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Abstract

A derangement is a permutation that has no fixed point and the derangement number dy, is the number of fixed point-
free permutations on an m element set. A generalization of the derangement numbers are the r-derangement numbers and
their natural companions are the r-derangement polynomials. In this paper we will study three types of sums of products of
r-derangement functions and find Fourier series expansions of them. In addition, we will express them in terms of Bernoulli
functions. As immediate corollaries to this, we will be able to express the corresponding three types of polynomials as linear
combinations of Bernoulli polynomials.
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1. Introduction

A derangement is a permutation that has no fixed points. The problem of counting derangements was
begun in 1708 by Pierre Rémond de Montmort (see [3]).
The derangement number d,, is the number of fixed point-free permutations on an m element set (see
[1,2, 6]).
The first few terms of the derangement number sequence {d}3._, are
dp=1,d1=0,dy=1,d3=2,d4 =9,d5 =44,
de = 265,d7 = 1854, dg = 14833, dg = 133496, d1o = 1334961, ... .

It is well known that d., is in fact given by the closed form formula

dp=m!)_ (_1)k. (1.1)
k=0

k!
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We can easily deduce the exponential generating function for the derangement numbers d,, from (1.1)
which is given by

o0

1 et Zd tm
1—t N ™ m!
m=0

As a natural companion to derangement numbers d,, the following derangement polynomials d (x)
are defined by

Le("_l)t = i dm (x)—. (1.2)

We observe here that d.,,(x + 1), viewed as a function of the real variable x, is the same as the function
Dm(x) =m!Y ™, ’i‘—;, which is defined in [4, p.6]. Clearly d (0) = dm.

The notion of derangement numbers was further generalized in [5, 7, 9] to r-derangement numbers
by imposing some restrictions. The r-derangement number d.(m) (0 < r < m) is the number of de-
rangements on an m + 1 element set such that the first r elements appear in distinct cycles in its cycle
decomposition. We note here that do(m) = dr, and dr(m) =0, if m <.

A closed form formula exists for d.(m), which is given by

aim =Y (1) ™om, o<rem), 13)

—3)!
= \r/ (m—j)!

The exponential generating function for the r-derangement numbers d.(m) can be easily deduced
from (1.3) as follows:

(1—tt)1‘+1et =Y di(m)—. (1.4)

The reader should refer to [7-9] for further details about r-derangement numbers.
The r-derangement polynomials d.(m, x) are defined by

t" et tm
X— _
me = Z dr(m,X)m. (15)
m=0
Clearly, from (1.2), (1.4), and (1.5), we see that
d:(m,0) = dr(m), do(m,x) =dm(x), dr(m,x) =0, form<r, d(r,x) =71l
Further, we see from (1.5) that
> tm tr = m\ t™
wajfuﬂmzzw@%v
m=0 m=r
Then we have shown that
m, f >,
ar(m,1) = J ™) form > (1.6)
0, forOo<m<r

As we can see, d.(m,x) are Appell polynomials and in particular we have

7dT(mIX) = de‘(m_ 1IX)I (m = 1)
dx
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For any real number x, the fractional part of x is denoted by
<x>=x—[x] €[0,1).

The Bernoulli polynomials By, (x) are given by

=Y Bas

m=0

We need the following facts about Bernoulli functions B, (< x >):

(a) form > 2,

0 e2minx
B =—m! —;
m(<x>) m Z (2min)m’
n#0
(b) form =1,
B 2 e2minx _ JBil<x>), forx¢2Z,
= 2min o, for x € Z.

n;ZO
Here in this paper we will study the following three types of sums of products of r-derangement
functions om (< x >),Bm(< x >), and ym(< x >), and find Fourier series expansions of them. In
addition, we will express them in terms of Bernoulli functions. As immediate corollaries to this, we
will be able to express the corresponding three types of polynomials as linear combinations of Bernoulli

polynomials.
Throughout this paper, we let r and s be fixed nonnegative integers.

@) am(<x>)=Y rode(k,<x>)ds(m—k <x>), (m>r+s);
(b) Bm(<x>)=> = Ok,(%d (k,<x>)ds(m—k,<x>), (m>r+s5s);

m—k)!
(© Ym(<x>)=Y " mdr(k,<x>)ds(m—k,<x>), m>r+s,ifr+s>1, m>1, ifr+s=
0).

2. Fourier series expansion of o (<x >)

Let otm (x) = > 1o de(k,x)ds(m—k,x), (m > 0). We note here that o, (x) = 0 for m < v+, since
d,(m,x) =0 for m < r. Moreover,

am(x) =Y dr(k,x)ds(m—K,x), (m>1+s), 2.1)

and hence, in particular, we have
oris(x) = di(1,x)ds (s, x) = 7lsl.

Now, we will consider the function

m
m(<x>) =) de(k,<x>)ds(m—k <x>), (m>71+5),
k=0

defined on R, which is periodic with period 1.
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The Fourier series of am (< x >)is > o Aﬁ:“)eM“X, where

1 1
Aﬁf“) = J O (< x >)e 2T qx = J O (X )€ 2T X dx.
0 0

Before proceeding any further, we need to observe the following:

d%am(x) - kZ_O <kdr(k—1,x)ds(m—k,x) n (m—k)dr(k,x)ds(m—k—l,x)>
m m—1
= kdr(k—1x)ds(m—kx)+ Y (m—Kde(kx)ds(m—k—1,x)
k=1 k=0
m—1 m—1
=) (k+Dde(kx)ds(m—1—Kkx)+ > (m—k)dr(k,x)ds(m—1—%,x)
k=0 k=0

= (m+1om—1(x).

This implies that

1
;{(W) = om(x) and Jocm(x)dx: ! (m1(1) — am1(0)).

For m > r +s, we put

Ap =om(1) —am(0) = ) de(k,Dds(m—k1)— Y dr(k)ds(m—k)
k=1 k=1
m—s m—s
k —k
= k'( )(m—k)!(m ) ~ Y a(0ds(m—k)
T s
k=r k=r
"= /k) /m—k\ /m\ ! &°
=m! ) <T>< ] ><k) — Y dr(k)ds(m—Xk), (cf. (1.6) and (2.1)).
k=r k=r
We now note that
! 1
oam(0) = am(l) © A =0 and Jo om (x)dx = mAm+1.
We are going to determine the Fourier coefficients A;m).
Case 1: n #0.
A(m) _ Jl o (X)e—Zﬁinde _ 1 [ (X)e—ZTU'.TLX}l + 1 J’1 io‘ (X) e—2ﬂinxdx
L N T 2min ™% 0% 2min Jy \dx ™
1 m+1 (! o
— 1) — B TTinx
s (1) = o (00) + 5oE | s ) mimea
::ﬂn+-1Aym_q)_ 1
2min " 2min ™
Thus we have shown that
1 _ 1
Am) L) (o) . 2.2)

— . n - .
27mmin 2min
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Noting that AT = gl f(l) e 2mnx — (), and proceeding by induction on m, from (2.2), we easily derive
that
—(r+s) —(r+s)
A%m):_mzrs (m+1)51 1 T (m+2)

Qmin)y ™I T T2 £ (2nin)

Am_j41, (M>71+5).
j=1

Case2: n =0.

1
Ay = L O (x)dx = mizAmH.
am (< x >), (m > r+s) is piecewise C*. Moreover x;,m(< x >) is continuous for those integers
m > r+s with A, = 0, and discontinuous with jump discontinuities at integers for those integers
m > 1+ s with A, #0.
Assume first that A, = 0 for an integer m > r +s. Then oy (0) = am(1). Hence am(< x >) is
piecewise C*°, and continuous. The Fourier series of oty (< x >) converges uniformly to om (< x >), and

—(r+s)
1 - 1 " (m+2)j 27tinx
oml<x>) = rmbmat 2 | "hg L Gmmy O] ©
n#0 N
m—(r+s) o0 2ot
1 1 m+42 e-inx
m2 ™ T T Z ( j ) mgH () _Z (2min)]
j=1 n=—oo
n#0
m—(r+s)
1 1 m+2
= my2tmt g ( j )Am—i+l‘3i(<’<>)

j=2

AL Bi(<x>), forx¢Z,
0, for x € Z.

Now, we can state our first result.

Theorem 2.1. For each integer | > v+ s, we let

l—s K l—k 1 —1 l—s
A1:1!];<r>< ) ><k> —];dr(k)ds(l—k).

Assume that A, = 0 for an integer m > 1+ s. Then we have the following.

(@) > ptodr(k,<x>)ds(m—Kk,< x >) has the Fourier series expansion

m

1 1 (m+2)5 27in
Zdr(k,<x>)ds(m—k,<x>) = mAm+1+ Z _m Z WAm_j+1 e x
k=0 TLTT;(SDO =1

for all x € R. Here the convergence is uniform.

(b)

m
D di(k,<x>)dg(m—k<x>) = —
k=0

forall x € R.
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Next, we assume that A, # 0 for an integer m > r+s. Then o (0) # xm(1). So am(< x >) is
piecewise C*°, and discontinuous with jump discontinuities at integers. The Fourier series of oty (< x >)
converges pointwise to am (< x >) for x ¢ Z, and converges to

—_

((xm(o) + me(l)) =am(0) +-An

2 2

forx e Z.

Next, we can state our second result.

Theorem 2.2. For each integer | > v+ s, we let

erE (0 Euans

k=r
Assume that A, # 0 for an integer m > 1+ s. Then we have the following.
(a)
m—(r+s)

1 = 1 (m +2); -
——An + Z - Zl 7(27_[“1)). Am_j+1 | €
]:

R Odr(k<x>)ds(m k,<x>), forx¢Z,
Zk:() dr s(m k) + zAm, fOT’ x € Z.

(b)

1 m—(r+s) ma2
5 ( )Am j+1Bj (< x >) Zdrk<x> sm—k,<x>) forx ¢ Z
m+2
1 "I o m
m+2 Z ( j )Am—l+1B](<X>)_Zdr( Jds(m—Kk)+ Ay forx € Z
j=0 k=0
j#1

Corollary 2.3. For each integer | > v+ s, we let

l—s o -1  l-s
Alzl!Z <t> (l Sk> <]t> _Zdr(k)ds(l_k)-
k=r

Then we have the following polynomial identity.

1 m—(r+s) ma2
Zdrkx (m—X%,x) = — 2 < >Am_]~+1Bj(x), (m>r+s).

3. Fourier series expansion of 31 (< X >)

Let Bm(x) =Y ¢y md (k,x)ds(m —Xk,x), (m > 0). As in the case of o, (x), we note that

Bm(x) =0form <r+s, Bris(x) =1,
m—s 1

Bm(x)= > mdr(k,x)ds(m—k,x), (m>7+s). (3.1)
= X! !
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Now, we will consider the function

m

1
Bm(<x>) = kZOk!(]nk)!dr(k,< x >)ds(m—k,<x>), (m>r1+s)
defined on R, which is periodic with period 1.
The Fourier seires of B (< x >)is Y o B;m)ezmm‘, where

0
To proceed further, we observe the following

1 1
B;m) = J Bm(<x >)e X gy = J Bm(x)efzmm‘dx.
0

d%(zm(x) = Z <k'(kd (k—1,x)ds(m—k,x) + m_kdr(k,x)ds(mkl,x))

=2 (k—l)!%m_k)!df(k_1/X)ds(m—k,x)
k=1

m—1 1
+ Z k!(m_k_l)!dr(klx)ds(m—k—l,x))

O

Z k!(m— 1_ K)! &k x)ds(m—1—k,x)

k=0
m—1
i Z T 1_ o — (k,x)ds(m—l—k,x)>
:Zﬁmfl( )
These imply that
1
d%(%(smﬂ(x)) — Bm(x) and L Bom (x)dx = %(Berl(l) ~ Bms1(0)).

For m > r+ s, we put

m—s 1 s X
_O.m = Bm(l) - Bm(o) - ~ mdr(k,l)ds(m—k, 1) - kZ_r mdr(k)ds(m_k)
- @ <ms_ k) e w(;—wdr(k)ds(m—k% (cf. (1.6), (3.1).

k=r ey .

We observe now that
1
1
Br(0) = (1) & O =0 and | Binlx)dx = 30mir.

Our next task is to determine the Fourier coefficients B%m)
Case 1: n #£0.

1 1
B = [ Bm(xe 2 dx =~ (Bmx)e 7 4+ | (;X[Sm(x)) e TN g
0

2711n 2min Jg
— 0 2 ! 727rinxd
— e (B ()= Binl0)) + o | Broalx)e P ax

_ 2 B(m_l)_ 1
2min ¢ 27mmin

my



T. Kim, D. S. Kim, H. Kwon, L. C. Jang, J. Nonlinear Sci. Appl., 11 (2018), 575-590 582

from which by induction on m we can show that

(m) m—(r+s) i1
m —— — .
Bn = ]; i) Om_js1, (Mm>1+35).

Case2: n =0.

1
1
By = L B (X)dx = 5 O 1.

Bm(< x >), (m > r+5s) is piecewise C*. Moreover B, (< x >) is continuous for those integers
m > r+s with O, = 0, and discontinuous with jump discontinuities at integers for those integers
m > 1+ s with Q. #0.

Assume first that O, = 0 for an integer m > r+5s. Then ,(0) = Bm(1). Then Bm(< x >) is
piecewise C*°, and continuous. The Fourier series of 3. (< x >) converges uniformly to (< x >), and

1 00 m—(r+s) 2i—1 .
Bm(<x>)= EQm+1 + n:Z_OO — 2 Wo‘m—ﬂl e2minx
n+#0
m—(rts) 551 2minx
= %Qm+l + . ZJj!Qij —j! Z %
=1 e

1 molrrs) i Bi(<x>), forx¢Z,
- EQmH * ; TQm_i+lBj(< *>)+ Qm x {O, for x € Z.

Now we are ready to state our first result.

Theorem 3.1. For each integer | > v+ s, we let

l—s l—s
o=) <]r<> <l;k> g k!(Ll—k)!df(k)dS“_k)'

k=r k=t
Assume that Q. = 0, for an integer m > v+ s. Then we have the following.

@ > mm(k, < x >)ds(m—Xk, < x >) has the Fourier series expansion

m 1 1 00 m—(r+s) 9j—1
_ — _ = . 27tinx
];)k!(m—k)!dr(k'<x>)d5(m k,<x>)= Zo-m+1 +n;oo L (ZT[in)ij_]H €
for all x € R, where the convergence is uniform.
(b)
m 1 m—(r+s) zj_l
Zmdr(k,<x>)ds(m—k,<x>) = Z 7'Qm_]+1BJ(<X>)
k=0 : i=0 ’
i#1

forall x € R.
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Assume next that Q,, # 0 for an integer m > r+s. Thus fm(0) # Bm(1l). Then Bm(< x >) is
piecewise C*°, and discontinuous with jump discontinuities at integers. The Fourier series of 3, (< x >)
converges pointwise to B (< x >) for x ¢ Z, and converges to

1 1
E(Bm(o) + Bm(l)) = Bm(o) + E—O—m

for x € Z.
We are now ready to state our second result.

Theorem 3.2. For each integer | > v+ s, we let

l—s l—s
a=y ()9 - i),

k=r
Assume that Q. # 0, for an integer m > 1+ s. Then we have the following.

(a)

1 00 m—(r+s) 2i—1
- _ . 27tinx
2-Qm+1 + Z (2rin)) Qm-_j+1]e

n=-—o00 j=1
n+#0
_ Zﬁzomdr(k,<x>)ds(m—k,<x>), fOT’X%Z,
Yo mommrdr (K ds(m —K) + 3Qm, for x € Z.
(b)
m—(r+s) j—1 m
2 o B:(< >)—Z¥d(k< >)ds(m—k, < x >) ¢7Z
Z Y m—j+1Dj X - k'(m—k)' r{kK, <X s(m y <X fOT’X ’
j=0 k=0
m (r+s)2]71 m 1 1
;0 j!Qm—j+1Bj(<x>):];)k!(m_k)!dr(k)ds(m—k)—l—zﬂm for x € Z.
j#1

Corollary 3.3. For each integer 1 > v + s, we let

l—s l—s
a=y ()9 X i =),

k=r
Then we have the following polynomial identity.

m m—(r+s)

1 21
Zmdr(k,x)ds(m—k,x) — Z TQm_J+1B](X), (m>T+S)
k=0 j=0
4. Fourier series expansion of ym (< x >)
Let ym(x) = 1‘2:11 ﬁdr(k,x)ds(m —k,x), (m > 2). Before proceeding further, we remark the
following, where there are several cases to consider.
@r=1s>1.
Ym(x)=0form<r+s, yris(x) =(r—1!(s—1)!, 4.1)

Ym(x) = 2 k(ml_k)dr(k,x)ds(m—k,x), (m>r+s). 4.2)
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(b) r>1,s=0.

Ym(x) =0 for m < r+s,

m—1
Yl = 3 & kX (x), (> 7 =7+,

(c)r=0,s>1

Ym(x)=0form<r+s,

Ym0 = Y s dbx)dy(m— K x),

& km—k)
d) r=0,s=0.
m—1 1
Yn) = 3 g e, (m>2

Throughout the rest of our discussion, in view of (4.1)-(4.7) we assume that m > r+s,if r+s >
that m > 1, if r +s = 0. Then we consider the function

m—
m(<x>) Z dy(k, < x >)ds(m—Kk, < x >),
k=1

(m>r+s,ifr+s>1,m>1,if r+s =0), defined on R, which is periodic with period 1.
The Fourier seires of ym(<x >)is ) 5 C%m)ezmm‘, where

1 1
cim = J Ym(< x >)e MM dx = J Ym (x)e 2T dx.
0 0

From (1.5), we immediately see that
dT‘(OI X) = 6O,T‘/

where 8, is the Kronecker’s delta. Now,

d m—1 1 m— 1

Ym0 = > —— (k=1 x)ds (m =K x) + Z dr (k,x)ds(m—k—1,x)
k=1 k=1
m—2

1
é—k d:(k,x)ds(m—1—k,x)
= m—1—k k

+ % <dr(0,x)ds(m— 1,x)+de(m— 1,x)d5(0,x)>

1
= (m =1y 100 + —— (80, dg(m—1,%) + 8p,eds (M —1,x) ).
m—1

From (4.8), we note that

2 (ymaal) -

T S0,5dr(M+1,X)) = Ym(x),
Xm

1
)60,Tds(m—|— 1,X) —

1
m(m-+1 m(m+1)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

1, and

(4.8)
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and
1 1 1 1
L Ym(x)dx = a {Ym+1(x) - méo,rds(m‘f‘ 1,x) — méo,s dr(m+ LX)]O
1 1 1
= vl =@ = e (me ()~ 1)
1 +1
N m50,5,((m+ 1)! (mT ) —d,(m+ 1))}

— 2 {rma =@ = =017 o+ (7o)

1

n m(ds(m—l— 1)80,5 + dr (M +1)50,5 ) }

For m > 1, we let

7

1
A =Ym(1) =m0 = 3 s (d Ddsm =k 1) = dr(k, 0)ds (m — k,0)
k=1
- . . . 4.9)
m —_—
=3 m(m <T> (m—k)!< ] ) — dr(k)ds (m—K)).
k=1
We note that, from (4.1), (4.3), and (4.5), or from (4.9), A, = --- = Ay, s =0, forr+s > 1. For
convenience, we also let, for r+s > 1, and also forr+s =0,
A1 =0. (4.10)
Obviously, we have
Ym(0) =vm(1) & Am =0,
and
1
1 m-+1 m+1
| ymdx = A~ m— 11 So + 50:)
0 m s T
1
mm+1) (ds(m+ 1)80,r + dr(m + 1)50,5) }
Next, we would like to determine the Fourier coefficients C%m).
Case 1: n #£0.
1 .
C1(1m) — J ,Ym(x)e—Zﬂlnxdx
0
_ 1 —2minxql 1 Jl i —27inx
= o Ymx)e ot 5 ), Laxymt ) e d
1 1
=~ (D =Y () + 57 | {(m=Dpyms(x) @1
1 )
+—— (80,rds(m —1,%) + 8g,sdr(m —1,x)) }e—zﬂlnx dx
m—1_(m-1y 1 1 Jl o
== C — 5 d _ 1, ﬂtnxd
2min 2min” + 2min(m—1) or 0 s(m x)e x
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1 ! .
+—— 005 J dr(m—1,x)e 2" dx.
2min(m—1) 7 J,

By integrating by parts and induction on m, we can easily deduce that
mor (m)y k1
Jl dr(m, x)e 2 = T2i=1 Tomin <(m kA DI —de(m et 1))' forn #0, (4.12)
0 T ((m—i—l) (m:rl)—dr(m'i‘l)), for n =0.

Combining (4.11) and (4.12), we have shown that

—1 _ 1 1
C'(nm) _ m Cglm 1)

— Am— = (50, @™ 4+ 55 @™ .
2min 2min’ T 2min(m —1) < 0 * ) (4.13)
where

! (m—1)x_1 m-—k
(mr) _ _ - _ B _ _
O] = g )k ((m k)!< > d-(m k)).

T
k=1
An application of induction on m to (4.13) gives us the following expression

m—1

(m_l)j 1 (m—j+1,s) (m—j+1,r)
i Ay~ ]Z1 m(é Lo + 80,50 ) (4.14)

Note here that we used the fact d)%m’r) =0form <.
In order to find more explicit expressions, we note the following.

m—1
m 1 ] 1 (m—j+1,r)
o (27in)i (m —j)
1 —j .
'« (m-— 1 Jk—1 mZ] (Mm—j)k—1
Tk
= (27tin)i (m —j) = (27tin)
—k+1
x((m—)—k+1)'<m ) * >—dr(m—]—k+l)>
T
m—1 m—j
B 1 (Mm—1)j4x—2 (m—i—k+1
=Y o X e < (mikr ) L) mdm—i—k4 D) @13
j=1 k=1
m—1 1

1 & (m)k m—k+1\ dr(m—k+1)
= — — —k)! el SLL AN

m Z (2min)k (Hm_l Hm*k) . ((m k)'< > m—k+1 )’
where H;, = Zm , (m > 1) are the harmonic numbers.

From (4.14) ancf (4.15), and recalling that A; = 0, by convention (cf. (4.10)), we can conclude the
following:

cm = — Z (n(l_.l))kk_l/\m—k+l - TTll Z ((m)kk (Hm—l - Hmfk>

27min 27tin)
k=1 j=1
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" {60,S<(m—k)!<m_k+l> _ dr(m—k+1))

T m—k+1
m—k+1 ds(m—k+1)
— | = 0
+ 80, ((m k).( ! ) k1)

Case 2: n = 0.
1 1 m+1 m+1
cim =J Ym(dx = —{ A1 — (m—l)!(( )6o,r + ( >6o,s)
m S T

0
1
m (ds(m+ 1)50,1- + dr(m‘i‘ 1)60,5) }

As we mentioned earlier, m > r+s,if r+s > 1, and m > 1, if r+s = 0. ym(< x >) is piecewise
C®. Moreover ym (< x >) is continuous for those integers m with A, =0, and discontinuous with jump
discontinuities at integers for those integers m with A, # 0.

Assume first that A, = 0 for an integer m. Then v, (0) = ym (1), and hence ym (< x >) is piecewise
C*, and continuous. Thus Fourier series of Y (< x >) converges uniformly to ym (< x >), and

V(<% >) = = Ay~ (m - 1)!((m: 1)6o,r + (“‘j 1)60,5)

1
+ m (ds(m—I— 1)50,1~ +dr(m+ 1)60[5)}

1 = ik
5 L% e O
£

n=—
n

< (soe(tm—ror(" ) - T

+ 60,r<(m—k)! <m—sk+ 1) _ ‘W))) }ezmnx

= %{Am—l—l —(m— 1)!<(m:— 1) do,r + <m:— 1> 60,3)

1
m(m+1)

1 & /m
+ o kZ—l <k> (/\mkarl + (Hm—1 —Hm_x)

 (s0s(im—sp (T delm ey

(ds(m+ 1)5O,r + dr(m+ 1)50,5)}

T m—k+1
oy (m—k+1\  ds(m—k+1) L v erminx
+60’T<(m k)'< s m—k+1 ))>< k'nz_oo(2mn)k>
N0
1 & /m
= - <k> (Am—k+l + (Hm—l - Hmfk)
b
m—k+1 dr(m—k+1)
X(ﬁofs((m—k)( r >_m—k+1)

+50,r((m—k)!<m_f“> D )< x5)

AL X Bi(<x>), forx¢Z,
0, for x € Z.
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Now, we are going to state our first result.

Theorem 4.1. For each integer 1 > 1, we let

-1

1 k 1—k
A=) m(k! <T> (1—k)!< ; > —dr(k)ds(l—k)),

k=1

with Ay = 0. Assume that Ay = 0 for some integer m > v +s, (r+s > 1), or for some integer m > 1, (r+s = 0).
Then we have the following.

(a) L”;ll ﬁdr(k, < x >)ds(m—k, < x >) has the Fourier series expansion

m—1
,;unf_k)d”k'<">)ds(m‘k’<">)
:l{/\ _(m_l)‘((erl)é +<m+1>6 )
U/t : S Or T 08
1
+m(ds(m+l>6ar+dr(m+1)50,s)}-

1 - (m)
NP (zgnsk (Amics+ (Hino = Hon)

n#0
T R x
+ o, <(m— k)! (m_sk+ 1> _ W))) }ezmnx

for all x € R, where the convergence is uniform.
(b)
m—1 1
Z mdr(k,< X >)ds(m—k,< X >)

k=1
1 & /m m—k+1\ dy(m—k+1
= 2 () (s s s (omion (M) - SRR
A
m—k+1 ds(m—k+1)
K\ B\ AT
+60,r<(m k).< S ) K1 )))Bk(<x>)
forall x € R.
Assume that Ay, # 0, for an integer m > r+s, (r+s > 1), or for some integer m > 1, (r+s = 0). Then
Ym(0) # ym(1), and hence ym(< x >) is piecewise C*, and discontinuous with jump discontinuities

at integers. Hence the Fourier series of v (< x >) converges pointwise to ym(< x >) for x ¢ Z, and
converges to
1

1
E('Ym(o) +Ym(l)) =vYm(0) + EAm

for x € Z. Next, we are going to state our second result.

Theorem 4.2. For each integer 1 > 1, we let

Pt K 1—k
ALZZM@!(T)(L—M!( s >_dr(k)ds(l_k))

k=1
with Ay = 0. Assume that Ay, # 0 for some integer m > r+s, (r+s > 1), or for some integer m > 1, (r+s = 0).
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Then we have the following.

(a)
%{/\m+1 — (m— 1)!((’“: 1) Sor + <m:r 1) 50,5)

1
+ m (ds(m +1)80, + dr(m+ 1)50,5)}

1 2 {Z Zmn (/\mfk+1+(Hm71—Hm—k)

" (60,5((m—k)!(m_k+l> _ dr(m—k+1)>

T m—k+1
m—k+1 ds(m—k+1) inx
*5(’”(("1‘”!( : )_m—k—|—1>>>}ez
Zk1md(k<x>)d(m k,<x>), forx¢Z,
Y g dr (k) ds(m—K) + 3Am. for x € Z.

(b)

L5 () (A (o) (s (mgp (M) - el D)

= T m—k+1
m—k+1 ds(m—k+1)
_ | > @ 7
+50,T((m k).( )L
m—1

dr(k, <x>)ds(m—k,<x>), forx ¢ Z,

—k+1\ dr(m—k+1
<zz‘) e Y CH (e e R

—_

I\/lﬁ,v

1
m

~r
N
—o

Z (k)ds(m—Kk) + /\m,forXGZ

Corollary 4.3. For each integer 1 > 1, we let

=2 k 1—k
A‘:kzk(l k)<k'< )(l—k)( . )—dr(k)ds(l—k))

with Ay = 0. Then we have the following polynomial identity:

m-l 1 & /m
Y gt m o) =03 (1) (Ao (s )
m—k+1 dr(m—k+1)
X <60,s <(m—k)!< . )_m—k—i-l)
m—k+1\ ds(m—k+1)
+50,T<(m—k)'< s >_1’]’1—k—|—1)>)8k(X),

(m>r+s,ifr+s>1Landm>1,ifr+s=0)
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