAP) = D T (g T (&)

k=1
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-2 0"+ 2w (0
2 max{(q*— 1% ("~ DM\ T 2= max{(qF— 1, (g~ 1M \k
n 2—A o] 2—A
1 50 1 1 5
:Z A<E>p_ ?\+Z K A(n>p
= (g =1)* \k (qm =D = (gF=1)* \k
R | 1 50 1
nere ne
o — — —|— —
(qm =12 kZ1 e (@r=Dr (g1 ]; (qu_*ll)xk%
Since g > 1 and lim L:l = k. Then, we have
q—1t q-1
> 1 n\ %
5081 1 5o
nere nre
(ct“—l)AkZ_1 K5 (gr=1A (q—mk;k;w
By (2.4) and (2.5)
S pHA-2
nve 2—A pn @ 1
thN%P%<Mn_1V[C< > >+P+A—2+2n%{
B 1 nv moe 1 PA+2r
(@ =1 (@D [ r+A—2 " o 242 12prn1+%+%
22 222 piA-2
_oomnv C<2—7\>+ nv L
(@ =DAT\ p (qr=1* " p+A-2
_ 1 n 1 ml—A 1 n PA+2r
2 =1  (q—DA [r+A—2 2n*  12prnitA
222 2-2 pHA-2
oonv C(Z—?\)+ nve L
(@ =DM\ p ) (DML T pHA-2
1 1 mi—A 1 PA+2r
— - +o—+
2 =1  (q—DA [r+A—2 2n*  12prnitA

2-A 2—A p+A—2

- ne ¢ 2—A n ne L
(qn=1*"\ p (q=1D*M*  p+A-2
1 1 ml—A 1 PA+2r
— -~ +o—+
2=  (q—DA [r+A—2 2n*  12prnltA

o C(z-x)_ 1
(qr=DA"\ p 2(qn —1)%

1 prant—2? n 1 n PA+2r
(q—DA [(p+A=2)(r+A=2) 2n*  12prnltA

- 1 C 2—A B 1

(-1 5\ P/ 2ar =17

1 prant—* n 1 . PA+2r
(q—DA [(p+A=2)(r+A—=2) 2n*  12prnltA
_ TLlf?\ ‘pY?\ i_n?\fl(q_l)?\

(q—DA |l (p+A—=2)(r+A—=2) 2n  2(qm—1)*

_l’_

+
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1 [ <2 - 7\) PA+2r }
T prA2 —C - P+2—A :
nov p 12prn »

In (2.4), taking n =1, by 2 —min{p, r} < A < 2, we obtain

2—-A 1 (2—A 1 2—A A=2-3p)(A—-2-2
(Moo P 1 BN 1 p 274 l P _
p P+HA—2 2 12p 2 p+A—-2 12p 12p(p+A—2)

Soforn>1,neN,2—min{p,r} <A < 2, we have

_C<2—7\)_ PA+2r >(7\—2—3p)(?\—2—2p)_p7\+2r
P 12prnp72+2 12p(p+A—-2) 12pr

TA—2—=3p)(A—2—-2p)— (pA+2r)(p+A—2)
N 12pr(p +A—2)
~ T(A=2)2+ (pA+5pr +2r)(2 — A) — p(pA + 21) 4 6p*r
12pr(p +A—2)
—p(pA +21) + 6p2r S —(2p +2r) 4 6pr - 1 - 1
R2prip+A—2) =~ 12r(p+A—2) 3p+A—2) " 3p’

Using the last result and the inequality for w(n, A, q,p) above, we obtain (2.2).

In a similar way, one can prove (2.3). O
3. Main results
Theorem 3.1. pr,T>1 l—i—f—l q>12—min{p, 1} <A <2, a, 20,by >0, forn>1n € Nand
0< Z ah <o00,0< Z bl < oo, then

n=1 n=1
o o0 ambn 1 0 |: 1
< K(N) + () — }
TLZ—lrnz—l max{(qm—1)*, (q" = 1)*} ~ (q—1)* {T; 3
1 (3.1
B s 1 =
X nlfxaﬁ}p {Z K(}\) + u(n) _ — 2] 1 7\br )
n=1 pn
and
i mP—1D (A1) i an P
— [K(A) + p(m)]P—1 — max{(q™ —1)*, (g™ —1)*}
oo (3.2)
1 1
< <(N) + pln) — — ]nwav,
(q _1))\(p—1) nZ_l 3rn +1\ 2 n
A1/ 1A
where k(A) = (p+?\—12))r(7;+)\—2) >0,u(t) = 5 — tz(q(t%nl%) (t=m,n).

Proof. By Holder inequality, we have

oo oo bn o0 (o)
2 ) max{(q 1) (qm —m}:Z 2

1
n=1m=1 n=1m=1 [max{(qm_l)?\/(qn_l)x}p
2

)59] [ br (M
max{(qm— 1), (qn —1)A}r ™
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n—1m=1

0o 00 ba - %

X {’;mz—l [maX{(qm—l)A CRESE ]}
{Z w(m,A q’T)aEl}p {Z (U n,A, q, p)br }r

By (2.2) and (2.3), we obtain (3.1).
By Holder inequality and Lemma 2.1, we have

o0 an B o0 1 E 2];7\
L maxllqm D8 @ 1 & [max{(qm—m,(qn—l)x}é o
B N
max{(q™ —1), (@ — 1A} "

> 1 n\ =
S { [max{( m_1)A, (gn—1) ) <E) an }

/—/H
e
Cﬁ
\>‘
o
=)
|
=
>
-z
/N
3|3
N—

<[

| I

= max{ }
- ny\ = ’ 1
= {T; [max{ , (qn _ 1))\} <E) a:Fr)L:| } [w(m/)\r q/‘p)]r
00 - %
< {T; [max{ A (gr—1)M (E) aﬁ] }
Y {(;“ O +u(mn}r
So
00 Tﬂ, p—1)(A—1) 00 an P
2 G Tty T\ 2 max (@ %, (qF 1Y
1 — — 1 n\ % -
TS mZ_m; [max{(qm—m,(qn—l)%} () “f‘] RTES T n;‘” A )
By Lemma 2.1, we obtain (3.2), the proof of the theorem is completed. O

Corollary 32. If p,v > 1, l—i—l =1 2—min{p,7} <A <2, an 20, bn =20, form > 1,n € Nand

0< Zap<oo 0< Zbr<oothen

n=1 n=1

Yoy e {i -~ ]n“ap}; {i [Km—l ]ngT}1

i max{m)‘,nx} ) 3rnr+rﬁ " 1 3pnp+1?)\;72 " ’
where k(A) = (p+7\fg)r();+7\72) >0,2—min{p, T} <A < 2.
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Proof. By (3.1) and q > 1, we have

— — (q_l)}\ambn - [ 1
< KA) +um) — — 5>
nZ_lmz_l max{(q™ —1)*, (q" —1)*} nZ_1 3
1 (o) 1 T
X nlfxafl}" {Z K(A)+un)— Hz] nlAbIL} .
n=1 3pn @
So by (1.1), we have
o0 o0
. (q - 1)}\ambn
lim
q—1+ nZ_l mz_l max{(q™ —1)*, (q™ —1)*}

= lim Z Z mon
1 1S o max { (N (S50

_ i i ambn

max{m?, n?}
n=1m=1
1 1
q—1+ — K 3an+7rx72 n — 3pnp+;\72 n
1 1
= i [Km—l] n~a? ’ i K(A)—¥ n' = br T.
n=1 B b n=1 3pn E "
Hence the proof of the corollary is completed. O

Remark 3.3. Inequality (3.1) is a g-analogue of the Hardy-Hilbert’s inequality (1.5). Inequality (3.1) is a
generalization of inequalities (1.3), (1.4), and (1.5).
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