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Abstract

This paper is concerned with the existence of multiple positive almost periodic solutions for a nonlinear integral equation.
By using Avery-Henderson and Leggett-Williams multiple fixed point theorems on cones, the existence theorems of multiple
positive almost periodic solutions for the addressed integral equation are established under some sufficient assumptions. An
example is given to illustrate our results.
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1. Introduction and preliminaries

Recently, the existence of almost periodic type solutions for various kinds of integral equations has
been of great interest for many authors (see, e.g., [1-6, 8, 10-13, 15, 17, 18] and references therein). Es-
pecially, in [1, 17], Agarwal, O'Regan, and Meehan studied the existence of single or multiple almost
periodic solutions for the following Fredholm integral equation:

y(t) = h(t) + LR K(t,s)f(s,u(s))ds, te€R. (11)

Stimulated by [1, 17], in this paper, we aim to investigate the existence of multiple positive almost
periodic solutions for the following more general integral equation:

y(t) = e(t,y(t)) [h(t) + LR k(t,s)f(s,y(s))ds|, teR. (1.2)
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As for the existence of single periodic and almost periodic solutions, the authors in [10, 11, 15, 16] have
made extensive studies on equation (1.2) and its variants. However, it seems that there is few result
concerning multiple periodic and almost periodic solutions for equation (1.2). In fact, to the best of our
knowledge, even for equation (1.1), the work of Agarwal and O'Regan [1] is the only known result about
multiple periodic and almost periodic solutions. That is another motivation of this work. We will utilize
Avery-Henderson and Leggett-Williams multiple fixed point theorems on cones to obtain our main results.
This is different from [1], where “single fixed point” theorem was used twice to obtain the existence of
two periodic and almost periodic solutions.

Throughout the rest of this paper, if there is no special statement, we denote by IR the set of real
numbers, by X a Banach space, by C(IR, X) the set of all continuous functions from R to X, and denote by
Lip(R x R,R™) the set of all functions f : R x R — R™ satisfying that there exists a constant L > 0 such
that

If(t,x) —f(t,y)| < Lx—yl, teRxycR.

Moreover, for every f € Lip(R x R, R™),

[f(t,x) — f(t,u)|
L= sup ( |71— (| y)‘
teR,x#y Yy

Next, let us recall some notations about cones and two fixed point theorems. For more details, we
refer the reader to [7, 14].

Let X be a real Banach space. A closed convex set K in X is called a cone if the following conditions
are satisfied:

(i) if x € K, then Ax € K for any A > 0;
(ii) if x € Kand —x € K, then x = 0.

A non-negative continuous functional 1 is said to be a concave on K if 1 is continuous and

V(x+ (1-py) = wp(x) + (1-pwily), xyekK, pelo1].

Letting ¢4, c2, c3 be three positive constants, and ¢ be a nonnegative continuous functional on K, we denote

Ke, ={y e K:lyll < ea), Ke, ={y e K:lyll < er,
K(d,c1) :=={x € K: d(x) <c1}, K(d,c1) :={x e K: dp(x) < c1},
aK(d)/ Cl) = {X € K: CI)(X) = Cl}/ K(d)/CZ/ 03) = {y € K: C2 < d)(U)IHUH < C3}-

In addition, we call that ¢ is increasing on K if ¢(x) > d(y) for all x,y € K with x —y € K.

Lemma 1.1 ([7]). Let K be a cone in a real Banach space X, oc and @ be two increasing, nonnegative, and continuous
functionals on K, and p be a nonnegative continuous functional on K with p(0) = 0 such that for some ¢ > 0 and
M >0,

e(x) < p(x) < ax(x), [x]| <Meo(x), xeK(g,c).

Moreover, suppose that there exists a completely continuous operator ® : K(¢@,c) - Kand 0 < a < b < ¢ such
that
p(Ax) <Ap(x), 0<A<1, x€0K(p,b),

and

(i) @(Dx) > cforall x € 9K(@,c);
(ii) p(Dx) < b forall x € 9K(p, b);
(iii) K(e, a) # 0 and «(Dx) > a for all x € K(e, a).
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Then @ has at least two fixed points x1,x; belonging to K(¢, c) such that
a<a(x), p(x1) <b, and b <px2), o(x2) <c.

Lemma 1.2 ([14]). Let K be a cone in a real Banach space X, c4 be a positive constant, @ : KfC4 — KfC4 be a
completely continuous mapping, and \p be a concave nonnegative continuous functional on K with \Pp(u) < |[ul| for
allu e KfC4 Suppose that there exist three constants cq,ca, c3 with 0 < ¢1 < ¢ < ¢3 < ¢4 such that

(i) {ue K@, co,c3) :p(u) > co} # @, and P(du) > ¢y for all u € K(p, c2, c3);

(ii) ||[Pull < cq forallu e Kc,;
(iif) P(Du) > cp for all u € K(P, ¢, c4) with ||Dul| > c3.

Then @ has at least three fixed points wy, 1, uz in K,. Furthermore, |[w]| < ¢1 < |[uall, and P(uz) < co < P(us).

We also need to recall some notations and properties about almost periodic functions and equi-almost
periodic functions. For more details, we refer the reader to [9].

Definition 1.3. A set E C R is called relatively dense if there exists a number | > 0 such that
(a,a+1)NE#D
for every a € R.

Definition 1.4. A function f € C(IR, X) is called almost periodic if for every ¢ > 0 there exists a relatively
dense set T(f, ¢) C R such that

If(t+71)—f(t)|| < e
forall t € R and T € T(f,¢). We denote the set of all such functions by AP(RR, X). Also, we denote
AP(R,R) by AP(IR) for convenience.

Definition 1.5. A set F C C(IR, X) is called equi-almost periodic if for every ¢ > 0, there exists a relatively
dense set T(F, ¢) C R such that
Ifit+71)—f(t)]| <e
forallfe F,teR,and T € T(F,¢).
Definition 1.6. Let QO C X. A continuous function f : R x O — Xis called almost periodic in t uniformly

for x € Q if for every ¢ > 0 and for every compact subset K C Q, there exists a relatively dense set
T(f,K, ¢) such that

If(t+7T,x)—f(t,x)|| <e forall teR, x €K, TeT(f,K,e).
We denote by AP(RR x Q, X) the set of all such functions.

Remark 1.7. It is easy to see that f € AP(R x Q, X) is equivalent to the fact that for every compact subset
K C Q, {f(:,x)}xek is equi-almost periodic.
Lemma 1.8 ([9]). The following assertions hold true:

(@) AP(IR,X) is Banach space under the supremum norm;
(b) f,g € AP(R,R) implies that f- g € AP(R,R);
(c) fe AP(R x Q,X)and g € AP(RR, X) imply that f(-,g(-)) € AP(R, X) provided that {g(t) : t € R} C Q;
(d) every finite set F C AP(IR, X) is equi-almost periodic.
Lemma 1.9 ([9]). The necessary and sufficient condition that ¥ C AP(IR,X) be precompact is that the following
properties hold true:
(i) forevery t € R, {f(t) : f € T} is precompact in X;
(ii) T is equi-continuous and equi-almost periodic.

Moreover, we clarify what is called Carathéodory function.

Definition 1.10. A function f : R x R — R is called a Carathéodory function if the map t — f(t,u) is
measurable for all u € R, and the map u — f(t,u) is continuous for almost all t € R.
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2. Multiple almost periodic solutions

Throughout the rest of this paper, let 1 < p < oo, q be such that % + % =1, and &,1,¢, M be fixed
positive constants. Moreover, assume that

f(t,x) = &f(t,x) +g(t,x), txek,

where f, g:R xR — R* are two Carathéodory functions satisfying the following assumptions:

(HO) e e AP(RxR,R)NLip(RxR,RT)and 0 < inf e(t,x)< sup et x) < +oo.

teR,x€R™ tER,xERT

(H1) For every r > 0, there exists a function p, € LP(IR) such that [x| < r implies that F(t,x) < ur(t) for
almost all t € R. In addition, there exists g € LP(R) such that g(t,x) > ng(t) for all x > ¢ and
almost all t € R, and ¢g(t,x) < Mg(t) for all x € R and almost all t € R.

(H2) Let k : R x R — R™" be such that (i) there exists a function m € L9(R) such that [k(t,s)] < m(s)
for all t € R and almost all s € R; (ii) the map t — k(t,-) is an almost periodic function from R to
L9(R).

. . . c

(H3) h € AP(RR), gg}lf{ h(t) >0andn tlgl%‘{ JrK(t,s)g(s)ds + tlg}f{ h(t) >

inf  e(tx)’
teR,xeRT

(H4) There exists b € (0, c) such that g(t,x) < g(t) for all x < b and almost all t € R, and

b

sup e(t,x)’
teR,xeR+

M+ &llmllglinlly +lImllqllgly <
Theorem 2.1. Assume that (H0)-(H4) hold. Then, there exists L* > 0 such that equation (1.2) has at least two
positive almost periodic solutions provided that L, < L* and

i Il
T—+00 T

= 0.

and
0< inf e(t,x) < sup e(t,x)<+oo,
tER xeRT teR,xERT
one can choose o € (0,1) such that

IRinf]I{+e(t,7c)

. teR,xe

h -M : cllp < inf h(t)- . .

oIt + 0 Mimlglgly + o Elmilg gl < inf i) - T
teR,xeRT

2.1)

Now, we introduce a set
K={ueAP(R): in{{u(t) > of|ull}
te

It is not difficult to verify that K is a cone in AP(IR). Denote

e(u) =infu(t), pu)=olu)=|ul, uwek.
teR
It is clear that @, p and « are increasing, nonnegative, and continuous functionals on K with p(0) = 0.
Moreover, we have

—1

Jull < < inf u(®) = o olw),  p(Au) = Ao(w)
eR

forallue Kand 0 <A< 1.
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Fixy € K(¢@, c). Define an operator ®, on AP(R) by
(@yu)(t) = e(t,u(t)) [h(t) +J k(t,s)f(s,y(s))ds] , telR, ue AP(R).
R

By (H1) and (H2), it is not difficult to see that t — [ k(t,s)f(s,y(s))ds belongs to AP(R). Then, noting
that h € AP(IR) and e(-,u(-)) € AP(R) for every u € AP(R), by Lemma 1.8, we conclude that ®, maps
AP(R) into AP(R). Moreover, for every u,v € AP(R), by using (H1) and the fact that [Jy|| < & since
y € K(¢, c), we have

[(@yu)(t) — (QyVv)(t)] < Lefu(t) —v(t)]- ‘h(t) + LR k(t, s)f(s,y(s))ds

< Lefu—v|- [Hhu +LR m(s) (&ne (s) + Mg(s))ds]

< Lelfu—v]- [N+ Elle I Imllq +Milgliplimila]

Letting L* = TR &g , we get

1
TpImilq+MIgllpTmllq
Le
[Dyu—Oyv|| < F”U—VH/

which means that @ has a unique fixed point u,, € AP(R) provided that L. < L*.
Now, define an operator ® on K(¢, c) by dy =uy, ie,,

(DY) (t) = uy(t) = e(t,uy(t)) [h(t) —|—J]R k(t,s)f(s,y(s))ds] , teR, yeK(op,c)

Next, let us verify all the assumptions of Lemma 1.1. First, let us prove that ® maps K(¢, c) into K. From
the above proof, we know that ®y = u,, € AP(R) for all y € K(¢,c). For every y € K(o, ¢}, since ||y < ¢,
by (H1) and (2.1), we get

Qu)(t) > inf e(t,x)-infh(t)>0- su e(t,x) |||[n|+ ||m ( cllp + M )}EO‘(DLL
@) > inf el infh(t) >0 sup el [+ Iml (&g o+ Migly)| > oo

for all t € R. Thus, @u € K. This means that ® is a mapping from K(¢, c) to K.
Next, let us show that @ : K(¢,c) — K is completely continuous. Let yn — y in K(¢@, c). Noting that

[(@yn)(t) — (Qy)(t)]

e(t, (Oyn) (1)) [h(t) +LR K(t, $)f(5, yn (s))ds

_elt, (DY) (1)) [h(t) + LR k(t,s)f(s,y(s))ds}

<

e(t, (Dyn)(1)) [h(t) [t )05, yn(s))ds] — eft, (Oyn) () [h(t) ; LR k(t,s)f(s,y(s))ds}

=

+

<lelt, (@ya)(0)] | kit (s, yn(s)) = Fls,y(s))lds + 21 @yn)(0) — (@) (1)

< sup e(t,x)J m(s)lf(s,yn(s))—f(s,y(s))lds+%H@yn—@yﬂ,

teR,xeR+ R
which yields that
||<Dyn—<Dy||<L* T sup e(t,X)-J m(s)[f(s,yn(s)) — f(s,y(s))lds.
T e teRxeR* R
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Then, noting that [f(s, yn(s)) —f(s,y(s))| < 2pc(s) for almost all s € R, by using the dominated conver-
gence theorem, we conclude that ®y,, — Qy. "lghus, ® is continuous. In order to show that @ is compact,
by Lemma 1.9, we only need to verify that {(®y)(t) : y € K(@, c)} is uniformly bounded, equi-continuous,
and equi-almost periodic. The uniform boundedness of {(®y)(t) : y € K(¢, c)} obviously holds. For all
t1,t2 € R, and y € K(¢, c), we have

((Dy)(t1) — (Qy)(t2)]

e(ty, (Dy)(t1)) {h +LRk t1,8) ))ds}—e(tz,((by (t2)) [h —I-J]Rk 1y, s) ))ds}

(tl,(q)y tl |:h + k tl, ))d8:| —e(tl, ((Dy t] [h + k tz, ))ds]
R R

1 lefty, (@y)(t1)) [h( )+J}Rk(t2, $)f(s,y(s ))ds} e[ty (DY) (t2)) [h( )+LRk(tz, $)f(s,y(s ))ds]

() — (tz)|+j

R

ity s) — K(ta, e (5)d ]

< sup et x)
teR,xeR+

+le(ty, (@y) (1)) — elta, (@y) (&) - [N+ Imllq (&llee llp +Mllgllp )]

() = (o)l + [kt ) =itz g g

< sup  e(tx)
teR,xER+

N Lel(@y)(t1) — (Dy)(t2)] + le(ty, (DY) (1)) — e(t2, (DY) (t1))]
L* ’

which gives that

sup e(t,x)-L*

teR,xeR*
R - [InCt) =Rt + e, ) ez, gl |
- e

le(t1, (Qy)(t1)) —e(t, (Py)(t1))]
L*—Le '

[(@y)(t1) — (Qy)(t2)] <

+

Combining this with the fact that h(t) is uniformly continuous on R, the map t — k(t,-) is uniformly
continuous on R, e(-,x) is uniformly continuous on R uniformly for x belonging to bounded sets, we
conclude that {(®y)(t) : y € K(,c)} is equi-continuous. In addition, noting that h € AP(RR), the map
t — k(t,-) is an almost periodic function from R to L9(IR), and e € AP(R x IR, R), it follows from (d) of
Lemma 1.8 that for every ¢ > 0,

T(h,e) [Tk e)[)Tle, Ra, €)

is relatively dense in R, where

k’(t) - k(t, ')/ jz@ - OI Sup ((Dy)(t)

teRyeK(g,c)

Also, similar to the above proof of equi-continuity, one can obtain

(@Y)(1) — (@y)(t+ )|

sup e(t,x)-L*

< IR —h(t+ 1)+ k() k(4 llue ]

| lelt, (®y) (1) —e(t + 7, (@y) (1)
L*—Le

, teR, teT(he)[ Tk e)(Tle, Ra,e),
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which means that {(®y)(t) : y € K(¢,c)}is equi-almost periodic. This completes the proof of © : K(p,c) —
K being completely continuous.

It remains to show that the assumptions (i)-(iii) of Lemma 1.1 hold. Let y € 0K(¢,c). Then, y(t) >
tiglfgj(t) = @(y) =c for all t € R, which means that g(t,y(t)) > ng(t) for all t € R by (H1). Combining

this with (H3), we conclude that

0(@y) = inf (e(t,uy(0) (e )+J K{t, $)f(s, y(s ))ds])

teR R

> inf e(t,x)- me k(t (s))ds + mf h(t )]
teR,xeR+ [teR JR

> inf  e(t,x)- |inf J k(t (s))ds + inf h(t)]
teR,xeR* [teR JR teR

>  inf t, f | kit ds + inf h(t ,
cennf e e(t,x)- _ntlg]RLR (t,s)g(s) s+ inf h( )] >c

which means that (i) of Lemma 1.1 holds. Let y € 0K(p, b). Noting that |[y|| = b, by (H4), g(t,y(t)) < g(t)
for all t € R. Then, again by (H4), we have

e(t,uy(t)) [h(t) + JR k(t,s)f(s,y(s))ds]

p(Dy) = sup
teR

< sup elt): [\h\ i |m(s)|-|aub(s)+g(s)|ds}

teR,xERY

< sup e(t,x)-[[[h][+&mllqllrollp +[mllqllgllp] <b
teR,xeR+*

This shows that (ii) of Lemma 1.1 holds. Finally, by choosing

1
a= - min{ inf e(t,x)-inf h(t),b} ,
2 teR,xeRT teR

it is easy to verify (iii) of Lemma 1.1.
Now, by applying Lemma 1.1, there exist at least two fixed points uj, u; € K(¢, c), which satisfy

u;(t) = e(t,ui(t)) [h(t) +J}R k(t,s)f(s,ui(s))ds] , teR,1=1,2,

i.e., uj, up are two almost periodic solutions to equation (1.2). Moreover, by Lemma 1.1, there holds

[wll, w2l > a

which yields that
u (t),u(t) 2 0a>0, tek.

Thus, the two almost periodic solutions uy,u, are both positive solutions. O
Interestingly, by applying Lemma 1.2, we can get a “better” result for equation (1.2).

Theorem 2.2. Assume that (HO)-(H4) hold. Then, there exists L* > 0 such that equation (1.2) has at least three
positive almost periodic solutions provided that L. < L* and

lim e g

T—+400 T
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Proof. Since lim MR = 0, one can choose o € (0,1) such that (2.1) holds and

T—+400
c
sup_e(t,x) - [I]+ Ellm g lus lp + Mlmilqllly] < <. 22)
teR,xeR+
Let K and @ be the same as in the proof of Theorem 2.1, i.e.,
K={y € AP(R): inf y(t) > olly]},
and
(OY)(t) = uy(t) = elt, uy(t)) [h(t) +J k(t, s)f(s,y(s))ds|, teR, yeK,.
R
Then, it follows from the proof of Theorem 2.1 that @ : K., — K is completely continuous.
Denote
c
c1=b, c=c, c3=cg=—.
o
Then, 0 < ¢; < ¢z < ¢3 < c4. Denote P(u) = inf u(t) for all u € K,t € R. It is easy to see that 1 is a

teR
concave nonnegative continuous functional on K and P (u) < |ju].

For every u € K,, we have u € K and |[u]| < ¢s. By (H1) and (2.2), we get

[Pl < sup e(t,x)- [[h]|+ &[lmllqllre,llp +M[m|qllgllp] <
teER,xERT

On the other hand, for every u € K,, it follows from (2.1) that

Ou)(t) > inf e(t,x)-infh(t) >0 e(t,x) - [||h]| + +M > o]|®
(Qu)(t) - (t,x) inf (t) te];,tigw (t,x) - [+ [Imllg (Ef ey lp lgllp)] = of[Dul|

for all t € R. Thus, we show that ® maps K., into K,. Similarly, for every u € K., since |[u|| < c; = b,
we have g(t,u(t)) < g(t) forall t € R, and

loal < sup e(t,x)- (1] + Elmllglle,lp + Imlalighy) < b =c1,
teR,xeR+

i.e., the condition (ii) of Lemma 1.2 holds. By the definition of K and c3, it is easy to see that the condition
(iii) of Lemma 1.2 holds. In addition, for every u € K(1, c2, c3), we have inﬂg u(t) =P(u) = cp = ¢, which
te
means ¢(t,u(t)) >ng(t) for all t € R, and thus by (H3)
P(Ou) > inf e(t,x)- <ian k(t,s)f(s,u(s))ds + inf h(t)>
R

teR,xeRT teR teR

> i = C2.
> dnt et (ning [ kit o)gls)as + inf i) > c—co

This verifies (i) of Lemma 1.2. Then, it follows from Lemma 1.2 that @ has at least three fixed points in
K¢,, and thus equation (1.2) has at least three nonnegative almost periodic solutions vi,v,,v3. Moreover,
by Lemma 1.2, there holds

vill < b <lvall,  W(v2) < e <p(vs).

Noting that inf h(t) >0and inf e(t,x) > 0, we know that v, v;,v3 are not 0. So
teR teR,xeR™*

vi(t) > GHViH >0, 1i=1,2,3 tek,

which means vq,v;,v3 are three positive almost periodic solutions to equation (1.2). O
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Remark 2.3. It is needed to note that the o in Theorem 2.2 is less than or equal to the o in Theorem 2.1.
Thus, in most cases, the L* in Theorem 2.2 is less than or equal to the L* in Theorem 2.1. So we do not
think that the assumptions of Theorem 2.2 are equal to the assumptions of Theorem 2.1.

Example 2.4. Lete(t,x) =1+ Asin?[x cost + x cost], A > 0 is a constant,

(24 | cos V2t + cos t])e”S

h(t) = 2+ cos® 7t + cos? t, k(t,s) = 1 ,
2 <
- V/Ix]sin?(xet”) € S K
flt,x) = Yo ", g(t,x) =< (19x —170)e~ ¥, 9 <x < 10,
20(1+t2) g2
20e Y, x > 10,

and
pr=1g=00, £E=1,n1=M=20, c=10.

It is easy to see that (HO) holds with L. < 2A. By some direct calculations, one can show that (H1) holds
with

\ﬁ _¢2
t) = ———~ t) = .
wlt) = sy 9B =
Moreover, we have
Tt .
laell = 207, dim el _ g

20 T—00 T

By choosing m(s) = e, (H2) holds. It follows from

inf e(t,x)- [n ian k(t,s)g(s)ds + 1nfh >5v2n+2>10
teR,xeR+ teR JR

that (H3) holds. Let b = 9. Then (H4) holds since

3m
sup e(t,x) - [[[h]+&llm[lql[nollp + [Imllqllgllp] < 1+7\)(4+—+\f <9=h,
teR,xeR+

provided that A < — 1. By using Theorem 2.2, there exists L* > 0 such that equation (1.2) have

4+ 32{} +/7
three positive almost periodic solutions if A < -
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