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Abstract
In this paper, we obtain solutions to difference equations of the form

xn+1 =
xn−5

an + bnxn−2xn−5
,

where (an) and (bn) are sequences of real numbers. Consequently, a result of Elsayed is generalized. To achieve this, we use
Lie symmetry analysis.
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1. Introduction

The method of Lie symmetries for differential equations has been applied to difference equations in
recent times and tremendous progress has been made (see [8, 10, 11]). The idea behind the method is to
find the group of transformations that map the set of solutions to the difference equation under study
onto itself. For lower order difference equations, the method is applicable with less computation, but for
higher order equations, the computations are quite complex, however rewarding.

Elsayed [3] obtained the solution of

xn+1 =
xn−5

−1 + xn−2xn−5
. (1.1)

Similar work on related difference equations has been done (see [1, 2, 4–7, 9, 12]). In this paper we derive
solutions of the following difference equations via the invariant of their group of transformations:

xn+1 =
xn−5

an + bnxn−2xn−5
(1.2)

for some arbitrary sequences of real numbers (an) and (bn).
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The solution to our difference equation provides a generalization of the solution of Elsayed [3] to
equation (1.1) in a more general setting.

Without loss of generality, we instead study the difference equation

un+6 =
un

An +Bnun+3un
. (1.3)

1.1. Preliminaries

Definition 1.1 ([8]). A parameterized set of point transformations,

Γε : x 7→ x̂(x; ε),

where x = xi, i = 1, . . . ,p are continuous variables, is a one-parameter local Lie group of transformations
if the following conditions are satisfied:

1. Γ0 is the identity map if x̂ = x when ε = 0;
2. ΓaΓb = Γa+b for every a and b sufficiently close to 0;
3. each x̂i can be represented as a Taylor series (in a neighborhood of ε = 0 that is determined by x),

and therefore

x̂i(x : ε) = xi + εξi(x) +O(ε
2), i = 1, . . . ,p.

Given a sixth order ordinary difference equation

un+6 = ω(n,un,un+1, . . . ,un+5) (1.4)

such that the derivative of ω with respect to un is nonzero, we consider the point transformations of the
form

Γε : (n,un) 7→ (n,un + εQ(n,un)),

where ε is the parameter and Q the characteristic. We refer to

X =Q(n,un)
∂

∂un
+Q(n+ 1,un+1)

∂

∂un+1
+Q(n+ 2,un+2)

∂

∂un+2
+ · · ·+Q(n+ 5,un+5)

∂

∂un+5

as the corresponding symmetry generator. The linearized symmetry condition is given by

S(6)Q(n,un) −Xω = 0 (1.5)

whenever (1.4) holds. The map S : n 7→ n+ 1 is called the shift operator. In this paper, we follow the
notation given in [8].

2. Symmetries

Consider the equation (1.3), i.e.,

un+6 =
un

An +Bnun+3un
,

Imposing the symmetry condition (1.5) to the equation above, we obtain

Q(n+ 6,un+6) +
Bnun

2

(Bnunun+3 +An)2Q(n+ 3,un+3) −
An

(Bnunun+3 +An)2Q(n,un) = 0. (2.1)
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The characteristic Q takes different arguments, and solving for it becomes difficult. So we first eliminate
un+6 by implicit differentiability with respect to un. This yields

An

(Bnunun+3 +An)2Q
′(n+ 3,un+3) −

An

(Bnunun+3 +An)2Q
′(n,un) +

2An

un(Bnunun+3 +An)2Q(n,un)

and after simplification, we get

Q ′(n+ 3,un+3) −Q
′(n,un) +

2
un
Q(n,un) = 0,

where ′ denotes the derivative with respect to the continuous variable. We now eliminate un+3 by
differentiating the above equation with respect to un and get the following equation:

Q ′′(n,un) −
2
un
Q ′(n,un) +

2
un2Q(n,un) = 0. (2.2)

Thus, the solution of (2.2) is

Q = αnun +βnun
2, (2.3)

where αn and βn are functions of n. We substitute (2.3) in (2.1) and with simplification, we are led to

Bnβn+3un+3
2un

2 +Bnαn+3un+3un
2 +Bnαn+6un+3un

2 −Anβnun
2

−Anαnun +Anαn+6un +βn+6un
2 = 0.

To solve for αn and βn, we use the method of separation by powers of shifts of un and we obtain the
following reduced system:

αn +αn+3 = 0, (2.4)
βn = 0. (2.5)

The solutions of (2.4) are (−1)n, exp(iπn/3), and exp(−iπn/3). The implication is that we have three non
trivial generators

X1 =(−1)nun∂un − (−1)nun+1∂un+1 + (−1)nun+2∂un+2

− (−1)nun+3∂un+3 + (−1)nun+4∂un+4 − (−1)nun+5∂un+5 ,

X2 =αnun∂un +αn+1un+1∂un+1 +α
n+2un+2∂un+2

+αn+3un+3∂un+3 +α
n+4un+4∂un+4 +α

n+5un+5∂un+5 ,

X3 =ᾱnun∂un + ᾱn+1un+1∂un+1 + ᾱ
n+2un+2∂un+2

+ ᾱn+3un+3∂un+3 + ᾱ
n+4un+4∂un+4 + ᾱ

n+5un+5∂un+5 ,

where α = exp(iπ/3).

3. Reduction

We use the known choice of canonical coordinate [8]

sn =

∫
dun

Q(n,un)
.

Using X2 (we could have chosen X1 or X3), we have

sn =

∫
dun

Q2(n,un)
=

1
αn

ln |un|.
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Using (2.5), it can be shown that

X2(α
n+3sn+3 +α

nsn) = 0

and so

rn = αn+3sn+3 +α
nsn

is an invariant of X2. We introduce

|Vn| = exp{−rn},

i.e., Vn = ±1/unun+3. For the rest of the work, we use Vn = 1/unun+3. One can show that

Vn+3 = AnVn +Bn (3.1)

and it can be verified that the closed form solution of (3.1) is

V3n+i = Vi

n−1∏
k1=0

A3k1+i

+

n−1∑
l=0

B3l+i

n−1∏
k2=l+1

A3k2+i

 , i = 0, 1, 2. (3.2)

4. Exact solutions

Working backward to express the result in terms of the original variable un, we get

|un| = exp
(
(−1)nc1 + ᾱ

nc2 +α
nc3 + (−1)n

n−1∑
k1=0

1
3
(−1)−k1 ln |Vk1 |+ ᾱ

n
n−1∑
k2=0

1
3
αk2 ln |Vk2 |

+αn
n−1∑
k3=1

1
3

¯αk3 ln |Vk3 |

)

= exp

(
(−1)nc1 + ᾱ

nc2 +α
nc3 +

1
3

n−1∑
k=0

(
(−1)n−k + ᾱnαk +αnᾱk

)
ln |Vk|

)

= exp

(
(−1)nc1 + ᾱ

nc2 +α
nc3 +

1
3

n−1∑
k=0

[(−1)n−k + 2Re(αnᾱk)] ln |Vk|

)

= exp

(
(−1)nc1 + ᾱ

nc2 +α
nc3 +

1
3

n−1∑
k=0

[
(−1)n−k + 2 cos

(
(n− k)π

3

)]
ln |Vk|

)
.

Setting n := 6n+ j and Hj = (−1)jc1 + ᾱ
jc2 +α

jc3, we obtain

|u6n+j| = exp

(
Hj +

1
3

6n+j−1∑
k=0

[
(−1)j−k + 2 cos

(
(j− k)π

3

)]
ln |Vk|

)
. (4.1)

For j = 0, (4.1) becomes

|u6n| = exp(H0) exp(ln |V0|− ln |V3|+ ln |V6|− ln |V9|+ · · ·+ ln |V6n−6|− ln |V6n−3|).

However, using (4.1) with j = 0,n = 0, |u0| = exp(H0). It can be shown that we do not need the absolute
values, thus

u6n = u0

n−1∏
s=0

V6s

V6s+3
.
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Using (3.2), where n := 2s and i = 0 for V6s, and n := 2s+ 1 and i = 0 for V6s+3, we have

V6s = V0

2s−1∏
k1=0

A3k1 +

2s−1∑
l=0

B3l

2s−1∏
k2=l+1

A3k2

= V0

2s−1∏
k1=0

A3k1 +
1
V0

2s−1∑
l=0

B3l

2s−1∏
k2=l+1

A3k2


=

1
u0u3

2s−1∏
k1=0

A3k1 + u0u3

2s−1∑
l=0

B3l

2s−1∏
k2=l+1

A3k2


and

V6s+3 = V0

2s∏
k1=0

A3k1 +

2s∑
l=0

B3l

2s∏
k2=l+1

A3k2

= V0

 2s∏
k1=0

A3k1 +
1
V0

2s∑
l=0

B3l

2s∏
k2=l+1

A3k2


=

1
u0u3

 2s∏
k1=0

A3k1 + u0u3

2s∑
l=0

B3l

2s−1∏
k2=l+1

A3k2

 .

Thus

u6n = u0

n−1∏
s=0

2s−1∏
k1=0

A3k1 + u0u3
2s−1∑
l=0

B3l
2s−1∏

k2=l+1
A3k2

2s∏
k1=0

A3k1 + u0u3
2s∑
l=0

B3l
2s∏

k2=l+1
A3k2

,

which implies that

x6n−6 = x−6

n−1∏
s=0

2s−1∏
k1=0

a3k1 + x−6x−3
2s−1∑
l=0

b3l
2s−1∏

k2=l+1
a3k2

2s∏
k1=0

a3k1 + x−6x−3
2s∑
l=0

b3l
2s∏

k2=l+1
a3k2

. (4.2)

For j = 1, (4.1) becomes

|u6n+1| = exp(H1) exp(ln |V1|− ln |V4|+ ln |V7|− ln |V10|+ · · ·+ ln |V6n−5|− ln |V6n−2|).

However, using (4.1) with j = 1,n = 0, |u1| = exp(H1). Thus

u6n+1 = u1

n−1∏
s=0

V6s+1

V6s+4
.

Using (3.2) with i = 1 and n := 2s, we have

V6s+1 = V1

2s−1∏
k1=0

A3k1+1 +

2s−1∑
l=0

B3l+1

2s−1∏
k2=l+1

A3k2+1

= V1

2s−1∏
k1=0

A3k1+1 +
1
V1

2s−1∑
l=0

B3l+1

2s−1∏
k2=l+1

A3k2+1
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=
1

u1u4

2s−1∏
k1=0

A3k1+1 + u1u4

2s−1∑
l=0

B3l+1

2s−1∏
k2=l+1

A3k2+1


and similarly,

V6s+4 =
1

u1u5

 2s∏
k1=0

A3k1+1 + u1u5

2s∑
l=0

B3l+1

2s∏
k2=l+1

A3k2+1

 .

Now

u6n+1 = u1

n−1∏
s=0

2s−1∏
k1=0

A3k1+1 + u1u4

2s−1∑
l=0

B3l+1

2s−1∏
k2=l+1

A3k2+1

2s∏
k1=0

A3k1+1 + u1u5
2s∑
l=0

B3l+1

2s∏
k2=l+1

A3k2+1

,

which implies that

x6n−5 = x−5

n−1∏
s=0

2s−1∏
k1=0

a3k1+1 + x−5x−2
2s−1∑
l=0

b3l+1

2s−1∏
k2=l+1

a3k2+1

2s∏
k1=0

a3k1+1 + x−5x−2
2s∑
l=0

b3l+1

2s∏
k2=l+1

a3k2+1

. (4.3)

For j = 2, we find that (4.1) becomes

|u6n+2| = exp(H2) exp(ln |V2|− ln |V5|+ ln |V8|− · · ·+ ln |V6n−4|− ln |V6n−1|).

We set n = 0 and j = 2 in (4.1) so that |u2| = exp(H2). So we have

u6n+2 = u2

n−1∏
s=0

V6s+2

V6s+5
.

The expressions for V6s+2 and V6s+5 are obtained from (3.2), by setting n = 2s, i = 2 and n = 2s+ 1, i = 0,
respectively. They are as follows:

V6s+2 = V2

2s−1∏
k1=0

A3k1+2 +

2s−1∑
l=0

B3l+2

2s−1∏
k2=l+1

A3k2+2

= V2

2s−1∏
k1=0

A3k1+2 +
1
V2

2s−1∑
l=0

B3l+2

2s−1∏
k2=l+1

A3k2+2


=

1
u2u5

2s−1∏
k1=0

A3k1+2 + u2u5

2s−1∑
l=0

B3l+2

2s−1∏
k2=l+1

A3k2+2


and

V6s+5 = V2

2s∏
k1=0

A3k1+2 +

2s−1∑
l=0

B3l+2

2s∏
k2=l+1

A3k2+2

= V2

 2s∏
k1=0

A3k1+2 +
1
V2

2s∑
l=0

B3l+2

2s∏
k2=l+1

A3k2+2
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=
1

u2u5

 2s∏
k1=0

A3k1+2 + u2u5

2s∑
l=0

B3l+2

2s∏
k2=l+1

A3k2+2

 .

Hence

u6n+2 = u2

n−1∏
s=0

2s−1∏
k1=0

A3k1+2 + u2u5
2s−1∑
l=0

B3l+2
2s−1∏

k2=l+1
A3k2+2

2s∏
k1=0

A3k1+2 + u2u5
2s∑
l=0

B3l+2
2s∏

k2=l+1
A3k2+2

,

which gives

x6n−4 = x−4

n−1∏
s=0

2s−1∏
k1=0

a3k1+2 + x−4x−1

2s−1∑
l=0

b3l+2
2s−1∏

k2=l+1
a3k2+2

2s∏
k1=0

a3k1+2 + x−4x−1

2s∑
l=0

b3l+2
2s∏

k2=l+1
a3k2+2

. (4.4)

For j = 3, (4.1) becomes

|u6n+3| = exp(H3) exp(− ln |V0|+ ln |V3|− ln |V6|+ · · ·+ ln |V6n−3|− ln |V6n|).

Setting n = 0 and j = 3 in (4.1), we find that |u3| = exp(H3)
1
V0

, hence

u6n+3 = u3

n−1∏
s=1

V6s+3

V6s+6
.

Following a similar approach as was done in the earlier cases (j = 0, 1, 2), the reader can verify that

u6n+3 = u3

n−1∏
s=0

2s∏
k1=0

A3k1 + u0u3
2s∑
l=0

B3l
2s∏

k2=l+1
A3k2

2s+1∏
k1=0

A3k1 + u0u3
2s+1∑
l=0

B3l
2s+1∏

k2=l+1
A3k2

.

Thus

x6n−3 = x−3

n−1∏
s=0

2s∏
k1=0

a3k1 + x−6x−3
2s∑
l=0

b3l
2s∏

k2=l+1
a3k2

2s+1∏
k1=0

a3k1 + x−6x−3
2s+1∑
l=0

b3l
2s+1∏

k2=l+1
a3k2

. (4.5)

For j = 4, (4.1) becomes

|u6n+4| = exp(H4) exp(− ln |V1|+ ln |V4|− ln |V7|+ · · ·+ ln |V6n−2|− ln |V6n+1|).

Setting j = 4 and n = 0 in (4.1) yields |u4| = exp(H4) exp(− ln |V1|) so that exp(H4) = |u4||V1|. Thus

u6n+4 = u4

n−1∏
s=1

V6s+4

V6s+7
.

As before, similar steps can be carried out and one obtains

u6n+4 = u4

n−1∏
s=0

2s∏
k1=0

A3k1+1 + u1u4

2s∑
l=0

B3l+1

2s∏
k2=l+1

A3k2+1

2s+1∏
k1=0

A3k1+1 + u1u4

2s+1∑
l=0

B3l+1

2s+1∏
k2=l+1

A3k2+1

,
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which yields

x6n−2 = x−2

n−1∏
s=0

2s∏
k1=0

a3k1+1 + x−5x−2
2s∑
l=0

b3l+1

2s∏
k2=l+1

a3k2+1

2s+1∏
k1=0

a3k1+1 + x−5x−2
2s+1∑
l=0

b3l+1

2s+1∏
k2=l+1

a3k2+1

. (4.6)

For j = 5, (4.1) becomes

|u6n+5| = exp(H5) exp(− ln |V2|+ ln |V5|− ln |V8|+ · · ·+ ln |V6n+1|− ln |V6n+2|).

But setting n = 0 and j = 5 in the same equation (4.1), we get |u5| = exp(H5) exp(− ln |V2|) so that
exp(H5) = |u5||V2|. Thus

u6n+5 = u5

n−1∏
s=0

V6s+5

V6s+8
.

After performing similar substitutions as before, we get

u6n+5 = u5

n−1∏
s=0

2s∏
k1=0

A3k1+2 + u2u5
2s∑
l=0

B3l+2
2s∏

k2=l+1
A3k2+2

2s+1∏
k1=0

A3k1+2 + u2u5
2s+1∑
l=0

B3l+2
2s+1∏

k2=l+1
A3k2+2

,

which leads to

x6n−1 = x−1

n−1∏
s=0

2s∏
k1=0

a3k1+2 + x−4x−1

2s∑
l=0

b3l+2
2s∏

k2=l+1
a3k2+2

2s+1∏
k1=0

a3k1+2 + x−4x−1

2s+1∑
l=0

b3l+2
2s+1∏

k2=l+1
a3k2+2

. (4.7)

Thus, our solution to the difference equation is given by the equations (4.2)-(4.7) as long as the denomi-
nators are non-zero.

5. The case when aj and bj are 3-periodic sequences

In this case, we assume that {aj}j>0 = {a0,a1,a2,a0,a1,a2, . . .} and {bj}j>0 = {b0,b1,b2,b0,b1,b2, . . .}.

5.1. The case when a0 6= 1,a1 6= 1,a2 6= 1
By substitution, one obtains the solution given by equations

x6n−6 = x−6

n−1∏
s=0

a2s
0 + x−6x−3

b0(1−a2s
0 )

1−a0

a2s+1
0 + x−6x−3

b0(1−a2s+1
0 )

1−b0

, x6n−5 = x−5

n−1∏
s=0

a2s
1 + x−5x−2

b1(1−a2s
1 )

1−a1

a2s+1
1 + x−5x−2

b1(1−a2s+1
1 )

1−a1

,

x6n−4 = x−4

n−1∏
s=0

a2s
2 + x−4x−1

b2(1−a2s
2 )

1−a2

a2s+1
2 + x−4x−1

b2(1−a2s+1
2 )

1−a2

, x6n−3 = x−3

n−1∏
s=0

a2s+1
0 + x−6x−3

b0(1−a2s+1
0 )

1−a0

a2s+2
0 + x−6x−3

b0(1−a2s+2
0 )

1−a0

,

x6n−2 = x−2

n−1∏
s=0

a2s+1
1 + x−5x−2

b1(1−a2s+1
1 )

1−a1

a2s+2
1 + x−5x−2

b1(1−a2s+2
1 )

1−a1

, x6n−1 = x−1

n−1∏
s=0

a2s+1
2 + x−4x−1

b2(1−a2s+1
2 )

1−a2

a2s+2
2 + x−4x−1

b2(1−a2s+2
2 )

1−a2

,

where the initial conditions satisfy

2∏
i=1

(
x−6x−3bj

1 − a2s+i
j

1 − aj
− a2s+i

j

)(
x−5x−2bj

1 − a2s+i
j

1 − aj
− a2s+i

j

)(
x−4x−1bj

1 − a2s+i
j

1 − aj
− a2s+i

j

)
6= 0

for all j = 0, 1, 2 and s = 1, 2, . . . ,n− 1.
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6. The case when aj and bj are 1-periodic

The solution equations are obtained by replacing a1 and a2, and b1 and b2 by a0 and b0, respectively
in the previous section.

6.1. The case when a0 6= 1
In this case, we have the solution defined by the following equations

x6n−6 = x−6

n−1∏
s=0

a2s
0 + x−6x−3b0

1−a2s
0

1−a0

a2s+1
0 + x−6x−3b0

1−a2s+1
0

1−a0

, x6n−5 = x−5

n−1∏
s=0

a2s
0 + x−5x−2b0

1−a2s
0

1−a0

a2s+1
0 + x−5x−2b0

1−a2s+1
0

1−a0

,

x6n−4 = x−4

n−1∏
s=0

a2s
0 + x−4x−1b0

1−a2s
0

1−a0

a2s+1
0 + x−4x−1b0

1−a2s+1
0

1−a0

, x6n−3 = x−3

n−1∏
s=0

a2s+1
0 + x−6x−3b0

1−a2s+1
0

1−a0

a2s+2
0 + x−6x−3b0

1−a2s+2
0

1−a0

,

x6n−2 = x−2

n−1∏
s=0

a2s+1
0 + x−5x−2b0

1−a2s+1
0

1−a0

a2s+2
1 + x−5x−2b0

1−a2s+2
0

1−a0

, x6n−1 = x−1

n−1∏
s=0

a2s+1
0 + x−4x−1b0

1−a2s+1
0

1−a0

a2s+2
0 + x−4x−1b0

1−a2s+2
0

1−a0

,

where the initial conditions satisfy
2∏

i=1

(
x−6x−3b0

1 − a2s+i
0

1 − a0
− a2s+i

0

)(
x−5x−2b0

1 − a2s+i
0

1 − a0
− a2s+i

0

)(
x−4x−1b0

1 − a2s+i
0

1 − a0
− a2s+i

0

)
6= 0

for all s = 1, 2, . . . ,n− 1.

6.1.1. a0 = −1 and b0 = 1
In this case, we have the solution defined by the following equations and appears in [3, Theorem 1]

x6n−6 = x−6(−1 + x−6x−3)
−n, x6n−5 = x−5(−1 + x−5x−2)

−n,
x6n−4 = x−4(−1 + x−4x−1)

−n, x6n−3 = x−3(−1 + x−6x−3)
n,

x6n−2 = x−2(−1 + x−5x−2)
n, x6n−1 = x−1(−1 + x−4x−1)

n,

where x−6x−3 6= 1, x−5x−2 6= 1, and x−4x−1 6= 1.

6.1.2. a0 = −1 and b0 = −1
In this case, we have the solution defined by the following equations

x6n−6 = x−6(−1 − x−6x−3)
−n, x6n−5 = x−5(−1 − x−5x−2)

−n,
x6n−4 = x−4(−1 − x−4x−1)

−n, x6n−3 = x−3(−1 − x−6x−3)
n,

x6n−2 = x−2(−1 − x−5x−2)
n, x6n−1 = x−1(−1 − x−4x−1)

n,

where x−6x−3 6= −1, x−5x−2 6= −1 and x−4x−1 6= −1.

6.2. a0 = 1
By substitution, one obtains the solution given by equations

x6n−6 = x−6

n−1∏
s=0

1 + 2sb0x−6x−3

1 + (2s+ 1)b0x−6x−3
, x6n−5 = x−5

n−1∏
s=0

1 + 2sb0x−5x−2

1 + (2s+ 1)b0x−5x−2
,

x6n−4 = x−4

n−1∏
s=0

1 + 2sb0x−4x−1

1 + (2s+ 1)b0x−4x−1
, x6n−3 = x−3

n−1∏
s=0

1 + (2s+ 1)b0x−6x−3

1 + (2s+ 2)b0x−6x−3
,

x6n−2 = x−2

n−1∏
s=0

1 + (2s+ 1)b0x−5x−2

1 + (2s+ 2)b0x−5x−2
, x6n−1 = x−1

n−1∏
s=0

1 + (2s+ 1)b0x−4x−1

1 + (2s+ 2)b0x−4x−1
,

where jb0x−4x−1 6= −1, jb0x−5x−2 6= −1, and jb0x−6x−3 6= −1 for all j = 1, 2, . . . , 2n.
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6.2.1. a0 = 1 and b0 = 1
In this case, we have the solution defined by the following equations

x6n−6 = x−6

n−1∏
s=0

1 + 2sx−6x−3

1 + (2s+ 1)x−5x−2
, x6n−5 = x−5

n−1∏
s=0

1 + 2sx−5x−2

1 + (2s+ 1)x−5x−2
,

x6n−4 = x−4

n−1∏
s=0

1 + 2sx−4x−1

1 + (2s+ 1)x−5x−2
, x6n−3 = x−3

n−1∏
s=0

1 + (2s+ 1)x−6x−3

1 + (2s+ 2)x−5x−2
,

x6n−2 = x−2

n−1∏
s=0

1 + (2s+ 1)x−5x−2

1 + (2s+ 2)x−5x−2
, x6n−1 = x−1

n−1∏
s=0

1 + (2s+ 1)x−4x−1

1 + (2s+ 2)x−4x−1
,

where jx−4x−1 6= −1, jx−5x−2 6= −1, and jx−6x−3 6= −1 for all j = 1, 2, . . . , 2n.

6.2.2. a0 = 1 and b0 = −1
We obtain the following solution equations

x6n−6 = x−6

n−1∏
s=0

1 − 2sx−6x−3

1 − (2s+ 1)x−5x−2
, x6n−5 = x−5

n−1∏
s=0

1 − 2sx−5x−2

1 − (2s+ 1)x−5x−2
,

x6n−4 = x−4

n−1∏
s=0

1 − 2sx−4x−1

1 − (2s+ 1)x−5x−2
, x6n−3 = x−3

n−1∏
s=0

1 − (2s+ 1)x−6x−3

1 − (2s+ 2)x−5x−2
,

x6n−2 = x−2

n−1∏
s=0

1 − (2s+ 1)x−5x−2

1 − (2s+ 2)x−5x−2
, x6n−1 = x−1

n−1∏
s=0

1 − (2s+ 1)x−4x−1

1 − (2s+ 2)x−4x−1
,

where jx−4x−1 6= 1, jx−5x−2 6= 1, and jx−6x−3 6= 1 for all j = 1, 2, . . . , 2n.

7. Conclusion

We obtained three non trivial symmetries and exact solutions to difference equations of the form
(1.2). In particular, we generalized the result of Elsayed [3]. Our method of solution finding involved Lie
symmetry analysis.
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[2] C. Çinar, On the positive solutions of the difference equation xn+1 = xn−1/(1 + axnxn−1), Appl. Math Comput., 158

(2004), 809–812. 1
[3] E. M. Elsayed, On the difference equation xn+1 = xn−5

−1+xn−2xn−5
, Int. J. Contemp. Math. Sci., 3 (2008), 1657–1664. 1,

1, 6.1.1, 7
[4] E. M. Elsayed, On the solution of some difference equation, Eur. J. Pure Appl. Math., 4 (2011), 287–303. 1
[5] M. Folly-Gbetoula, Symmetry, reductions and exact solutions of the difference equation un+2 = aun/(1 + bunun+1), J.

Difference Equ. Appl., 23 (2017), 1017–1024.
[6] M. Folly-Gbetoula, A. H. Kara, Symmetries, conservation laws, and integrability of difference equations, Adv. Difference

Equ., 2014 (2014), 14 pages.
[7] M. Folly-Gbetoula, A. H. Kara, Invariance analysis and reduction of discrete Painlevé equations, J. Difference Equ.
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