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Abstract

In this paper, Adomain decomposition method is reintroduced with double Laplace transform methods to obtain closed
form solutions of linear and nonlinear singular one dimensional pseudo thermo-elasticity coupled system. The nonlinear terms
can be easily handled by the use of Adomian polynomials. Furthermore, we illustrate our proposed methods by one example.
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1. Introduction

The theory of generalized thermo-elasticity with one relaxation time for an isotropic body was intro-
duced by Lord and Shulman [17]. This theory corrects the unrealistic conclusions of the previous theories
(the uncoupled and the coupled theories of thermo-elasticity) which tells that heat waves travel with
infinite speeds. The one dimensional thermo-elasticity coupled system was one of the first domains in
coupled field theory that attracted the mathematicians. The thermo-elasticity problems occur in different
fields of engineering, physics, and biology. Many authors have been studied, see [12, 23] are applied
homotopy perturbation and variational iteration methods for the solution of nonlinear thermo-elasticity
coupled systems. Recently, many methods have been used for solution of linear and nonlinear problem,
for example, Adomian decomposition method (ADM); see [4, 8, 9, 21, 22] and iteration method [5, 6]. In
[20]. The authors have solved a particular case of the given nonlinear problem by combining a functional
analysis and iteration method. Many authors has been studied the convergence analysis of Adomian’s
method; see [1-3, 7, 11] . The aim of this paper is to solve linear and nonlinear singular one dimensional
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pseudo thermo-elasticity coupled system by using the combine domain decomposition techniques and
double Laplace transform methods and to study the sufficient condition of convergence of our methods.
Now, we recall the following definitions which are given by [10, 15, 16]. The double Laplace transform is
defined as

LeLe o) = Fips) = | | e P st v,
0 0

where x,t > 0 and p, s are complex values, and further double Laplace transform of the first order partial

derivatives is given by

of(x,t)
0x

Similarly the double Laplace transform for second partial derivative with respect to x and t are defined
as follows

Ll [ } — PE(p,s) — F(0,5).

9%u(x, t) 2 ou(o,s)
LiLe [azx } = pU(p,s) —puU(0,s) - ST,
%u(x, t) 5 oU(p,0)
LiLt [aZt} =s"U(p,s) —sU(p,0) — YR

The following are basic definitions of the double Laplace transform, which shall be used in this paper.

Definition 1.1. The double Laplace transform of the functions x%, X%%’ xf(x,t) and xg(x, t) are given
by
) d
LiL, ("aﬁ) — VIR, - V(p,0),
(1.1)
0%u d |, oU(p,0)
LiLt <Xat2> = —R [S U(p,s) —sU(p,0) — ot |7
and
d dF (p,
Ll (xF0x, 1)) = — = [LL (£, 1))] = — 2228
dp dp (1.2)
d dG (p, s '
Lok (xglx, 1)) =~ (L g0n, 1)) =~ 22 25,

2. Linear singular one dimensional pseudo thermo-elasticity coupled system

In this section, we apply the double Laplace Adomian decomposition method to solve the linear
singular one dimensional pseudo thermo-elasticity coupled system given by

2u ad (Xau) B bd)(t)ai2 ( ou

)—i—cw(x);\i:f(x,t), x € Q,

92 x0x ox x 0x0t X& 2.1)
v _dd [ vy eo(t) o Y +m5(xt)—azu— (x,t), t>0 |
ot x0ox \ox X oxdt \“ox Yot I /
subject to
ou(x,0
w0 =00, 20, w0 =g, 2.2)
where
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are called Bessel’s operators, a,b, c,d, e, and m are constants and f (x,t), g(x,t),8 (x,t), d(t), ¢ (), and
P (x) are known functions. To obtain the solution of Linear singular one dimensional pseudo thermo-
elasticity coupled system of (2.1), first we multiply both sides of (2.1) by x, and using the definition
of partial derivatives of the double Laplace transform and single Laplace transform for (2.1) and (2.2)
respectively and Definition 1.1, we get

dug,s) - dzldg’) + d:j d(;’) + dzggj - S%LXLt [w- extp (x) g:] (2.3)
and av(p,s) dG aG 1 u
where 5 - 32 ou d v 0?2 ov
l1’:aax< ™ >—i— d)()a at<xax>,<D:daX<xax>—|—ecp(t)axat<x8X>, (2.5)

and F; (p), F2 (p), and G; (p) are single Laplace transforms of f; (x), f2 (x), and g; (x), respectively. By
integrating both sides of (2.3) and (2.4) from 0 to p with respect to p, we get

(P (dF(p) | dFi(p) | dF(p,s) 1P
U(p,s)—J0< sdp + 2dp + 2dp )dp_§J0 (LXLt[ —cx (x) })dp (2.6)

and

(P (dGi(p) , dG(p,s) 1 o%u
V(p,s)—JO < sdp + sdp >dp—sj LyL¢ {(D mxd (x, t) ™ at} dp. (2.7)

The double Laplace a domain decomposition methods (DLADM) defines the solution of the system as
u(x,t) and v (x, t) by the infinite series

uxt) = un(xt), vix,t)=) valxt). (2.8)
n=0 n=0
By applying double inverse Laplace transform for (2.6) and (2.7), we have

1y [[P(dF(p) | dFi(p) | dF(p,s) [P _ wv
w0 =t [ (S e ) o] 't [ ) (b [ B o

and

vixt) =1L Up <dG1 (p) + a6 (p’s)> dp] S EJ L Lt [CD mxs (x,t) a2u] dp},
0

sdp sdp 0x0t

therefore

1 (P
u(x, t) =f1 (x) +tfz (x) + L;ll_s—l [2 J dF (p, s)]
s
1 (P (2.9)
A e e o
and

vix,t) =g (x)+ L;H_;l [1 J: dG (p,s)} — ]_;1]_;1 [1 J: L L [d) mxd (x, t) aaza ] dp] (2.10)



H. Eltayeb, I. Bachar, ]. Nonlinear Sci. Appl., 11 (2018), 864-876 867

:

Substituting (2.8) into (2.9) and (2.10), we get

> 1 (P 1P

§ Un (x,t) =1 (x) +tf (x) + L, 'L LZJ dF(p,s)]—LplleLzL Ly Lt
0

n=0

>,
n=0

) . (2.11)
1
+ L;ll_s—l [32 Jo L L¢ [CXID (x) nZ_Oan (x, t)] dp]
and
D vnxt)=g1 (x) + LT E L dG (p,s)] L [1 JO <LXLt > o, ) dp]
n o (2.12)

P B *? (¢
+Lplle [S L (Lth [mxé (x,1) ot <Z Un (x,t))]) dp

n=0

The decomposition method suggests that the zeroth components uy and v, are identified by the terms
arising from the initial conditions and from source terms as shown

Ug (x,t) = f1 (x) +tfa (x) + Lgll_s_l {12 Jp dF (p, s)} ,
5 Jo (2.13)

P
vo (%, 1) = gy (x) + L3 'L5 [1 | ac (p,s)] ,

for more details see [24]. The remaining components of u(x,t) and v(x,t) are determined in a recursive
manner from (2.11), (2.12), and using (2.5) as follows

(1 (P ) oug
. r—-17-1
w (X, t) = _Lp LS _57 Jo LXI—t _aa <Xax>:| dp:|
(1 (P [ 02 oy,
—17 —1 0
— — | Lyl [bd(t) =— [ x—
Ll 12 )y t i P )axat (X ox >] dp}
(1 (P [ 0
—17 —1 0
+Lp I—s -?JO Lth -CXﬂ) (X) a:| d :| ’
1 (P [0 aVQ
=Lt = Lyl |[d— (x=—
o =ttt [ (g (452 ) o]
(1 (P 0?2 ov
11|z B BV
b5, (L"Lt * V) 5ot (X ox )D d ]
1.1 1 (P 0%y
+ L'P I“S -g Jo LXI—t mxd (X, t) m ’
and
(1 (P [ o ou
—17 -1 1
S L.L Il PVhched 1
up (x,t) L, 'L 2], t _aax (x i ﬂ dp}
(1 (P [ 02 ou
111 B Videc
L, L 2, Ly Lt _bcb(t) T (x I )] dp]
(1 (P [ ov
17 —1 1
+L, L ), L L¢ _cxxb (x) ax} dp} ,
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[T P 2 [ v
o (e oo 2 ()] o

1 (P 0%u
—1y—1 |2+ 1
+ L, 'L [s .[0 <LXLt [mxé (x,t) axat]> dp] .

In general, the recursive relation is given by

ol [
Uni1 (x,t) = —LplLs 1 2 LiLi |a (x Z Unx (X,U) ] dP]
L n=0 x

_LglLs—l 317 " LyL; [bd(t) <xZunX (x,t)) ] dp] (2.14)
- L n=0 xt

n‘p o0
+ L;ngl — | Lyl |ex (x) Z Vnx (X,t)] dp] ,
n=0

and

Vit (x,t) = —Lgll_sﬂ % ": (LXL:c d (Z Vnx (X, t)) ]) dp]
’ L n=0 x
|t " L,L _e (t) iv (x,t) d (2.15)
p Ls s Jo x Lt _ P = nx (X, t P .
B O i -
+ L, L 5 . L L [mxd (x,t) Zun (x,t) dp| .
’ L n=0 xt

Here, we assume that the double inverse Laplace transform exists for each term in the right hand side of
(2.13), (2.14), and (2.15). Hence, to obtain the solution of the system we calculate the terms ug, uy,... and
Vo,Vi,----

In the following example, we consider a =b =e=d=1,c=m =4, and ¢ = ¢ = t,P(x) =
%/6 (th) = %/ f (XI t) =g (XI t) =0, in (21)

Example 2.1. Consider the following linear singular one dimensional thermo-elasticity coupled system

o2 x \'ox/), xoxdt \'ox/) xox

2.16
av_1< 6v> t 02 < av> 4t 9%u 2 (2.16)
X

at x ax/.  xowat (Fax /) T xowat - ¥
subject to
0
u(x,0) =0, uz(;z,O) =x2,  v(x,0)=0. (2.17)

First multiplying both sides of (2.16) by x, using the differentiation property of double Laplace transform
and single Laplace transform for (2.16) and (2.17), respectively and Definition 1.1 we obtain

du (p,s) 6 1 0 ou 02 ou ov
SR R O N cy (vicd IO (heda IR0 2.18
dp pis2 2 ¢t [ax (X 6x> et M ox ox (2.18)

dv (p,s) 6 1 0 ov 02 ov 0%u
S ) I iy (V5 IR (VA a) B Pl 2.1
dp pis2 s < ° [ax (X ax> et Fox ox0t 219)

and
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Second, by integrating both sides of (2.18) and (2.19) from 0 to p with respect to p, applying the inverse
double Laplace transform, and using (2.8), we have

p o0
u =x%t -L, 1L_ [312 L L.L¢ [(xnz_ounx (x,t)) ] dp]
1.1 1 (P >
it Lz L L., [t (xZunx (x,t)) J dp]

1
TSI LZJ L L [4Zvnx X, t)] dp]

ol ge o
e g

Uy = xzt, Vo = x2t,

and

On using (2.13), (2.14), and (2.15), we get

and
[ 1P
u; = _I—p Ls 87 JO (I—xl—t [(Xqu)x +t (XuOXJXt _4V0x]) dp
—17 -1 :1 P
=L, 'L 2 . (LxLy¢ [4xt +4xt —8xt]) dp|,
a1 [L[P 2
v = -1, s, (LeLe [(xvox)x + t (xvox )y — X*Uoxt ] ) dp
—17 -1 :1 P
=L, 'L S . (LyL¢ [4xt +4xt —8xt]) dp|,
U = 0/ V1 = 01
and

BRI I O
Uy = _LplLs ! |:52 JO (LXLt [(Xulx)x + (Xulx)xt - szlx]) dp:| = 0/

1.1 |1 (P
vy = —L]DlLS 1 [S L (L Lt [(xvix)y + (Vi) p — X Uixt] ) dp} =0.

In the same manner, we obtain that
uz = 0, V3 = 0.

Therefore, the approximate solution is
u(x,t)=uw+w+--- andv(x,t) =vog+vi+---.
The solution of the system is given by

u(x,t) =x* and v(xt)=x%t.
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3. Nonlinear singular one dimensional pseudo thermo-elasticity coupled system

The aim of this section is to discuss our method for the nonlinear singular one dimensional pseudo
thermo-elasticity coupled system. We consider the general form of nonlinear singular one dimensional
pseudo thermo-elasticity coupled system with initial conditions is given below

ot2  x0ox \ 9x x Ox0t \ Ox ox 0x !

) ) (3.1)
v 1a () 1@ () R
ot xox U'ox)  xoxdt \"ox) T axoxot 9V
subject to
ou (x,0)
u (X/ O) = fl (X) ’ ot = f2 (X) ’ A% (X/ 0) =0 (X) ’ (32)
where % (X%)x and % (x%)X are called Bessel’s operators, and f (u) and g (v) are nonlinear function.

To obtain the solution of nonlinear singular one dimensional pseudo thermo-elasticity coupled system of
(3.1), we apply the definition of partial derivatives of the double Laplace transform and single Laplace
transform for Egs. (3.1) and (3.2), respectively and Definition1.1, we get

du (p, s) :dFl(p)+dF1 (p) 1, {6 < auﬂ

S S T B Ve
dp sdp 2dp 2 Xt | ox “ox (3.3)
i [ |
$2 77t [axot U ox ox 0x ’

and

dv(p,s) dGi(p) 1 0 ov 1 02 ov ov 9%u
- B ) I i VA § N ) A4 3.4
dp sdp s [ ox Man )| TSP [ aer Fax) TX¥axawor 79 G

applying the integral for both sides of (3.3) and (3.4) from 0 to p with respect to p, we have
[P [dFi(p) , dFi(p) 1 Jp 0 ([ du
Ulp,s) = L ( sap T osap ) P, Bl ek Fax )| 9P

1 (P 02 ou ou ov
o Ll | (xS ) xR xf
s2 JO Xt [axat (X ax> oxox TX (u)] dp,

P (4G (p) 1(P 3 [ dv
Vips) = | (2P ) dap— 2| Lily | (xem
(p,s) L( sdp dp SL xLe |5\ x5 )| dp
1 (P 02 ov v %u
oL Rl A e dp.
sL t[axat <X6x> Xaxaxat+X9(V)] P

The double Laplace a domain decomposition methods (DLADM) defines the solution of the system
as u(x,t) and v (x, t) by the infinite series

(3.5)

and

(3.6)

u(x,t) = Z un (x,t), vixt) = ZV“ (x,t).
n=0 n=0

By applying double inverse Laplace transform for Egs. (3.5) and (3.6), we have

)
wot) = L;lLs—l UO (d];i;p) + dstld(;)> dp]
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1 (P 0 ou 1 (P 02 ou
=1y —-1| - Y 141 = i
st [, o o () o] - [ [ [o () ] 2

1 (P ou ov
—17—1
_Lp I-s [82 J;) LxLt [_ aia +x (LL):| dp:| ’

1 [ (P fdGi(p) 1 0 ov
i (5 2 ()

and

1 (P 02 ov
. e J LLy |— (x— || d 3.8
L [s 0 t[axat <X6x>] p] (3:8)
1 (P v 0%u
L, L L Jo LXLt[ X Ox at—i— g(v)] dp],

where LyL¢ double Laplace transform with respect to x, t and L, 111 double inverse Laplace transform

with respect to p, s and the nonlinear terms f(u) and g (v), such as u?, ud, u?, sinu, eY, uuy, ui, and V2,

Vv, v4, sinv, e¥, vy, vi, etc., respectively, can be expressed by an infinite series A, and B, are defined as

follows - -

f(u) = Z AT‘L (u’O/ulluZ/ L /un) 7 Q(V) = Z BTI (VOI\)lleI . -/Vn) 7 (39)
i=0 i=0

- (dd; [f (io Wui))DA—o' ani!(cf; [9 (io (AM))DH.

The first four Adomian polynomials for this term are
Ao =Tf(ug), Ar=wif’ (up),

1
Az = upf’ (wp) + —uff " (ug),

2!
Az =usf’ (up) +wuaf ”(ug) + 31 uPf " (up), (3.10)
Ay =uyf’ (ug) + (21'112 +u1u3) " (ug )+21'u1 upf @) (uy )+%u14u2f @ (uy),
and
Bo =g (vo), Bi =vig’ (vo),
By = vag’ (vo) + %vfg " (o),
(3.11)

1
Bs =v3g’ (vo) +vivag " (vo) + gvl g " (vo),

1
21

1 1)

1
Ba = vig () + (7 +viva) 9 + grvEvag © ) + grvivag (),

substituting (3.10) and (3.11) into (3.9) gives
f(u) =Ag+A1+Ar+Az+---, g(\)) =By+B1+By+Bs+---.

We provide the double inverse Laplace transform existing for each terms in the right side of Egs. (3.7)
and (3.8).
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4. Convergence analysis of the method

In this section, we will discuss the convergence analysis of the modified double Laplace decomposition
methods for the nonlinear singular one dimensional pseudo thermo-elasticity coupled system given by

92 1 0 0 1 92 0 ou ov __
{ atllL T xox (Xaat) PR (’; ax) Jra a;;g% =fw), (4.1)
v v A% v w
St xox (X5%) — xavor (¥ev) T Sy oxer =9 (V).

We propose to extend this idea given in [18, 19]. First of all, let us consider the Hilbert space H =
leu((a, b)x [0, T]), defined by the set of applications

{ (uw,v) : (a,b) x [0, T], with
Lgngl [é Jo LiLe [u (x, )] (p, s) dp] (x,1) < oo,

where
Wi (ab) % 0,T] = R, with [u|? = unz (x,) dxdt,
Q
the scalar product
(u,v)L%L(Q) = un (x,t)v(x,t) dxdt,
Q
and Q = (a,b) x [0, T]. For more details see [7]. We can rewrite (4.1) in the following form

_ .0%u _ du 0%u 2%u %u ou ov
Llw) =x5& = 5% + X5 + gxot T Xgxzor — Xox ox T XF (W), 42)
_ vOv __ 0v o°v o°v 9°v.__ _,0v 0°u '
L(v) =X3t = ox +Xax2 + oxot +Xax26t X3x Ixot +xg (V) :

The modified double Laplace decomposition methods is convergence if the following two hypotheses are

satisfied:

(H1) (L(w)—L(w),u—w) > kHu—sz and (L(v)—L(w),v—w) >k Hv—sz; k > 0,Vu,v,w € H;

(H2) whatever may be M > 0, there exists a constant C (M) > 0 such that for u,w € H with |u|| <
M, [V < M, [wi] < M, and || 228]| < Ma,

%H < M, we have

(L(w)—Lw),z1) < C(M) lu—z ][ [[w], and (L(v) —L(z2),w) < C(M) |[|v—2zs| [|w]
for every z1,z, € H.
In the next Theorem we follow [11, 13, 14].

Theorem 4.1 (Sufficient condition of convergence). The Modified double Laplace decomposition method ap-
plied to the nonlinear singular one dimensional pseudo thermo-elasticity system (4.2) without initial and boundary
conditions, converges towards a particular solution.

Proof. First, we verify the convergence hypothesis (H1) for the operators L(u), L(v) of (4.2). We use the
definition of our operator L, and then we have

Lu)—Lw)= a—u—a—w + xaz—u—xazw aZu_GZW + x63u —X 0w
~\ox  dx ox2 0x2 0xdt 0Oxot 0x20t 0x20t

— (x _Xaxax> +x (f (u) — f(w))

(w—w)



H. Eltayeb, I. Bachar, ]. Nonlinear Sci. Appl., 11 (2018), 864-876 873

and
L(v)]—L(w)= Q—a—w + xﬁ—xazw o _azw + | x o —X 0w
S \ox Ox ox? 0x? 0x0t 0xot 0x20t 0x20t
(xR P ) —gw)
oxdtox  oxotox ) M9 9
0 0?2 02
—&(V—w)+xw(v—w)+axat(v— )
93 o%u 9
Fxs o (VW) xS (v—w) - x (g (V) — g(w)),
therefore,
0 02
(Lu)—-Lw,u—w=—u—w),u—w)|+|x=—(u—w),u—w
ox ox2
0?2 03 43
+ <x’at (u—w),u—w) + (Xaxzat (u—w),u—w) (4.3)
ov 0
— | x=—— (u—w),u—w |+ (x(f(u) —f(w)),u—w),
0x 0x
and

X (v—w),v—w> (4.4)

2
— (xaax;)ltaax v—w),v—w |+ (x(g(v) —gw)),v—w).

According to the properties of the differential operators a% and af% ¢ in H, then there exists constants

o, 3,6,0,p > 0 such that

<6 (u—w),u—w) > alu—w|?, (4.5)
ox
and
aZ aZ
= (u— _ < — (u— _
<Xax2 (L—w),u W> < I3 (u W)’ lu—wi
=
xa—z (u—w),u—w| >—bp[[u—w|?
axz 7 = 7
a—z (w—w),u—w| >0u—w|? 4.7)
0x0t ’ ’
and
03 3
< 5231 (u—W),u—W) < I‘ L WJH lu—wi
=
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and according to the Schwartz inequality, we get

ov 0 ov 0 5
_ = (L — _ < _
( I ox (u—w),u w) x| P Hax (w W)H lu—w| < Mpbx |[lu—w|*,
hence,
— x@i(u—w),u—w > —Miba |[u—wl?. (4.9)
0x 0x

Again by using Cauchy Schwarz inequality, where f is Lipschitzian function, we have

(—x (f(u) = f(W)), u—w) < x| [|f (u (w)ll [uw—wll
<bIf (u) = F (W)l [u—w]
<bwm—ww (4.10)
=

(x (F () — F(w)), u—w) = b8 u—w|?.

Substituting Eqs. (4.5), (4.6), (4.7), (4.9), (4.10), and (4.8) into (4.3) yields
(LW —L(w),u=w) > (x—bp+0—bd—Mibax—bs)[lu—wl|?,
(L(u)—Lw),u—w) >

where k| = x—bp +0—bd —M;bax—bd > 0.
In the same way, for (4.4) there exists constants (,1, A, p, o > 0 such that

(L) —=Lw),v—w)
(LOV)—Lw),v—w)

2
ki [[u—wil%,

> (L—bn+0—bp—Malb—bA) [v—wl|J,
>k [v—w|?,

where k) = (—bn+ o —bp —MaCb —bA > 0. Hence hypothesis (H1) holds. Now, we verify the conver-
gence hypotheses (H2) for the operators L(u) and L(v). For every M > 0, there exists a constant C (M)

> 0 such that for all u,v,w € H with [ju]| <M, |v[| <M

axat H Mg, and H gv H M1, we have
(L(w) —L(w),z1) < C(M) lu—w] |z1]|

for every z1,z, € H.
For that we have,

aZ
(L (u) — < > + <Xax2 (W—w), 21)

ox
a3
<axat Zl) " (xaxZat (u_w)'21>
< gv 0 (u—w), z1>+(X(f(u)—f(W))'Zl)'
x 0x

Similarly, by using the Cauchy Schwartz inequality and the fact that u and w are bounded, we obtain the
following:

2 w—w),z1 ) < o Jlu—w] |Jza]
ox u— Z1 ) S Z14 ,

aZ
< (u—w), zl) < b1 u—wl| 1]l

o2
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aZ
— (u— < _
(25 (w2 ) < azllu=wi ],
a3
(anZat (u—w) ,21) < bas lu—w|| ||z,
ov 0 ov
o  (u— < - _ < _
(x5 gm tw=w,z1) < | 32 ol ] < boa My = ],
and
(x (f (u) = f(W)), z1) < boy [[lu—w| [|z1]],
where the constants &y, 1, xp, &3, 01 > 0, we have
(L(u)—L(w),z1) < (o1 +bP1 + ox +baz +baxasMy +boy) [[lu—w| ||z1]] = C1 (M) [[u—w|| ||z1]],
where
C1 (M) =01 +bpB1+ axp +bas +bayMy + boy,
and
L) —Liw),z) = (S v,z ) + (30 v—w), 22 )+ o (v —w)
v w),zs) = ™ v—w),zy Xaxz v—w),zo P v—w),zp
a3 %u 9
+ (anZat (v—w),zz> — <Xax’atax (v—w),zz) +(x(gv)—~fw)),z2).
In the same way, we obtain,
(L(v) =L(w),z2) < (G +bni+ G +bG+biMy+bpr) [[v—w|||z2f] = C2 (M) [[v —w]| [|z2]|,
where
Co(M) =G +bng + G +blz+bHLMy +bpy
and (1,mM1, (2, 3, p1 > 0, therefore (H2) holds. ]

Conclusion 4.2. In this paper, first a double Laplace transform algorithm which is based on the Adomian
decomposition method is used for solving the linear and nonlinear singular one dimensional pseudo
thermo-elasticity coupled system. Second, we presented a convergence proof of the (DLADM) applied to

the linear and nonlinear singular one dimensional pseudo thermo-elasticity coupled system.
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