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Abstract

In this paper, we will prove some new nonlinear retarded dynamic inequalities of Gronwall-Bellman type on time scales.
These inequalities are of new forms compared with the existing results so far in the literature, which can be used as effective tools
in the study of certain nonlinear retarded dynamic equations. Some special cases of our results contain continuous Gronwall-type
inequalities and their discrete analogues. We also indicate some application examples to illustrate our results at the end.
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1. Introduction

The Gronwall inequality [12] states that if f and v are real-valued nonnegative continuous functions
defined on R = [0, co) with a positive constant v, then
t

v(t) < Vo —I-J f(s)v(s)ds,Vt € Ry, (1.1
0

implies
t
v(t) <vpexp <J f(s)ds),Vt ceR,.
0
As a generalization of (1.1), Bellman [7] proved that: If v, f, a, € C(R,R;) and a is nondecreasing,
then the inequality

v(t) < aft) —i—J f(s)u(s)ds,Vt e R, (1.2)
0
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implies

v(t) < a(t)exp <Jt f(s)ds),Vt eR,.
0

In [26], Pachpatte established the discrete version of (1.2) and in particular he proved that if u(n), a(n),
b(n) are nonnegative sequences defined for n € INy and a(n) is nondecreasing for n € INy, and if

n—1
u(n) < a(n) + Z f(n)u(n),n € Ny, (1.3)
s=0
then
n—1
u(m) < a(m) [ [+ f(n)l,n € N.
s=0
Since the discovery of these inequalities, many inequalities which deal with new proofs, various gener-
alizations and extensions have presented in the literature. Such inequalities are important handy tools
to obtain various estimates in the theory of differential and difference equations; see for example [1-
4,8, 11, 20, 22-24].
In [10], Bohner and Peterson introduced a dynamic inequality on a time scale T which unifies the
continuous version inequality (1.2) and the discrete version inequality (1.3) as follows: If x, & are right
dense continuous functions and y > 0 is regressive and right dense continuous function, then

x(1) < 5(1) +L x()y(s)An, ¥t € T,
implies
t
x() < 5(1) +J ey (t, o(n))5(n)y(s)An, vt € T.

to
Pachpatte [25] established explicit bounds to the solution of the following integral inequality:

t
uP(t) < a(t) +b(t)J [g(s)uP(s) +h(s)u(s)lds,t € Ry, (1.4)
0
where u, a, b, g, h are real-valued nonnegative continuous functions defined on R, and p > 1 is a real
constant.
Also in the same paper [25], for a real-valued positive continuous and nondecreasing function ¢ de-
fined on IR, Pachpatte studied the following inequalities:

t
uP(t) <cP(t) —i—b(t)J [g(s)uP(s) +h(s)u(s)lds, t € Ry, (1.5)
0
t
uP(t) < a(t) +b(t) J k(t, s)[g(s)uP(s) +h(s)u(s)lds,t € Ry, (1.6)
0
and .
uP(t) < aft) +b(t)J f(s,u(s))ds, t € Ry, (1.7)
0

where k(t,s) and its derivative %k(t, s) are real-valued nonnegative continuous functions for 0 < s <t <
oo, and f: ]R%r — IR is a continuous function.

On the other hand, Pachpatte [25] also investigated the following discrete analogues of (1.4), (1.5),
(1.6), and (1.7).

n—1
uP(n) < a(n)+b(n) Z [g(m)uP (n) +h(n)u(n)],n € Ny,

S=Tyo
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n—1
uP(n) < cP(M)+bm) Y [g(n)uP(n) +h(nju(n)],n € Ny,

uP(n) < a(m)+bn) Z k(n,s)[g(n)uP (n) +h(n)u(n)],n € Ny,
n—1
uP(n) < a(m)+bn) Z F(s,u(s)),n € Ny,

S=ny

where u(n), a(n), b(n), g(n), h(n), and c(n) are real-valued nonnegative sequences, and F: Ny x Ry —
R4, and k(n,s), Ajk(n, s) are real-valued nonnegative functions for n <s <n, n € IN.
In [16], Li studied the following nonlinear delay integral inequalities of (1.4) and (1.7):

uP(t) < at) +b(t) Jt [f(s)uP (s — 1) + g(s)u(s) + h(s)lds,t € Ry, (1.8)
0
and .
uP(t) < a(t) —|—b(t)J L(s,u(s—7))ds, t e Ry, (1.9)
0

with the initial condition:

u(t) — d)(t)/ t 6 [_T/ 0]/
bt—1) < (a(t)?, VteER,, t-T<0,

where p > 1 and T € R are constants, ¢(t) € C([—7,0],R;), and L € C(R2,R ).
On the other hand, in the same paper [16], the author also investigated the following discrete ana-
logues of (1.8) and (1.9):

3
o

uP(n) < a(n) +b(n) [f(s)uP (s — o) 4+ g(s)u(s) + h(s)],n € Ny,

s=0

and

=
L

uP(n) <am)+bn) ) V(s,u(s—o)),n e Ny,
s=0
with the initial condition:

u(n) =v(n), ne{-o,...,—1,0},
PY(n—o) < (a(m)?, ¥neNy n-o<0,

where p > 1 and o € INj are constants, P(n) € R;,and V: Ny x Ry — R5.

In recent years, the study of dynamic inequalities of one variable of Gronwall-type on time scales
has received a lot of attention, we refer the reader to the papers [5, 6, 10, 14, 15, 17-19, 27-29] and the
references cited therein.

The general idea is to prove a result for a dynamic inequality where the domain of the unknown
function is a time scale T, which may be an arbitrary closed subset of the real numbers R. The cases
when the time scale is equal to the reals or to the integers represent the classical theories of integral
and of discrete inequalities. The calculus on time scales has been introduced by Hilger [13] in order to
unify discrete and continuous analysis. The three most popular examples of calculus on time scales are
differential calculus, difference calculus, and quantum calculus, when T =R, T=IN,and T = qNo ={q*:
t € NoJ, where q > 1. For the general basic ideas and background, we refer to [9, 10] which summarize
and organize much of the time scale calculus.
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The main objective of this paper is to prove new delta dynamic inequalities on an arbitrary time scale
T with several retardation that resemble both the discrete and the continuous inequalities presented in
[16, 25]. We also provide a more useful and explicit bound than in [16, 25]. The paper is organized in
the following way. In Section 2, we give some basic concepts of the calculus on time scales. In Section 3,
we state and prove the main results, which can be used as effective tools in the study of certain nonlinear
retarded dynamic equations. In Section 4, we include some applications to illustrate the usefulness of our
results.

2. Preliminaries and lemmas on time scales

In this section, we will give some preliminaries on calculus of time scales and the basic lemmas that
we will apply to obtain the main results in this paper. We assume throughout that T has the topology
inherited from the standard topology on the real numbers RR. For t € T, first we define the forward jump
operator o : T — T by:

o(t):=inf[se T:s > t},

and second, the backward jump operator p : T :— T by:
p(t) :=sup{s e T:s < t}.

In this definition, we put inf ) = sup T, where () is the empty set (i.e., o(t) = t if T has a maximum m)
and sup ) = infT (i.e., T has a maximum 1). A point t € T with inf T < t < sup T is said to be left-dense
if p(t) = t and is right-dense if o(t) = t, points that are simultaneously right-dense and left-dense are
said to be dense, is left-scattered if p(t) < t and right-scattered if o(t) > t, points that are simultaneously
right-scattered and left-scattered are said to be isolated. A function g : T — R is said to be right-dense
continuous (rd-continuous) provided g is continuous at right-dense points and at left-dense points in T,
left hand limits exist and are finite. The set of all such rd-continuous functions is denoted by C.4(T).
A function f : T — R is said to be left-dense continuous (ld-continuous) provided f is continuous at
left-dense points and at right-dense points in T, right-hand limits exist and are finite. The set of all such
ld-continuous functions is denoted by Ciq(T).

The forward and backward graininess functions p and v for a time scale T are defined by p(t) :=
o(t) —tand v(t) =t — p(t), respectively.

Given a time scale T, we introduce the sets T*, Ty, and T{ as follows. If T has a left-scattered
maximum t;, then T* = T —{t;}, otherwise T* = T. If T has a right-scattered minimum t;, then
T* =T —{tp}, otherwise T* = T. Finally TE =TNT..

Let f : T — R be a real valued function on a time scale T, then for all t € Tk, we define f2(t) to be
the number (if it exists) with the property that given any ¢ > 0 there is a neighborhood U of t such that
Vs e U,

[f(o(t)) = f(s)] = FA(D)[o(t) —sl| < elo(t) —s|,  VseU.

For f : T — R, we define the function f° : T — R by f°(t) = f(o) for all t € T, that is f°(t) = foo.
Similarly, we define the function f° : T — R by f°(t) = f(0), for all t € T, that is f°(t) = foo. A time
scale T is said to be regular if the following two conditions are satisfied simultaneously: (1) o(p(t)) =t,
and (2) p(o(t)) = t,Vt € T. The product and quotient rules for the derivative of the product fg and the
quotient f/g (where gg® # 0, here g° = go o) of two differentiable function f and g, are given as the
following:

(fg)2(t) = FA(D)g(t) + f(o(t)g™ (1) = f(L)g™ (1) + 2 (t)g(o(1),

and
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A function F: T — R, is called a delta antiderivative of f : T — R provided that F* = f(t) holds for
all t € T*, and the delta integral of f is defined by

Jb f(t)At = F(b) — F(a).

a

We will frequently use the following useful relations between calculus on time scales T and differential
calculus on R, difference calculus on Z, and quantum calculus on q](I)\I:

(G) if T =R, then
b b
o(t) =t u(t) =0, = f’(t),J f(t)At = J f(t)dt; (2.1)

(i) if T = Z, then

b b—1
o(t) =t+1,u(t) =1, = Af(t),J fOAt= > f(t); (22)
a t=a

(iii) and if T = qNo = {t: t = q*, k € Ny, q > 1}, then

b logq(b)fl
o(t) = qt, u(t) = (q —1)t,J fl)At=(q—1) Y  q*f(q"),¥Ya,be g

a k=log, (a)

It can be shown (see [10]) that if g € C,4(T), then the Cauchy integral G(t) = ﬁo g(s)As exists, tg € T,
and satisfies G2(t) = g(t), t € T. An infinite integral is defined as

0 b
J AN = lim J {0,

Now, we will give the definition of the generalized exponential functions and its derivatives. We say
that p : T* — R is regressive provided 1+ p(t)p(t) # 0 for all t € T*. We define P& as the set of all
regressive and rd-continuous functions, and define the set 3" the set of all positive elements of 2R, that
isRT ={peR:1+pu(t)p(t) >0,Vt € T} The set of all regressive functions on a time scale T forms an
Abelian group under the addition @ defined by p® q = p + q + ppq. If p € R*, then we can define the
exponential function by

t
ep(t,s) = exp<J E,H(T)(p(T))AT>,Vt eT,seT",

S

where &1, (z) is the cylinder transformation, which is defined by

log(1+hz) h# 0
— h 7 7
En(z) { 2 o).

If p € R, then ey (t, s) is real-valued and nonzero on T. If p € R, then e, (t, to) is always positive.
Note that

e if T =R, then,

o if T =2Z, then,
t—1
caltito) =TT (1+als)); 3)
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e if T = q™o, then,
t—1

ealt, to) = H <1 +(q —1)sa(s)>.

s=tg
In the following we present the basic lemmas that will be needed in the proof of our main results.

Lemma 2.1 ([10]). If p,q € Rand tg € T, then

1 ep(t,t) =1=c¢g(t,s);

2. ep(o(t),s) = (1+u(t)p(t)ep(t,s);
3. if p e R, then ep(t, t) >0, YVteT;

4, fzp(t)ep(c,cr(t))At = —fz(ef,(c, JA) = ep(c,a) —ep(c,b).

Lemma 2.2 ([10]). If p € R, and fix t € T, then the exponential function ey (t,to) is the unique solution of the
following initial value problem:

{ y2(t) = p(thy(t),
y(to) = 1.

Lemma 2.3 ([10]). Let tg € T and k : T x T* — IR be continuous at (t,t), where t > to,t € T*. Assume that
kA(t,.) is rd-continuous on [to, o(t)]. Suppose for any ¢ > 0, there exists a neighborhood U of t, independent of
T € [to, 0(t)], such that

k(o(t), T) —k(s, )] = k*(t, Dlo(t) — sl < elo(t) —s|,  Vsel.

If k2 denotes the derivative of k with respect to the first variable, then
t
f(t) :J k(t, T)AT,
to
implies

A>t) = Jt k2 (t, T) AT+ k(o(t), t).

to
Lemma 2.4 ([10]). Suppose u,b € Cyq, a € R, then
u?(t) < alt)u(t) +b(t), t > to, t € TX,
implies
u(t) <u(tgleql(t, to) + E eq(t, o(T))b(T)AT, t > to, t € T .
0

Lemma 2.5 ([10, p.28, Theorem 1.76]). If f2(t) > 0, then f(t) is nondecreasing.

Lemma 2.6 ([10, p.5, Theorem 1.16]). Assume that f: T — R is delta differentiable at t € T*. Then
£O(x) = F(x) + n(x)F2 (x).
,o . 1.1 1w
Lemma 2.7 ([21, Young's inequality]). Ifx > 0,y > 0 and ; + ¢ =1 with p > 1, then

11 X y
XPyd < —+ =
P q

Now, we are ready to state and prove the main results in this paper.
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3. Main results

In this section, we will prove the main results. For convenience of notation, in the rest of this paper
we always assume that Ty = [tp, c0) N T, where tp € T, and always assume Ty C T, and Z denotes the
set of integers.

Theorem 3.1. Letu, a, g, h, b, &, f € C,q(To, RY), k(t,5), k2(t,8) € Crq(To x To,R*), andp #0,p > q >0,
p>r>0,p>m>0,p, q, v, mbe constants. If

t

uP(t) < at) +b(t)J

to

+JO ()™ (3(1)) + amm} As,

[9((01(8))uq (@1(s)) + h{@2(s)u" (@2(s)) + k(t, 5)

with the initial condition

u(t) = ¢(t), ifteloto]NT, 3.1)
dl@i(t) < (a(t)’, if @i(t) < to,Vte Ty, i=1,2,3, '
where @i(t) € (Ty, T), i(t) <t, —oco < ax =inf{ei(t), t € To} < to, € Crqlle, tol NT,R™), then
t /v
u(t) <{a(t) +0(0) | asdenl, cr(s)ms} (62)
to
forall t € Ty, where
t
m(t) = () (qg(cpl(t)) n Th(<P2(t))>+m || flostnpt vas 63)
P p P Jt
and
ca(t) = glon(0) (P Taft) ) hiea(t) (P + ay)
p p P p
¢ pom m ¢ ¢ (3.4)
+ J f(p3(T)) < + a(T)> AT +J E(T)IAT+K(o(t),t) + J k2 (t, T)AT
to 1Y 1Y to to
forall t € Ty.
Proof. Fixing an arbitrary number T* € Ty, we define a function w(t) by:
t
w(t) = [a(T*) +b(t)J [g(cm(S))uq(cm(S)) +h(pa(s)u'(ea2(s)) +k(t,s)
. b ” (3.5)
+ [ trtostrumoao) + am}m} As} ,
clearly, w(t) is a nonnegative and nondecreasing function, and we have
u(t) < w(t), te [ty T INT. (3.6)

If pi(t) >t fort € [ty, T*]N'T, since @i(t) < t, we have @i(t) € [t, T*] NT, and from (3.6), we have
u(ei(t)) < wlei(t)) < w(t),i=1,2,3.
If @i(t) < tg, from (3.1), we get

u(ei(t)) < @(ei(t) <w(t)(t),i=1,2,3. (3.7)
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So from (3.6) and (3.7), we always have
ulei(t)) <w(t),1=1,2,3,vVte [ty,, T'INT.

It follows from (3.5), (3.6), and (3.8) that

t

wP(t) < a(TH) —|—b(t)J

to

[9(@1(8))wq(¢>1(8)) +h(p2(s))w (@2(s)) +k(t, s)

+EwwaﬂMNw%un+aﬂmﬂAs

t

<anﬂ+bmj

to

[9(@1(8))wq (s) +h(p2(s))w"(s) +k(t,s)
+ LS [f(es3(T))w™(T) + E(T)]AT:| As

forall t € [to, T*] NT. By taking t = T*, we get
T*
WP(T*) < a(T*) + b(T") |

to

[9(@1(8))wq (s) +h(@2(s))w"(s) +k(T*,s)
+ JOS [(f(@3(T))w™(T) + &(T)]AT] As

for all t € [to, T*] N'T. But we know that T* € T is arbitrary, from (3.9), we have
t

wP(t) < a(t) +b(t)J
to

+ r [floz(T))w™(T) + E(T)]AT] As
to

[9(@1(8))wq(8) +h(pa(s))w"(s) +k(t,s)

for all t € Ty. Similarly to (3.8), we have
u(t) < w(t), Vte T,.

Define a function z(t) by

S

z(t) :L [9(@1(8))wq(8)+h(<Pz(S))wr(S)+k(t,8)+J [f(@3(T))w™(7) + E(T)]AT| As

to

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

forall t € Ty. Clearly z(t) > 0 nondecreasing function with z(tp) = 0. We can write (3.10) as the following:

wP (t) < a(t)+b(t)z(t), vt € T.

From (3.13) and using Lemma 2.7, we get

a/p (p—a)/p .
wI(t) < (a(t) + b(t)z(t)) <1> < p;‘ + ga(t) + gb(t)z(t), Vvt € T,

v/p P—T/p p— T T
W' (1) < (a(t) n b(t)z(t)) (1) <SPS 4 lan bz, vee T,
™/p p—m/p
W™ (t) < (a(t) n b(t)z(t)> (1) <P pm + e+ Bezt),  vieT,

(3.13)

(3.14)

(3.15)

(3.16)
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By differentiating (3.12), and Lemma 2.3, we obtain

t
Z2(t) = |:9((Pl(t))wq (t) + h(@2(t))w™(t) +J [f(e3(T))w™ (1) + &(T)]AT
(3.17)
+k(o(t),t) + r kA(t,s)As}

to

for all t € Ty. From (3.17) and using (3.14), (3.15), (3.16), and using Lemma 2.3, we get

t

t —
n J [f(@1(T)) (pm n %a(’t) + T;b(T)Z(T)) LE(T)] AT+ K(o(t), 1) + J

to

kA (t, 1) AT]

< [b(t) (qg(@l(t)) + Th(cpzm)) += J f(<P3(T))b(T)dT} 2(t) (3.18)
P P P

to

T [g(cpl(t)) <"_q ; qa(t)) Fh{ga(t)) (p_" ; Ta(t))
p P p

+J f(3(1)) (p;m + ?a(T))ATJrJ

to to
=m(t)z(t) + Gi(t)

for all t € Ty, where n; and (; are defined as in (3.3) and (3.4), respectively. Now by a suitable application
of Lemma 2.4 with z(tg) = 0, the inequality (3.18) gives us the following estimation

t

E(T)AT+K(o(t),t) + J

KA (t, T)AT:|
to

t
2(t) < | G(s)as)en (6 ofs))as (319)
to
for all t € Ty, we get the required inequality (3.2) from (3.11), (3.13), and (3.19). This completes the
proof. O

Theorem 3.2. In Theorem 3.1, let & € C,q(To, R") be a nondecreasing function. If

t

uP(t) < aP(t) +b(t) J

t [9((01(3))uq((01(5))+h((92(8))ur((02(5))+k(trs)

s (3.20)
+ || oa(0u™(gale) + erolac s,
to
with the initial condition
u(t) = ¢p(t), iftelo,t)NT,
d(ei(t)) < a(t), if ei(t) <to,VteTyi=1,23,
where @i(t) € (To, T), i(t) <t, —oco < & =inf{pi(t), t € To} < tg, ¢ € Crqllex, to) NT,R™), then
t /p
u(t) < d(t){l +b(t) J él(S)eﬁl(t, O'(S))AS} (3.21)
to

forall t € Ty, where

N q ~Ag— T r— m [ ~AT—
m(t)zb(t)(pg((m(t))aq P[0+ Ihiea(t)a P(t)>+p J H@a(x))a™ P (t)b(1)Ar,
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and

forall t € Ty.

Proof. Since c(t) > 0 and nondecreasing, by the previous discussion in Theorem 3.1, we can write (3.20)
in the following form

p t) ‘ '
(L:((tt))) <”b“)LO [g((pl(s))aq—v(s)@(:))) +h(<pz(s))aT—P(s)(‘g((:))>
w(T)

[f(cps(T))amP(T)<A ) +ap(t)a(s)m}As.

a(T)

S

+a P(t)k(t,s) +J
to

By using the inequality proved in Theorem 3.1, we get the desired inequality in (3.21). This completes the
proof. O

As a special case of Theorem 3.1 when T = R, we have the relation (2.1) and then we get the following
result.

Corollary 3.3. Let u, a, g, h, b, & f € C(I,R"), k(t,s), k®(t,s) € CUx LR*), andp #0,p > q > 0,
p>r>0,p>m>0,p, q, v, mbe constants. If

t
W) < alt) +b(t)f

to

[g(m(s))uq(msn 1 h@a(s)uT(@a(s)) + (b, s)
+J [F(3 (1) u™ (3(1)) + £()]dr|ds,

with the initial condition

u(t) = ¢(t), ift € lo, to)NT,
dlei(t)) < (a(t)’?, if i(t) < to,Vt € Ty, i=1,2,3,

where @i(t) € (I, 1), i(t) <t, —oco < x = inf{i(t), t € I} < tg, ¢ € C(I,R"), then

t s /p
u(t)é{a(tH—b(t)J exp(J Cﬂs)n”ﬂ)x)d%)ds}

to to

forall t € 1, where

3,
=
—
—+
=
I

b(t) (qg(cpl(t)) ; Th(@z(ﬂ)) [ flga(rbirldr,
p p p

to

and

Gilt) = glea(t) (p_q + qa(t)>+h(@2(t)) <‘H + a(t))
P P p
t p—m m t t 3
—i—J f((pg(T))(p+a(T)>dT+J E(T)dT—i—k(t,t)—i—J ak(tm)d’c

to

forallt € L
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Remark 3.4. 1t is interesting to note that as a special case, if we put k(t,s) =0, f(t) =0, &(t) =0, r =1,
and @1(t) = @2(t) = t, then the inequality given in Corollary 3.3 reduces to the inequality given in [25,
Theorem 1 (aj)].

Remark 3.5. It is interesting to note that as a special case, if T = R, k(t,s) =0, f(t) =0, &(t) =0, r =1
and @1(t) = @2(t) = t, then the inequality given in Theorem 3.2 reduces to the inequality given in [25,
Theorem 1 (ay)].

Remark 3.6. It is interesting to note that as a special case, if we put to =0, k(t,s) = h(s), f(t) =0, &(t) =0,
and ¢1(t) =t —7, with T > 0, @2(t) = t, then Corollary 3.3 reduces to [16, Theorem 1].

As a special case of Theorem 3.1, if T = Z and using the relations (2.2) and (2.3), we obtain the
following discrete result.

Corollary 3.7. Assume that u(n), g(n), h(n), f(n), a(n), b(n) are nonnegative sequences defined on ]No, and
k(n,s), Aik(n, s) are nonnegative sequences defined on E = {(m,n) € lN2 0 <n <m < oo} Ifu(n) satisfies
the following delay discrete inequality

uP(n) < Z[ (s —=A)ud(s —A1)) +h(s—A)u"(s —A) + k(n,s)

—i—Z T—M)u™(t—A3) + &(T )]],Vne]No,

with the initial condition

u(n):d)(n)/ zfne{ }\1/ --1_1/0}/i:1/2/3/
d(m—A) < (a(t)”?, ifneNy, n—-A<0,i=1,23,

where p, q, v, m and A; are constants, p #0,p >q >0, p>1r>0,p>m >0, A € Ny, o(n) € Ry,
ne{-A;...,—1,0}, then

n—1 s—1 /p
utm) <{atm) + o) Y o) [T+ mio)]
s=0 =0

forall n € INg, where

and

Gin) = gln— ) (p_q n qa(n)>+h(n7\2) (" L a(n))
p P p
—1
—i—Zf(s—?\l)(p;m—I—T;a( )>—|—kn+1 n —i—ZAkn s Za( )
s=0

forall m € INo.

Remark 3.8. It is interesting to note that as a special case, if we put k(n,s) =0, f(n) =0, &n) =0, r=1
and A1 = Ay = 0, then the inequality given in Corollary 3.7 reduces to the inequality given in [25, Theorem
3(c1)]-

Remark 3.9. It is interesting to note that as a special case, if T = Z and using the relations (2.2) and (2.3),
if we put k(n,s) =0, f(n) =0, £&m) =0, r =1 and Ay = A; =0, then the inequality given in Theorem 3.2
reduces to the inequality given in [25, Theorem 3(cy)].
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Remark 3.10. It is interesting to note that as a special case, if we put k(n,s) = h(n), f(n) =0, &(n) =0,
and @1(n) =n—1, with T > 0, @2(n) =n, then Corollary 3.7 reduces to [16, Theorem 3].

Theorem 3.11. Let u, a, g, h, &, b, f € Cq(To, R™), and k(t,s), k?(t,s) € Cyq(To x To,R*), and p # 0,
p>q>0,p>r>0,p>m>0,p, q 1, mbe constants. If

t

uP(t) < a(t) —I—b(t)J

to

K(t,s) [g(cpl(s))uq(cpl(s)) + h(a(s)u(@a(s))
+L (3 (T) ™ (3(1)) + a(rnm} As,

with the initial condition

u(t) = ¢(t), iftelot)NT,
() < (a(t)”?, if i(t) < to,Vt € Ty, i=1,2,3,

where i(t) € (To, T), @i(t) <t, —oo < o =inf{pi(t), t € To} < to, § € Crallex, to] N'T,IR™), then

t

w(t) < {a(t) +b(t)J en,(t, G(s))CQ(s)As}l/p (3.22)

to

forall t € Ty, where

P Ji
t (s (3.23)
+J kA(t,s>(b(t)<qg(cp1(s))+h(q)z(s)))+J f(cps(T))b(T)AT)As,
to p P Jt
and
G(t) = K(o (), 1 [g(@l(t))<p_ q, ga(t)>+h(@2(t))( L ;a(t))

+ P f((pg,(’t))(p_—i-a(’[))AT—l-J E,(T)AT]

- fo (3.24)

T f(m(ﬂ)(p”“+mam>+J a(T)AT]As.
p P

to
Proof. Fixing an arbitrary number T* € Ty, we define a function w(t) by:

t
w(t) = [a(T*) +b(t)J k(t,s) [9(@1(3))uq(@1(8)) +h(@2(s))u"(e2(s))

to

s /p
+ Jo [fl@3(Tt)u™(@3(T)) + E(T)]AT] AS] )

Similar to the proof of Theorem 3.1, we easily obtain that w(t) is a nonnegative and nondecreasing
function, and we have

(t) t e Ty,

wit),
3.25
w(t), teTyi=1,23, (6.2
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and

t

wP(t) < a(t) —i—b(t)J

t k(t,s)[g(cpl(s))w‘*(s)+h(<pz(s))wf(s)

. (3.26)
+J s ()™ (1) + am]m} As.
to

Define a function z(t) by
t S
z(t) = J k(t, s) [9((01(8))wq(3) +h(pa(s))w(s) +J [f@3(T))w™ (1) + E(T)]AT| As, (3.27)

to to

then z(t) > 0, and is nondecreasing with z(tp) = 0. As in the proof of Theorem 3.1, from (3.26), we see
that the inequalities (3.14), (3.15), and (3.16) hold. By differentiating (3.27), and by using Lemma 2.3, we
obtain

(1) =J

. kA(t,S)[9(@1(8))(1)“(8)+h(<pz(8))wr(5)

+ Js [flos(T))w™(T) + E,(T)]AT] As (3.28)
to
+k(o(t), t) [g(cpl(t))wq (t) + h(p2(t))w"(t) + L [fles(T))w™(7) + E(T)]AT]
for all t € Ty. From (3.28), and using (3.14), (3.15), and (3.16), we get

z2(t) < [k(cr(t),t) [b(t) (gg(@l(t)) + ;h(@z(t))>

T

t t
+"‘j f(cpg(r))b(T)AT]+J kA(t,s)<b(t)<qg(<p1(s))+h(cp(s))>
to to 1Y 1%

P
L J f((p3(T))b(T)AT> As} 2(t)
P Jig
T K(o(t), 1) [g(cpl(t)) <p‘q ; qa(t)>+h(@2(t)) (p_ ; "a(t))
p (3.29)

rt

[ st <p‘m + ma(T))AT+J
p P

; kA(t,s)[g(@l(s))(p_q+qa(s)>+h(<pz(s))(w+ra(s))
p P p

I T (m M AHJ
P
=1 (t)z(t) + Go(t), Vt € Ty,

where 1 (t) and (p(t) are defined in (3.23) and (3.24), respectively. From the inequality (3.29) and by using
Lemma 2.4 with z(tp) = 0, the inequality (3.29) gives us the following estimation

t
z(t) < J en,(t, 0(s))Ca(s)As, Vt € Ty. (3.30)
to
By using (3.30) in wP(t) < a(t)+ b(t)z(t), we get the required inequality in (3.22). This completes the
proof. O
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Theorem 3.12. In Theorem 3.11, let & € C,q(To, R™) be a nondecreasing function. If

t

uP(t) < aP(t) +b(t) J

to

k(t, s) [9(@1(8))uq (@1(s)) +h(p2(s))u" (¢2(s))

s (3.31)
+ Hﬁmﬂfﬂuﬁquﬁd)+ElTHAr}As
to
forall t € Ty, with the initial condition
u(t) = ¢(t), ifte (o, to]NT,
((P t)) < a(t)/ 1f(P1(t) <tOIVt€TOIi‘:11213I
where @i(t) € (Ty, T), i(t) <t, —oco < ax =inf{ei(t), t € To} < to, € Crqlle, to] NT,R™), then
t /p
u(t) < d(t){l +b(t) J eq, (t, G(S))zz(S)AS} (3.32)
to

forall t € Ty, where

and

forall t € Ty.

Proof. Since d(t) > 0 and nondecreasing, as the previous discussion in Theorem (3.11), we can write (3.31)
as in the following form

P t ! T
<°§((tt))> <1+b(t)J k(t,s)[9(@1(8))ﬁq_p(5)<w(8)) +h((p2(s))ar_p(s)(w(5)>

to a(s) a(s)

’ AM—P w(T)>m 4P ]
+wawma (ﬂ(mﬂ L PE(t))AT ds

for all t € Ty. Applying the inequality given in Theorem 3.11 yields the desired result in (3.32). This
completes the proof. O
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As a special case of Theorem 3.11 when T = IR we have the relation (2.1) and then we get the following
result.

Corollary 3.13. Let u, a, g, h, §, b, f € C(I,LR"), k(t,s), kA(t,s) € CIx LR*), andp #0,p > q > 0,
p>r>0,p>m>0,p, q, v, mbe constants. If

t

uP(t) < a(t) —i—b(t)J

to

K(t,s) [g(m(s))uq(ms)) - h(a(s)u (@a(s))
+ L (3 (0)Ju™ (3 (1)) + adeT] s,

with the initial condition

u(t) = ¢(t), ifte octo]rﬂl",
((p t)) <( ( 1/73, Zf(pl tO/VtGTO/i:1/2/3/

where @i(t) € (L1), @i(t) <t, —oo < a =inf{ei(t), t € [ < ty, & € C(I,R™), then

t

w(t) < aft) —|—b(t)J (a(s) exp (Js ﬁz(T)dT> ds

forall t € I, where

t

(1) = kit 1 [b(t) <qg(cp1(t)) ; rh(@z(t))>+mJ
p p p

to

f(mm)b(fr)dr]

] 3t (010 (gtionts) + Sniats) )+ [ slosia)bieier)a
and
Gt = kit 1 [g(cpl(t)) (p_ q, ]‘ja(t))m(m(tn(p_r ; ;a(t)>

rt _

+ (f(m(r))(p+mam>dw+ar)>dﬂ
Jto

< kA(t,s)[g(cpl(s))C’;q ; qa(s))+h(<p (s))<"_*’+;a( ))

[ <f(<Pa(T)) (p‘m m m) +am> dT] ds.
Jto p P

Remark 3.14. It is interesting to note that as a special case, if we put f(t) =0, £(t) =0, v =1, b(t) = b(t),
and @1(t) = @2(t) = t, then the inequality given in Corollary 3.13 reduces to the inequality given in [25,
Theorem 1 (a3)].

As a special case of Theorem 3.11, if T = Z and using the relations (2.2) and (2.3), we obtain the
following discrete result.

Corollary 3.15. Assume that u(n), g(n), h(n), b(n), f(n), a(n) are nonnegative sequences defined on Ny, and
k(n,s), Aik(n, s) are nonnegative sequences defined on E = {(m,n) € IN% 10 <n < m < ool) Ifu(n) satisfies
the following delay discrete inequality

3
AN

uP(n) <a(m)+bMn) ) k(n,s) [Q(S_Al))uq(s_)\l)) +h(s—A)u'(s —Az)

s=0
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s—1
+ ) [f(T=AJu™ (T —As) + £(0)] |, Vn € Ny,

=0
with the initial condition

u(n) =o(n), ifne{—Ay...,—1,0,1=1,23,
dn—A) < (a(t)”?, fneNy, n—2A;<0,i=123,

where p, q, v, m and A; are constants, p #0,p >q >0, p>1r>0,p > m >0, A\; € Np, ¢o(n) € Ry,
ne{-A;...,—1,0}, then

n—1 s—1 1/p
u(n) <{a(n) Lom) Y Gls) [0 +1T2(T)]}
s=0 =0
forall n € INg, where
T m
m(t) =k(n+1,n) [b(n) <qg(n—7\1) + h(n—7\2)>+ Z f(s —Ag)b(n)]
P P P
n - m s—1
+ Z Ak(n,s) <b(n) <Sg(s — M)+ I—)h(s — 7\2)) +— Z flt— 7\3)b(’r)>,
s=1 =0
and
&) =k(n+1,n) [g(n— M) <p_q + qa(n))—i—h(n ) <p L ra(n)>
P P P P
n—1
+y <f(s — ) (p_m + ma(s))—i—&(s))]
. P P
n—1
+ Z Ak(n,s) [g(s —A )(p —9 + ga(s)>~l—h(s —7\2)< —T + ;a(s)>
s=0
s—1
+y (f(T— As) (m + mam) +amd1>]
—o P P

Remark 3.16. It is interesting to note that as a special case, if we put f(n) =0, {£n) =0, r = 1, and
A1 = A2 = 0, then the inequality given in Corollary 3.15 reduces to the inequality given in [25, Theorem 3

(c3)]-

Theorem 3.17. Let u, a, g, §, b, f € Cq(To, R"), and k(t,s), k2(t,s) € Cuq(To,RT) p #0,p > q > 0,
p>1r>0,p>m>0,p,(q,r, mbeconstants, and L € C,q(To x R*,R™") such that

wheren € Cyq(To x RT,RT), and x >0,y > 0. If

t

u(t) < at) +b(t)J

to

[9(@1(8))uq (@1(s)) +L(s,u"(p2(s))) +k(t,s)
(3.34)

+ J (3 (T) ™ (@3(7)) + a(mm} As,

to
with the initial condition

u(t) = ¢(t), ifteletdNT, (3.35)
d(ei(t) <aft), if @ilt) <to,VteToi=123, ’
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where @i(t) € (To, T), @i(t) <t, —oco < « = infle;(t), t € To} < to, ¢ € Crgllax, to] NT,RT), then

t

u(t) < a(t) + bly) J La(s)en, (t, o(s)) a(s)As (3.36)

t

forall t € Ty, where

na(t) = Jg(@1(t)b(t) + -n (t, P, ‘"a(t)>b(t) + = j f(3(T))b(t, T) AT, (3.37)
P P P P P Jio
and
_ _ t _
G(t) = glo1 (D) (pq i qa(t))ﬁ(t,pr i Ta(t)>+j f(cpsm)<pm ; ma(ﬂ)m
PP PP to p p

(3.38)

t t
+ J £(T)AT+k(o(t), t) + J k2 (t, T)AT
to to

forall t € Ty.

Proof. Fixing an arbitrary number T* € Ty, we define a function w(t) by:

wl(t) = [a(T*Hb(t)J [g(@l(s))u‘*(cm(s))+L(s,u*(<pz(sm+k(t,s)

to

s p
+J [f((Ps(T))um((P3(T))—l—&(’r)]AT]As] .

to

Similar to the proof of Theorem 3.1 with the initial condition (3.35), we easily obtain that w(t) is a
nonnegative and nondecreasing function, and we have

(U(t), te TO/
(.U(t), te TO/i = 1/2/3/

and

S

t
w(t) < alt)+b(t) L [g((pl(s))wq(s) +h(s,w"(s)) +k(t,s)+ L [(f(@3(T))w™(T) + &(T)]AT| As.

Define a function z(t) by

z(t) = L [9((01(8))0)‘*(8) +L(s, w™(s)) + k(t, s)

s (3.39)
+j F(3(1))w™ (1) + amm} As.

to

Then z(t) > 0, and is a nondecreasing function with z(tg) = 0. As in the proof of Theorem 3.1 from (3.34),
we see that the inequalities (3.14), (3.15), and (3.16) hold. By differentiating (3.39), and using Lemma 2.3,
we obtain

t t

(@3 (T))w™ (1) + £(T)]AT + K(o(t), 1) +J

A = g(cpl(tan(t)+L(t,wf(t))+J t

to

kA (t, T)AT} (3.40)
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for all t € Ty. From (3.40) and using (3.14), (3.15), (3.16), and (3.33), we have

A) < [g((pl(t)) <p_q +9q0 + qb(t)z(t)> 4L <t, Pl Taw)+ rb(t)z(t))
PP p PP p
—L<t Pl Ta )>—H_<t P—T Ta(t)>
p P p P
m

t

< [qg(t)b(t) + %n <t, % + Ta(t))b(t) (3.41)

to

+L<t pT_+pa( )>+Jt f((pg(T))(l:);]Tl-i-ma(T))AT

to

t t
+ J £(T)AT+k(o(t),t) + J kA (t, T)AT}
to

to
=na(t)z(t) + Ca(t), vt € Ty,

where n4(t) and (4(t) are defined in (3.37) and (3.38), respectively. From the inequality (3.41) and by using
Lemma 2.4 with z(tg) = 0 we get,

200 < | Glolenalt, ofs))als)As (3.42)
to

for all t € Ty. By using (3.42) in wP(t) < a(t) + b(t)z(t), the required inequality in (3.36) follows. This

completes the proof. O

As a special case of Theorem 3.1, when T = R we have the relation (2.1) and we get the following
result.

Corollary 3.18. Let u, a, g, h, b, §, f € C(I,R"), and k(t,s), k®(t,s) € CAxL,R*),p #0,p > q >0,
p>1r>0,p>m>0,p,q, r, mbeconstants, and L € C(I x R™,R™") such that

0<L{t,x)—L(ty <M(tyllx—y),Vvtel,
where M € C(I x RT,R"), andx >0,y > 0. If

t

u(t) < a(t) + bly) J

to

[9(@1(8))uq (@1(s)) +L(t, u"(@2(s))) +k(t,s)

T L (3 (1) U™ (03 (1)) + a(rﬂdr} s,

with the initial condition

u(t) = ¢(t), iftelotdNT,
dlei(t)) < a(t), if ei(t) <to,VteTyi=123,

where @i(t) € (L1), @i(t) <t, —oo < a =inflei(t), t € [ < ty, & € C(I,R™), then

t S B /p
u(t) g{a(t)+b(t)J Tf4exp<J (7\)d7\>C4(s)ds}
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forall t € 1, where

() = Jg(@(t))b(t) + rM(t,]”_r i ra(t))b(t) + [ flga(rbirldr,
p p p P

P Jy

and

_ _ t _

Gylt) = g(@l(t))(M+qa(t)>+L<t,p T+‘”a(t))+J f(m(ﬂ)(“ﬁm (r))dw
P P PP to p p
+Jt E(T)ATt+Kk(o(t), 1) +Jt 3k(’c T)dT
to ’ to at ’

forallt € L

Remark 3.19. It is interesting to note that as a special case, if we put k(t,s) =0, f(t) =0, &(t) =0, g(t) =0,
@2(t) =t, and r = 1 then Corollary 3.18 reduces to [25, Theorem 2 (b1)].

Remark 3.20. It is interesting to note that as a special case, if we put to =0, k(t,s) =0, f(t) =0, &(t) =0,
g(t) =0, p2(t) =t —s with T > 0, and r = 1 then Corollary 3.18 reduces to [16, Theorem 2].

As a special case of Theorem 3.1, if T = Z and using the relations (2.2) and (2.3), we obtain the
following discrete result.

Corollary 3.21. Assume that u(n), g(n), h(n), f(n), b(t), a(n) are nonnegative sequences defined on INy and
k(n,s), Ajk(n,s) are nonnegative sequences defined on E = {(m,n) € IN% 0 < n < m < oo} Suppose
L:Np x Ry — Ry be a function such that

0 <L(n,x)—Lny) <Mny)x—y),

forn € No, x >y > 0, where M(n,y) is a real-valued nonnegative function defined for n € INog, y € Ry. Ifu(n)
satisfies the following delay discrete inequality

n—1

uP(n) <a(n)+bn) ) [g(s —A)Jud(s —A1)) + Lis, u'(s —A2)) + k(n, )
s=0

s—1
+ ) [ft—A)u™(t—A3) + E,(T)]] ,
=0

for n € INo, with the initial condition

wn) =),  Fne{—Ay...,—1,0,i=123
d)(n_}\l) < Cl(t), lanNOI n_)\i <O/i:1/2/3/

where p, q, v, m and A; are constants, p #0,p >q >0, p>1r>0,p >m >0, A\; € Ny, o(n) € Ry,
ne{-A...,—1,0}, then
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and
n—1
&(t) = g(n—Ay) <p 9.4 a(n)>—|—l_ <n, LA ;a(n)>—|— f(s —A3) <_m n ?a(s))
s=0
n—1 n—1
+ Y E(s)+km+1,m)+ ) Ark(n,s)
s=0 s=0

forallm € INo.

Remark 3.22. It is interesting to note that as a special case, if we put k(n,s) = 0, f(n) =0, £&n) =0,
g(n) =0, A2 =n, and r = 1 then Corollary 3.21 reduces to [25, Theorem 4 (d;)].

Remark 3.23. It is interesting to note that as a special case, if we put tg = 0 and put k(n,s) =0, f(n) =0,
&M) =0,b(n) =b(n), g(n) =0, p2(n) =n—1, with T > 0 and r = 1 then Corollary 3.21 reduces to [16,
Theorem 4].

4. Some applications

In this section, we will present some applications for the results which we have established above and
apply them to qualitative and quantitative analysis of solutions of certain delay dynamic equations on
time scales to which the inequalities available in the literature do not apply directly.

Example 4.1. Consider the following delay dynamic integral equation on time scales:

t
(up)A(t)=A(t,u(t),u(cp(t),j z(cp(s),u(cp(s)ms)), te T, @.1)

to

with the initial condition

where (p(t) € (TOIT)I (P(t) , 00 < X = lnf{(P(t)/ t e TO} < to, ¢) € Crd([O(,tO] QT,R+), and
zel

{ u(t) = ¢(t), telxtNT,

dle(t) <Cl7v,

< t

u e C(Ty,RT), A € Crqg(Ty x R3,R), «,00] NT x R,R) and C = uP(tg).

Theorem 4.2. Assume that

‘/\(t,u(t),u(m(t),J E((P(SLLL((D(S))MS))‘ < gleW)uP (@(t)) +h(e(t)uP (e(t)

to

(4.3)
+k(t,8) +Z(@(t), ule(t))),

and
Zlet),ule(t)) < fle(t)h)uP(@(t)) + &(t), (4.4)

where u, a, g, h, &, f € Cq(To, RY), k(t,5), k?(t,s) € Crg(To x To,R*), andp #0,p>q>0,p>1>0,
p>m>0,p, q 1, mare constants. If u is a solution of the retarded dynamic equation (4.1) satisfying the initial
condition (4.2), then

t p
u(t) <{C—|—J d(s)ey (t, O'(S))AS} (4.5)

to

forall t € Ty, where
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and

5(t) = glo(t) (p_q ; qu) Thie(t)) (p_r ; TC)

—l—Jt f(p(T)) (p—m + mC)AT
p PP

to p p
t

t
+ J E(T)AT+ k(o(t),t) + J kA (t, T)AT

to to
forall t € Ty.

Proof. Clearly, the solution u of Equation (2.7) with the initial Condition (4.2) satisfies the equivalent delay
dynamic equation on time scales

t

uP(t) = C+J

to

/\(s,u(s),u((p(s),r E(@(T),u(@(T)))AT))As (46)

to

for all t € Ty with the initial Condition (4.2). In fact, from (4.6) and by using the assumptions (4.3) and
(4.4), we have

WP ()] = ’”L A( (cp(s),L E(cpm),u(@(r)))m))As
|C|+j ( u(cp(s),j z(cpm),u(cp(r)))m))As
to 4.7)
t
\|C|+L 9(@(s)u? (@(s))] + hle(s)Iu(@(s)) + (b, s)

+L[( (D™ (g (1)) + & (x )AT]As,

with the initial condition (4.2). Then a suitable application of Theorem 3.1 (with @1 = @2 = @3 = ¢,
aP(t) = C and b(t) = 1) to (4.7), yields the desired Estimate (4.5) for solutions of Equation (4.1). We
note that, the right hand side of (4.5) gives us the bound on the solution of (4.1) in terms of the known
quantities. This completes the proof. O
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