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Abstract

In this paper, we introduce higher order Riesz-Bessel transforms which we can express partial derivatives of order « of
Imvf for f € Lpv. In addition, we establish relationship between Riesz potential with higher order Riesz-Bessel transform
related to generalized shift operator. By using this relationship, we make some improvements of integral estimates for I,  f and
higher order Riesz-Bessel transform RY' in the Beppo Levi space BLy',. We prove an estimate for the singular integral operator
with convolution type generated by generalized shift operator in the Beppo Levi spaces.

Keywords: Laplace-Bessel operator, Bessel generalized shift operator, Riesz-Bessel transform, fractional integral operator,
Beppo Levi spaces.
2010 MSC: 47H10, 45E10, 47B37.

(©2018 All rights reserved.

1. Introduction

The study of Riesz transforms on Euclidean spaces has a very long history. These operators provide
the most important examples of Calderon-Zygmund singular integral operators. They have a variety
of applications especially in the area of partial differential equations. The classical Riesz transforms
are associated with the standard Laplace on R™ and therefore it is natural to study analogues of these
transforms in the context of other elliptic partial differential operators. Analogues of Riesz transforms
are defined and studied for the Dunkl transform and Laplace-Bessel operator. Especially on the L, space,
several authors have studied different aspects of Riesz transforms [1, 5, 6, 7, 12, 14]. Riesz transform is
a singular integral operator with convolution type. Thus, we can see to this operator as the operators
related to ordinary shift and these transforms are associated with the Laplace operator. Instead of using
the ordinary shift operator to generalized shift operators are related to the Laplace-Bessel operator, some
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author have investigated a different singular integral operators with convolution type as called Riesz-
Bessel transforms that is related to generalized shift operator. Recently, Riesz transforms have been
studied in the context of Laplace-Bessel operator as well. In most of these papers, the authors have
investigated weighted and unweighted L,, mapping properties of the Riesz-Bessel transforms.

The L, boundedness of Riesz transforms have been studied in several contexts. The idea of considering
Riesz transforms on L, spaces investigated with several papers by authors, see [1, 5, 6, 7, 12, 14]. In
[1, 5, 6, 7], the authors looked at the Riesz transforms associated with the Laplace-Bessel operator on
R™. Instead of using the ordinary shift operator to generalized shift operator they used a different Riesz-
Bessel operator consisting of functions of the form TY where TV is the generalized shift operator and
Ag are Laplace-Bessel operator. When Riesz transforms are defined using this shift operator, the natural
spaces to study their boundedness properties turned out to be the p-norm spaces L, which are defined
in terms of weights.

Moreover, relationship between partial derivatives of the Riesz potential of order one and the Riesz
transforms is given as follows [18, 19, 20]. For f € Lp (p < ) DjU{ =(1-— n)c;lefj =1,2,...,n. The
relationship between the primitive of order m and the potential of order m is established by Kurokawa
[14]. By using this relationship it is made some improvements of integral estimates for Riesz potential.
Then, it is investigated the Beppo Levi space and give potential and integral representations of Beppo
Levi functions for arbitrary positive integer m and p > 1. Thus, Kurokawa is concerned with relationship
between partial derivatives of the Riesz potentials of order (m, k) and higher Riesz transforms. Thus,
since the Riesz transforms are bounded operators on L, it see that R*f € L, for f € Lp.

In this paper, we would be interested in higher order Riesz-Bessel transform which is generated
derivatives of order o of Bessel potential operator I, f generated by generalized translation operator
related to Laplace-Bessel differential operator [10]. The purpose of this paper is to prove an BLT", estimate
for singular integral operator related to Laplace Bessel operator and to give relations between hlgher order
Riesz-Bessel transforms and Riesz potentials in BLT', spaces.

The paper is organized as follows. In the next sect10n we collect some notation and preliminaries.
In Section 3, we recall the definition of the higher order Riesz-Bessel transforms and Riesz potentials,
generalized translation operator and prove derivatives of the Riesz potentials that have been previously
used in the paper [2, 3, 8, 9]. The Riesz potentials for the Laplace-Bessel differential operator will be
studied and to obtain an estimate of the higher order Riesz-Bessel transform is discussed in Section 4.

2. Notation and preliminaries

Let R" be the part of the Euclidean space R™ of points x = (x1,...,xn), defined by the inequality
xn > 0. We write x = (X', xn), X’ = (X1,...,Xn_1) € R*1

S+ = 5(R™) be the space of functions which are the restrictions to R™ of the test functions of the
Schwartz that are even with respect to x,,, decreasing sufficiently rapidly at infinity, together with all
derivatives of the form

D% — oc’Bocn _ Doq D(Xn 1BCXn _ 0% 01 B%n
v = Uxrbp” =4 n—1 ax(xl ”“"axoc“71 n s
1 n—1

ie, forall o €S, sup, gn, ‘x Df,‘(p‘ < 0o where & = (&4, ..., xn ) and B = (p1, ..., Prn) are multi-indexes,
and xP :xf’l... B and Bn = ax2 + X o ax
v>0,letl, =Ly~ (R™) be the space of measurable functions with a finite norm

1/p
||f|]Lw = (L{n |f(x)|PxTVldx)

+

is the Bessel differential expansion. For a fixed parameter

is denoted by L, v = L, +(R"), 1 < p < oo. The space of the essentially bounded measurable function on
R™ is denoted by Ly~ (R™).
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The Fourier-Bessel transformation and its inverse on S are defined by

Futl) = [ ) e 05, (xnyn) wk
FLU(x) = CuyFyf(—x/, xn),
where (x’,y’) =x1y1 +... + Xn-1Yn—_1, jv, v > —1/2, is the normalized Bessel function, and
Cnqv = 2m)™ 12V7112((v+1)/2).

This transform is associated to the Laplace - Bessel differential operator
02 v 0
Av=) —+—=—, v>0. 2.1)

The expression (2.1) is a hybrid of the Hankel transform in the x,-variable and the ordinary Fourier
transform on R™ 1,
I. A. Kipriyanov (for n = 1 B. M. Levitan [15, 16]) investigated the generalized convolution (A-
convolution)
(foglix) = | tly) gl uidy,

n

associated with the Laplace-Bessel differential operator, where TY is the generalized shift operator (A-
shift) defined by

7T
TYf(x) =Cy | f(x —y’,\/X2 —2xnyn cos®+y2 | sin’ 1 0de,
O y mn n

being Cy = 72T (L) [ (¥)] (see [10, 11, 15, 16, 17]) .
It is well known that

Fyv (Banf) (x) = (=) Fy f(x), (2.2)

F, (Df“if) (x) = ()N f(x), i=1,...,n—1, (2.3)
Fy (Avf) (x) = —x[PFyf(x) and Fy(f®g) = Fyf Fyg, (2.4)
F, (Di‘%’B;’;nf) (x) = (=1)1*x2*F, £(x). (2.5)

In this paper, we consider the space BL{;}V(]RLL) of Beppo-Levi functions of higher order m, also
known as homogeneous Sobolev spaces, that is the space consisting of distributions on R* whose partial
derivatives of mth order all belong to L, - (RT). Let 1 < p < co. For a non-negative integer m, we denote
by W', (R}) the Sobolev space, the space of all distributions ¢ such that D%,’B;'{“(p € L, ~(R%) for any
o with || < m. The norm of ¢ in W, (RY) is defined by

lolwg, = > IDYBI@llL,,,

lo/|[+20n <M

where ||.|| denotes the L,  norm in R%. It is well known that Wg}v (R™) is a Banach space if 1 < p < oo.
According to Deny and Lions [4], we denote by BLE}V(]RLE), m > 1, the space of distributions whose

partial derivatives Di‘,’Bf{nf of mth order (lo/| + 20, = m) all belong to L, - (R%}), i.e.,

BLIL(R}) ={feS,(R}): Y  [IDYBIfllL, <00},

|/[+200n=m
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where |o/| = o1 + ...+ otn—1 for a multi index & = (o, ..., ). An element in BLJY, (R7), which must be
locally integrable is called a Beppo Levi function of order m. The norm HfHBLg}V in BLJY, is given by

i
IfllBLm, = IIfllL,, + 1D BRI, .,
P, P, P,

lo/[+20en=m

and so that BLQ}V(IRm is a Banach space with norm ||.HBL31V.
Let us start with an integral representation of fractional integral operator. Let 0 < « < Q, Q =n+v,
and ST ={x € R" : [x| = 1}. In the following we define the Riesz potential by

Ioc,vf(X) = Cqx,v LR Tyf(x)|y|(x*Q U;{dy/

where ¢y = 2% (2= [T ()T (v + 1] -1 (see [8, 9]).
To keep on continue the other representation of Beppo Levi functions. Let Ky, - (x) be the Riesz kernel
forn+v>m(lal =m)and m—n—~v odd

Km,v (X) = Cqx,v |X|m—n—v.

We note that ASK,, (x) = 0 for x # 0 where AS, « times iteration of Ay. A function ¢ is said to
be polyharmonic of degree « on a domain if A§@(x) = 0. So the Riesz kernel K, is polyharmonic of
degree m in R%. Further the Fourier-Bessel transform of K, - is given by F, [Km,\,] =cCo X7

3. The higher order Riesz-Bessel transforms

In this section, we consider generalized shift operator related to the multidimensional Laplace-Bessel
operator. Then we introduce higher order Riesz-Bessel transforms of f € L, , by which we can express
partial derivatives of order m of I, f. This work is a different analogy of M. Ohtsuka and T. Kurokawa
and Y. Mizuta (see [12, 18, 19]). In addition, we establish relationship between Riesz potential with Riesz-
Bessel transform generated by generalized shift operator associated with Laplace-Bessel operator. By
using this relationship, we obtain a estimates for I,,, f and higher order Riesz-Bessel transform RJ'f in
the Beppo Levi space BLT,,.

First note that, let Q(x) = Px(x)[x|™™, K(x) = Q(x)[x|7"Y and Py range over the homogeneous
harmonic polynomials the latter arise in special case « = 1. Then for « > 1, we call the higher order
Riesz-Bessel transform where we refer to « as the degree of the higher order Riesz-Bessel transform
[1, 6, 7]. Since Py is homogeneous B-polynomial of degree k in IR, we shall say that Py is elliptic if
Py (x) vanishes only at the origin. For any polynomial Py we consider also its corresponding differential
polynomial. Thus if Py (x) = )} axx*, we write

0o 0 0 0
Pr(—,=—,...,—,Bn) =Pr(A,) = = +Bn)®
Mo B e B = P(Ay) 2 Galz+Bn)
la/|[4+20en=m
= Z a(fof,/B%L““,
[/ 4+20en=m
where (a—ax)o‘ = (aixl)o‘l ...(a—;‘;)“n and with the monomials x* = x{" ... x%" [21].

Now, we give some technical lemmas which will be used in the proof of the main theorem.
Lemma 3.1. Let v, m be real numbers and u(x) € C*°(IR} \{0}) be homogeneous of degree v. Then for x # 0
Ay (X™u(x)) = [xI™Avu(x) + m(m+ 2r +n — 2)x|™ 2u(x).
Lemma 3.2. Suppose P is a set of all homogeneous polynomials of degree k. If Py, € P (k > 1), then
Pr(x) = Po(x) + IXPP1(x) + ... + X Py, (),

where k1 = [¥] and P; is a homogeneous polynomial harmonic of degree k —2j,j =0,1,...,kj.
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Lemma 3.3. Let j, m be positive integers with j > m and u be a homogeneous harmonic function on RY. Then
A, (xP™u(x)) = 0.

Lemma 3.4. Let k, € be positive integers, k1 = [X] and Py be a homogeneous polynomial of degree k. Then Py is
polyharmonic of degree { if and only if

Pi(x) = Po(x) + [x[P1(x) + ... + [XP™ P (x),
where m = min({ —1,kq) and Pj is a homogeneous harmonic polynomial of degree k —2j,j =0,1,...,Kk1.

Proof. 1f k = 1, then the lemma is obvious. Let k > 2. If £ —1 > k; then 2¢ > k. Hence the lemma follows
from Lemma 3.2 and the fact that a homogeneous polynomial of degree k is polyharmonic of degree {. Let
0—1 < k. If Pi(x) = Po(x) + [x[*P1(x) + ...+ [xP™Pp (x), then AL Py (x) = 0 by Lemma 3.3 since m = £ — 1.
Conversely, we assume that Py is polyharmonic of degree {. Since Py is a homogeneous polynomial of
degree k, by Lemma 3.2

Pr(x) = Po(x) + IXPP1(x) + ... + X Py, (),

where P; is a homogeneous harmonic polynomial of degree k —2j,j = 0,1,...,k;. By the assump-

tion, ALP(x) = ALFIPL(x) = ... = AP (x) = 0. By Lemma 3.3, we see that 0 = A¥PL(x) =
c(k —2kq, kq)Px, (x). Since c(k —2kq, k1) # O, this implies that Py, = 0. By repeating the same argu-
ments we obtain that Py = Py = ... = Py, = 0. This proves the lemma. O

Corollary 3.5. Let Py be a homogeneous polynomial of degree 20. Then Py is polyharmonic of degree £ if and only
if

J Py (x)xydx = 0.
St

Proof. By Lemma 3.2 we may write
Pr(x) = Po(x) + [Py (x) + ...+ PP (x) + colx*,
where P; is a homogeneous harmonic polynomial of degree 2¢ —2j,j =0,1,...,{ —1 and c; is a constant.
By harmonically of P; and P;(0) = 0, we have
J P (x)xydx = c¢On,
St

where 0, = xY dx. O
n J‘S’l n

Lemma 3.6. Let m+n+v e N. If

Pelx) 0
then ay = 0 for all k with k| =n+m+v.
Proof. Let us take Py (x) = > axxk. By assumption for 6 with |6 = 1 we have
[k|=m+n+v
Py (6 ttmEYp, (0
0= tim <Oy —k()sz(e)-

t—a0 [temHv+m t—1>rr+10 tn+m+v
For x # 0, by putting t = |x| and 0 = 17, we get,
Py (x) = P (t0) = t™T™TVP(0) = 0.

Since it is clear that P (0) = 0, we conclude that Py(x) is identically 0, and hence ay = 0 for all k with
k| =n+m+v, (see [13]). O]
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Theorem 3.7. Let Py be homogeneous harmonic polynomial of degree k. Then we get

Pk (X) —v

P[Py o W) =272

. vy—1 _
{7 () Ty (yy |,

Further, we define the higher order Riesz-Bessel transforms R}* as follows:

Definition 3.8. Let TY be the Bessel generalized shift operator and let f be a Schwartz function on R
We define the higher order Riesz-Bessel transforms RJ' of order m with respect to Bessel generalized shift
operator as

R (f)(x) = cm (m, )| pv mP

= cnln, V) lim j

0<e<|x]|

)}_1(111 =1,2,...,n) and Py(x) is a homogeneous polynomial of
0 (see [6, 7]).

where ¢ (n,y) =272 T

nty n+gl+v ) [r(%
degree k in R which satisfies Ay Py =

4. The higher order Riesz Bessel operator in BLJ', (R"} ) spaces

In this section, we prove an estimate for the singular integral operator with convolution type generated
by generalized shift operator in the Beppo-Levi spaces. Let us start to give the following L, v boundedness
of the higher order Riesz-Bessel transform in the L, - (R}) space.

Theorem 4.1. The higher order Riesz-Bessel transforms generated by Bessel generalized shift operator are bounded
operator from L, o (R™) into itself for all 1 < p < oo

||R21f||p,\/ < AprHp,V'

Moreover, the relationship between partial derivatives of the Riesz potential of order one and the Riesz
transforms is given for f € L, (p < n) as follows

Dj(Imf) = (1 —n)cy 'Ryf, i=1,2,...,mn

In this section we are concerned with relationship between partial derivatives of the Riesz potentials
of order m and higher order Riesz-Bessel transforms. Since the Riesz-Bessel transforms are bounded
operators on L, o (IR™) , it can be easily seen that RJ* € L,  for f € L,  (RT). For f € L, o (R%), it follows
from Theorem 3.7

FVIRT(AI(Q) = i™Pe (I~ ™F, [1(Q) (4.1)

and

Fy [Kimv (x)] = 277 M7 (10 )P (M) Iy ()|~

for f € Ly v(R}), where a multi-index v = (vy,...,vy), and R' = R} ... Rl . For functions f such that

D,‘z‘,/Bf{“f € Lyv(RY) for any || = m, we set D,‘z‘,/Bff“f = RI‘,IDQ‘,/B;'{"f.

Proposition 4.2. Assume that f is a class of S(R}) and has compact support. Let A be the Laplace-Bessel
differential operator. Then the following inequality holds

n—1 aZ.‘:
Y osa |l FIBaflpy < Aplaytlp,y.
1j=1 ¥Xi %5 llp,v

Here, A, is a constant independent of f.
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In (4.1), we set m = 1. Then this proposition is an immediate consequence of the L, (R ) bounded-
ness of the Riesz-Bessel transforms generated by generalized shift operator and the identity

Ox, (05, F) + Bnf = —Ry,Ry, Ay . (4.2)
To prove (4.2), we use the Fourier-Bessel transform. Since F, [f](x) is the Fourier-Bessel transform of f, we

consider the Fourier-Bessel transform of 0y, f and B, f. By (2.2)-(2.5), we have

Fu [0x, (3x,F) + Bnf] (x) = Fy, (D2 B ) (x)

<

(=112 Fyf(x)

I
.I\/]:

,_.
Il
-

o X1 Xi

(—1) X[ Fy f(x)

I
.I\/];

,4
I
MR

x| [x]

(—1)'*Fy [Ry, Ry, JFy (A%F)(x),

I
.M;

ﬁ
I
KR

which gives (4.2). Thus, we obtain
18 (B3 )llp v+ || BEF [[p v < IRy, Ry, AXfllp = CIAX ]l .
Using the Fourier-Bessel transformations, we have
Pr(xP)FVIAVTI(X) = —xPFy[Pi(Ay)fI(x).

Corollary 4.3. Suppose that Py is a homogeneous elliptic polynomial of degree k and f is k-times continuously
differentiable with compact support. Then we have the priori estimate

183l , < Apal Pe(anlfl], 1< <o

To prove this inequality, we note that the following relation between Fourier-Bessel transform of A$f
and Py (A, )f holds
Pr(XP)Fy [AF] (x) = —IxPFy [P (Ay)f] (x).

) 2y - C 1. . . [x|?
Since Py ([x|*) is non-vanishing except the origin and let —W be homogeneous of degree zero and

indefinitely differentiable on the unit sphere. Then we get
A% =Ry (Pr(AV)f).

In this section, we are concerned with relationship between partial derivatives of the Riesz-Bessel po-
tentials of order m and higher order Riesz-Bessel transforms. Following S. G. Samko[20], for a multi-index
with || = m we set R™ = R}“l ... R, We call R7M(J] = m) the high order Riesz-Bessel transforms of
degree m. For functions f such that Df,/Bf{“f € Lp,v(RT) for any || = m, we set DS,/Bf’{“f = RTDS,/Bf,’L‘“f
Lemma 4.4. For f € S(R%), Fy (A$f) = (—1)*|x[>**F f equality holds.

Moreover, relationship between partial derivatives of the B-Riesz potential of order « and the Riesz-
Bessel transforms is given as follows.

Theorem 4.5. Let k = [m — “Tf"] and for a multi-index « with |x| = m and 0 < m < n+~v. Then there is a
constant ¢, such that for all f in BLT, (RY) we have A (I vf) = oy REF.
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Proof. Let m —n — v nonnegative even numbers. For a positive integer «, the Riesz-Bessel potential kernel
K~ (x) of order m is given by Ky, (x) = [x|™ ™" we obtain

Fuy [Kunv (X)](x) = 2757 T () 710 (AR ) [y,

Now we consider Fourier-Bessel transform of B-generalized shift operator. We get

BT = | P00,y Oenn) ')

- :R:Tv 1 (xen ) FO0 (') dx
= | oy om0
=iy 3l 00,

=iy 3 (zn G )V IF(D),

(xnGn))(x")¥dx

where TY(j, (VAx) = ip (ﬁy)jp (VAx). By using (4.1) and (2.4), and if we consider that
Fy (A% Tm ) (x) = Fy (AS (Km,y @ TYD) () = (=1) ¥ xPYFy L v (),

then we have
Fu( AT ) (X) = Fy (A3 (K v @ TYF) (X))

—m-n—v r

= (1) o2~

2o
= (=D, _1 (nyn)27 2 F(BEmEy)

= X, 1 (xnyn )27 2 ~
2

If we choose ¢, v as follows

-1
c _ i (x )ZW r(%)
my = [T ])y_1(XnYn NEE==))

and we consider the Fourier-Bessel transform of higher order Riesz-Bessel transform RS (f) then we obtain
AX (T~ f) = ¢l REF which proves Theorem 4.5. O

m,v v

The key point is the following characterization:
Theorem 4.6. Let 1 < p < oo and k = [m — ™Y1 and for a multi-index oc with o] = mand 0 < m < n+v.
Then f € S (IRT) belongs to BLQ}V(IRL}) if and only if AYlm~f € Ly v (RY) and RYf € BLTY, (RT). Moreover,

there exists a positive constant C such that, for all f € BLE}\,(IRQ),

AT T v fllL,, (r7) < ||Hm||Mm(]R1)||R$f||BLg}V(IR1) < C||f||BLg}V(1R1),

where

||Hm||Mm(1R1) = sup J edpm.
®EC(RY) [ plloo<T 5
n
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Proof. We can state that there exists a finite signed measure p, for which

—m-—n—v r(m)
_ a0 —noh=Y 2
Fy(um) =1 ]V_%(Xnyn)z 2 F(TH_BH_V)

and therefore inverting the Fourier-Bessel transform we have

(Azlm,vf) (x) = um ® RYF,

where RT' is the Riesz-Bessel transform (see Chapter V, Section 3.2, Lemma 2 in Stein [21]). Another

application of Young’s inequality yields

AT Im I, Ry < lmlivg, (r) RS Tl L, (R2 )
where

||Hm||Mm(]R1) = sup J @ ditm.-
(pECc(lRTl)/II(PHooglan
T

The previous inequality, along with the boundedness of the Riesz-Bessel transform R{" : BLJ!

BLYY, (RY}) for 1 < p < oo, and |a| = m implies the desired result.
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