Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 11 (2018), 635-643

Research Article

ISSN : 2008-1898

o0t SCienceg
S 2

Y,

Journa/
7.
;
RN
Q
€)
Suopeond®

of,

Journal of Nonlinear Sciences and Applications

PuEicanoss
Journal Homepage: www.isr-publications.com/jnsa

A note on a singular coupled Burgers equation and double

Laplace transform method M Check for pcates

Hassan Eltayeb?, Said Mesloub?, Adem Kilicman®*

4 Mathematics Department, College of Science, King Saud University, P. O. Box 2455, Riyadh 11451, Saudi Arabia.
bpepartment of Mathematics, University Putra Malaysia, 43400 Serdang, Selangor, Malaysia.

Communicated by A. Atangana

Abstract

In this paper, modification of double Laplace decomposition method is proposed for the analytical approximation solution
of a coupled system of Burgers equation with appropriate initial conditions. Some examples are given to support the validity
and applicability of the presented method.
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1. Introduction

In general, some of the nonlinear models of real-life problems are still very difficult to solve either
numerically or theoretically. Burgers equation is considered as a model equation that describes the in-
teraction of convection and diffusion. It occurs in several areas of applied mathematics, such as heat
conduction, phenomena of turbulence, and flow through a shock wave traveling in a viscous fluid such
as modeling of dynamics. Recently many authors have proposed analytical solution to one dimensional
coupled Burgers equation, e.g., [7, 9] using Adomian decomposition method and in [5, 13], the homotopy
perturbation method has been used to obtain the exact solution of nonlinear Burgers’ equation. In [3] the
author has used Laplace transform and homotopy perturbation method to obtain approximate solutions
of homogeneous and nonhomogeneous coupled Burgers” equations. Authors in [10, 14] have obtained
approximate solution of the viscous coupled Burgers equation using cubic and cubic B-spline collocation
method. The convergence of Adomian’s method has been studied by several authors [1, 2, 4, 6]. In this
work, modified double Laplace decomposition method and the self-canceling noise-terms phenomenon
will be employed in the treatments of these models. The main aim of this method is that it can be used
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directly without using restrictive assumptions or linearization. Now, we recall the following definitions
which are given by [8, 11, 12]. The double Laplace transform is defined as

LiL¢ [f(x,t)] = F(p,s) = J e_pXJ e SUf(x,t)dt dx, (1.1)
0 0
where x,t > 0 and p, s are complex values, and further double Laplace transform of the first order partial
derivatives is given by
ou(x,t)
ox

Similarly, the double Laplace transform for second partial derivative with respect to x and t are defined
as follows

L.L¢ [ ] =pU(p,s) —U(O,s). (1.2)

2
b [atatgm} — pPU(p,s) — pU(0,5) — TS
x 0x 13
02 ’ dU(p,0 .
LxI_t |:1g(2)-(tt):| = Szu(p, 5) _ SU(p,O) _ gz )

The inverse double Laplace transform L L IF(p, s)] = f(x,t) is defined as in [8, 11] by the complex
double integral formula

. " c+ioco 1 d+ico .
L' L, [F = = — PXdp— s
p Ls [F(p,s)l=f(x,1) i L_ioo ePXdp i L_m eStds,
where F (p, s) must be an analytic function for all p and s in the region defined by the inequalities Re(p) >
c and Re(s) > d, where ¢ and d are real constants to be chosen suitably.
The following basic lemma of the double Laplace transform is given and shall be used in this paper.

Lemma 1.1. Double Laplace transform of the non constant coefficient second order partial derivative XT% and the
function x"f(x, t) is given by

L0%u ,odr oU(p,0)
LxLt <X at2> = (-1) dip’" [SZU(P,S) —sU(p,0) — ot |’
and & &
Lol (67, ) = (107 S (L (1, 1)) = (1) SRS,
p dp

wherer =1,2,3, ...

One can prove this lemma by using the definition of double Laplace transform in Egs. (1.1), (1.2), and
(1.3).
2. Singular one dimensional Burgers’ equations

The main aim of this section is to discuss the use of modified double Laplace decomposition method
for solving singular one dimensional Burgers” equation. We consider a singular one dimensional Burgers’
equation with initial condition in the form:

ou 10 ou ou
at_m<xm>+uax_f(x,t), £>0 2.1)

with initial condition
u(x,0) =f1(x),
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where %667 (xaa—x) is the Bessel operator and f (x,t), f (x) are known functions. In order to obtain the

solution of Eq. (2.1), we use modified double Laplace decomposition methods as follows.
Step 1: Multiply both sides of Eq. (2.1) by x.

Step 2: Using Lemma 1.1 and definition of the double Laplace transform of partial derivatives for equa-
tions in Step 1 and single Laplace transform for initial condition, we get

u 1dF 1dF 1 0 0 0
AU(p;s) _1dFi(p)  1dF(ps) 1, - u ul 22)
dp s dp s dp s

0x

Step 3: By integrating both sides of Eq. (2.2) from 0 to p with respect to p, we have

p p
U(p,s) = Fls(p) +1J0 dF (p,s) _1Jo L L [aax (xaz) —le} dp, (2.3)

where N; = u% and F; (p), F (p, s) are single and double Laplace transforms of f; (x) and f (x, t), respec-
tively.

Step 4: Using double Laplace Adomian decomposition methods to define the solution of the system as
u (x,t) by the infinite series

u(x,t) = Z un (x,t). (2.4)
n=0
The nonlinear operators can be defined as
Nl = Z ATL/
n=0

where A, is given by
1 (d — i
i=0 A=0

Here, Adomian’s polynomials A,, are given by

Ap = UglUox,
A1 = upuix + UgUpy
Ao = Ugloy + Uiy + Upllgy, (2.5)

A3z = UpUsx + UpUpx + UpUix + UzUpx,
Ag = UglUygy + UpU3x + UpUoy + U3UTx + Uglpy.

Step 5: Operating the inverse double Laplace transform on both sides of Eq. (2.3) and using Eq. (2.4), we
obtain

- e [1 (P o |1 [P 0 (L0 ¢
D un(xt) =f (x) + LT LJ dF (p,s)} —L'! !SJ LyL¢ [ax (annZ_oun>] dp]

n=0 0 0

1 P >
—17 -1
+LL [SLXLt UO (XT;An> dp”,

we define the following recursively formula:

up = f1 (x) + L, 'L ! E E dF (‘p,s)] , (2.6)
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and the rest terms can be written as

1(P 0 [ 0 & 1 P
— —17 -1 17 —1
uny1 =—L, L [s L LxLt [ax <Xax nz_oun)] dp| +L, L LI—XLt “0 (XnE_OAn> dp]] . (27)

where L,L; is the double Laplace transform with respect to x, t and double inverse Laplace transform
denoted by L, 1151 with respect to p, s. Here we provide double inverse Laplace transform with respect
to p and s exists for each terms in the right hand side of Eqgs. (2.6) and (2.7). To confirm our method for
solving the singular one dimensional Burgers equations, we consider the following example.

Example 2.1. Consider the following nonhomogeneous form of a singular one dimensional Burgers equa-
tion:

subject to the initial condition

According to the above steps, we have

P1 ) ) —
u(x,t) = xzt—Lgngl UO ngLt [XZtax (XOX Z un)] dp
n=0

where A, is given by Eq. (2.5). Using equations analogous to Egs. (2.6) and (2.7), we obtain

P1 0
LlLleLZ A

dp] ,

1 (P 0 0
2 R s | 2
ug = xt, u = —Lp Ls I:S JO L.L¢ I:X t& (Xaxuo> — (ZA())] dp:| .
Therefore we have
up = 0.
In the same manner, we obtain that
Uy = 0.

It is obvious that the self-canceling some terms appear between various components and connected by
coming terms, we have
ulx,t)=uw+u+---.

Therefore, the exact solution is given by
u(x,t) = x*t.
3. Modified double Laplace decomposition method applied to coupled Burgers’ equation

In this section, we discuss the solutions of two problems by applying Modified double Laplace de-
composition method.

Problem 3.1 (The first problem). Regular burgers coupled equation is given by
Ut — Uxx ULy + & (uv), =F (X, 1), Vi —Vax +1Vox+ P (uv), =g (x, 1), (3.1)

subject to
u(x,0)=f(x), v(x0 =g (3-2)

for t > 0. Here, f(x,t), g(x,t),f1 (x), and g; (x) are given functions, n is a real constant, « and 3 are ar-
bitrary constants depending on the system parameters such as Peclet number, Stokes velocity of particles
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due to gravity and Brownian diffusivity [15]. By taking double Laplace transform for both sides of (3.1)
and single Laplace transform for (3.2) we obtain

F F 1
1ip) + (]:.)S, S) + ;Lth [Uyx —NUlx — & (uv)x] ’ (33)

u(Pr s) =

and G G ,
V(p,s) = 1s(p) + (E' s) + ngLt [Vxx —1VWx — B (uv), ]. (3.4)

The modified double Laplace decomposition method (MDLDM) defines the solution of regular burgers
coupled equation as u (x,t) and v (x, t) by the infinite series

ulxt) =Y un(xt), vixt)=) valxt). (3.5)
n=0 n=0
We can give Adomian’s polynomials Ay, By, and C;, respectively as follows
An = Z UnUxn, Bn = Z VnVxn, and C, = Z UnVn. (3.6)
n=0 n=0 n=0

The Adomian polynomials for the nonlinear term uu, are given by Eq. (2.5), and for the nonlinear terms,
vy and uv are given by

Bo = vovox,
B1 = vovix + Vivox,
B2 = vovax + Vivix + Vavox, (3.7)
B3 = vovax + Vivax + Vavix + V3vox,
By = vovax + V1V3x + Vovox + V3Vix + V4 Vox.
and
Co = ugvo,
Cl = UYVvi + U1V
Co = upva + ugvy + upvyp. (3.8)
Cz = ugvs + uvo + upvy + ugvy,

Cz = ugvyg + ugvs + upvy + ugvy + uyvy.

By applying inverse double Laplace transform on both sides of (3.3) and (3.4) and using (3.6), we have

d F(p,s) 1 02
E — —17 -1 ’ —17 -1
~ Un (X, t) = f] (X) + LP LS |: S :| + L’p LS |:SLXLt |:axzun:|:|

(3.9)
1 1
— L' {SLXLt [nAn]} L [SLXLt [« (cn)x}] ,
and
- 11| G(p,s) 11 22
1 1 1 1
Z Vn (X/ t) =01 (X) + LP Ls |:S:| + LP LS |:SLXLt |:aX2Vn:|:|
n=0 (3.10)

N e [1LXLt [an]] —L, 'Lt [1Lth B (Cn)x]} :
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On comparing both sides of Egs. (3.9) and (3.10) we have

up =11 (x) + L;ll_s_l [F(ps,s)] , vo =g1 (x)+ L;ll_s_l [G(p,s)} . (3.11)

In general, the recursive relation is given by

1,1 [ 92 4,11 .41
Unat = L1 Ll axzun”—Lplle[sLth [nAn]}—Lplle [SLth [oc(Cn)X}}, (3.12)
and
11 [ 92 111 111
Vil :Lplle gLXLt axzvnH —Lplle [SLXLt [an]] —Lplle LLXLt [B(Cn)x]} (3.13)

Here, we provide double inverse Laplace transform with respect to p and s exists for each terms in
the right hand side of above equations. To illustrate this method for one dimensional coupled Burgers’
equations we take the following example.

Example 3.2. Consider the following homogeneous form of a coupled Burgers equation ([3])
Ut — Uxx — 22Uy + (uv), =0, Vi —Vxx — 2vvy + (uv), =0,

with initial conditions
u(x,0) =sinx, v(x,0)=sinx.

By using Egs. (3.11), (3.12), and (3.13) we have

Up = sinx, vy =sinx,

1,11 [9%u, )

u = I_]Dll_s 1 ngLt Wzo + 2ugugy — (uovo)x” = —tsinx,
[1 [0%v .

V] = ]_;1]_8_1 ngLt WZO + 2vovox — (ug\)o)x:|:| = —tsinx

1, :1 :azu t2 .
Uy = LplLs 1 gLXLt W; + 2 (ugugx + Ugigy ) — (ugvy + uwo)X” =5 sinx,

1 1 "92y 2
vy = Lpll_s ! ngLt Wzl + 2 (vovix + v1vox) — (uovy +u1v0)X” = - sinx,

and
us =L, L | -LxLt | 55 +2 (wouzx +wuwix + Ualioy)
P s 0x2

1 t .
- L;ngl LLXLt [(upvo +ugvi + 'UQV())X]:| =% sinx,

1 0%v
vs =L L LLXLt [ax; +2 (vovax +V1vix +Vzv0x)H
1 [1 t
—L, L ngI—t [(ugva +ugvi +upvp),l| = 3 sinx,

and so on for other components. Using Eq. (3.5), the series solutions are therefore given by

t2 43
ux,t)=w+wt+uz+---= <1—t+2l—3'~|—--->sinx,
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t2 1
vix,t) =vg+vot+vz+---= (1—t+2|—3'—|—-~->sinx,

and hence the exact solutions become
u(x,t) =e 'sinx, v(x,t)=e ‘sinx.

Problem 3.3 (The second problem). Singular one dimensional coupled Burgers equations with Bessel
operator are given by

1 1
We — < (xux)y Fnuuy + o (uv), =1 (x,t), Vi — < (xvx)y +Mvvx + B (), =g (x,t), (3.14)
with initial conditions
u(x,0)=~f(x), v(x0) =g (x),
19 d

where the linear term - 5+ (XR) is the called Bessel operator, and «, 3, and 1 are real constants. In order

to obtain the solution of Eq. (3.14), applying the above steps, we get

) o T1qP .o 1P 0
nZ—oun (x,t) = f1 (x) +LP1LS 1 [s Jo ar (p’S)] _LplLs 1 [S Jo bxla Kxaxun))j dp]

+Lt L p( An)dp| |+ T T "
p s SXt NXAn ) ap p Ls Sxt

((XX(Cn)X)dPH ,
0 0

and

[e¢]

P P
Z v (o t) = g1 (x) + LT;11_;1 [i JO dG (p,S)] —Lgll_;l [ij L.L¢ Kxaaxvn>J dp}

n=0 0

)
it e | oBaap |+ 1t S [ ex e a |

The first few components can be written as

1 (P 1P
o = f1 (x) + 1,11, L JO ar (p,s)], vo = g1 (x) + 1,115 SL 4G (p,s)}, (3.15)
and
t | ! LL 0 ¥ _ d
un+l (XI )_ - P s 0 x Lt X& TLZ_Oun p
1 P >
+L! LLXLt U <an An> dp” (3.16)
0 n=0
1 P >
+L;1LS—1 ngLt J ox Z Cn dp| |,
0 ﬂ.:O X
and

1.1 |1 (P 0
w6 [ e () ]

r P
+LL! %Lth U (ann)dp” (3.17)
L 0

+LL!

[ ex e

0

Here we provide double inverse Laplace transform with respect to p and s which exist for each terms in
the right hand side of of Egs. (3.15), (3.16), and (3.17).
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Example 3.4. Consider the following non homogeneous form of a coupled Burgers equation

1
U — = (XUy ) —2uly + (), = —xPe ' —de Y, vy — - (xvx )y — 2wy + (W), = —x%e * —4e ",
X

subject to
u(x,0) =x2%, v(x,0) = x>

By applying the above steps, we obtain

i 1 (P d
) =x%e t+det 411! J L.L — d
Zun(x ) =x"e " +4e N N t] | Xgun ) P

n=0

1P 1P
—L'! L JO LL¢ 2% (An)] dp} S [S L LyL¢ 2% (Cn), ] dp]

and

ad 1 (P d
) =x%e t4Hdet 411! J L — d
Zvn(x ) =x"e " +4e Pl |5 t xaxvn ) P

n=0

1 (P 1 (P
—L Lt H LxLe [2x (Bn)] dp] + 1L H LxLe 2x (Cn)y] dp},
0 0

where Ay, By, and C,, are defined in Egs. (2.5), (3.7), and (3.8), respectively. On using Egs. (3.15), (3.16),
and (3.17) the components are given by

up=x%e t+4et—4, vo=x%et+4et—4
1 (P
u = _L?LZI [SJ L L [(xugx ), + 2xugupx — x (uovo),J dp} ,
0
u =4— 4€7t,
a1 [P
vi=L, Lo Ll [(xvox )y + 2xvovox —x (ugvo),J dp|,
0
v =4—4e t.

In the same manner, we obtain that

1 (P
Uy = Lglel [s Jo Ly L [(xuwix )y +2x (wouix + gy ) — x (Uov1 +uqvo), ] dP] 0,

1 (P
Vo = L;lLs_l [S J L.L¢ [(X\)lx)x + 2x (vovix + V1vox) — x (ugvy + ul\)o)x] dp:| =0.
0
It is obvious that some self-canceling terms appear between various components and the connected by

coming terms, then we have,
ulxt)=uwtw+up+---, vix,t)=vo+vi+vat---.

Therefore, the exact solution is given by

2 —t

u(x,t) =x%e" 2e7t,

and v (x,t) = x“e

4. conclusion

In this paper, we have proposed new modified double Laplace decomposition methods to solve singu-
lar Burgers equation and coupled Burgers equations. The efficiency and accuracy of the presented scheme
are validated through examples. This method can be applied to many complicated linear and non-linear
PDEs and also for system of PDEs on which linearization is not required.
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