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Abstract
In this paper, we investigate a new iterative implicit algorithm for fixed points of asymptotically nonexpansive mapping in

Hilbert spaces. We also prove its strong convergence theorem under certain assumptions imposed on the parameters and extend
some well-known results. As an application, we apply our main result to µ-inverse strongly monotone mapping.
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1. Introduction

In the theories of this paper, we suppose that H is a Hilbert space with the inner product 〈· , ·〉 and
norm ‖ · ‖. Let C be a nonempty convex closed subset of H, and “⇀” and “ → ” denote the weak
convergence and strong convergence, respectively. For a mapping T : C → C, we use F(T ) and N(T ) to
denote its fixed point set and zero point set, respectively.

Recall that the mapping T is said to be nonexpansive if

‖Tx− Ty‖ 6 ‖x− y‖, ∀x,y ∈ C.

We call T is said to be attracting nonexpansive if it is nonexpansive and satisfies:

‖Tx− y‖ < ‖x− y‖, ∀x /∈ F(T),y ∈ F(T).

The mapping T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,+∞)
with kn → 1, such that

‖Tnx− Tny‖ 6 kn‖x− y‖, ∀x,y ∈ C.

The mapping U : C→ H is said to be monotone if

〈Ux−Uy, x− y〉 > 0, ∀x,y ∈ C.

∗Corresponding author
Email addresses: yhwang@zjnu.cn (Yuanheng Wang), 1397638728@qq.com (Jialei Feng)

doi: 10.22436/jnsa.011.04.09

Received: 2017-11-10 Revised: 2017-12-01 Accepted: 2018-01-26

http://dx.doi.org/10.22436/jnsa.011.04.09
http://crossmark.crossref.org/dialog/?doi=10.22436/jnsa.011.04.09&domain=pdf


Y. H. Wang, J. L. Feng, J. Nonlinear Sci. Appl., 11 (2018), 529–540 530

The mapping U : C→ H is said to be µ-inverse strongly monotone if

〈Ux−Uy, x− y〉 > µ‖Ux−Uy‖2, ∀x,y ∈ C,

where µ > 0 is a positive real number.
Lately, in order to find a common element of the fixed points of nonexpansive mappings or asymp-

totically nonexpansive mappings, many authors established many viscosity iterative algorithms, and they
solved many practical problems, such as the equilibrium problems, variational inequality problems, and
split feasibility problems and so on. See [1, 2, 4, 9–14, 21–24] and the references therein.

Recently, Moudafi [8] in Hilbert space introduced the viscosity iterative algorithm of nonexpansive.
Xu [18] extended the Moudafi’s results to more general uniformly smooth spaces. That is, he introduced
the following explicit viscosity algorithm:

xn+1 = αnf(xn) + (1 −αn)Txn, (1.1)

where T is a nonexpansive mapping, f is a strict contraction mapping, and {αn} is a real number sequence
in (0, 1). Then the sequence {xn} generated by (1.1) converges strongly to a fixed point of T .

In 2008, Lou et al. [7] showed the existence of the sequence {xn} defined by

xn+1 = αnf(xn) + (1 −αn)T
nxn,

converges strongly to the fixed point set of an asymptotically nonexpansive mapping T , which solves
some variational inequality problems under suitable conditions. As an application, they proved that the
iterative process defined by

x0 ∈ C, xn+1 = αnf(xn) +βnxn + γnT
nxn,

converges strongly to the same fixed point of T .
In 2015, Xu et al. [19] studied the following viscosity implicit midpoint rule:

xn+1 = αnf(xn) + (1 −αn)T(
xn + xn+1

2
), n > 0. (1.2)

They proved that the {xn} generated by (1.2) converges in norm to a fixed point of T .
Recently, Fan et al. [3] studied the following iterative algorithm:{

xn+1 = (1 −βn)(λnxn) +βnyn,
yn = (1 −αn)xn +αnTxn.

(1.3)

They proved that the {xn} generated by (1.3) converges strongly to a fixed point x̂ of nonexpansive map-
ping T , where x̂ is the minimum-norm element of F(T ).

In this paper, motivated and inspired by the above authors’ results, we give a new implicit iterative
algorithm, to approximate fixed points of asymptotically nonexpansive mapping and prove its strong
convergence theorem. As applications, we can use our main results to a family of µ-inverse strongly
monotone mappings for the common zeros.

2. Preliminaries

Definition 2.1. Let C ⊂ H be a nonempty convex closed set of a Hilbert space H, we define PC : C → H

be the nearest point projection if
‖x− PCx‖ 6 ‖x− y‖, ∀y ∈ C.
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Lemma 2.2 ([6]). In a real Banach space E, for q > 1,∀x,y ∈ E, the following inequality holds

‖x+ y‖q 6 ‖x‖q + q〈y, jq(x+ y)〉, ∀jq(x+ y) ∈ Jq(x+ y). (2.1)

When E is a Hilbert space and q = 2, (2.1) can be reduced to the following inequality

‖x+ y‖2 6 ‖x‖2 + 2〈y, x+ y〉, ∀x,y ∈ H.

Lemma 2.3 ([15]). Let C ⊂ H be a nonempty bounded convex closed set of a Hilbert space H. Let T : C→ C be a
asymptotically nonexpansive mapping with F(T) 6= ∅. Suppose xn ⇀ x and (I− T)xn → y , then (I− T)x = y.

Lemma 2.4 ([16, 17]). Let {an}∞n=0 be a nonnegative real number sequence satisfying the property:

an+1 6 (1 − δn)an + δnγn, n > 0,

where {δn}∞n=0 ⊂ (0, 1) and {γn}
∞
n=0 satisfy:

(i) lim
n→∞ δn = 0 and

∞∑
n=0

δn = +∞;

(ii) either lim sup
n→∞ γn 6 0 or

∞∑
n=0

|δnγn| < +∞.

Then lim
n→∞an = 0.

3. Main results

Theorem 3.1. Let C ⊂ H be a nonempty bounded convex closed set of a Hilbert space H and θ ∈ C. Let T : C→ C

be a asymptotically nonexpansive mapping with a sequence {kn} such that F(T) 6= ∅. Suppose {αn}, {βn}, {λn}, {ξn}
are real number sequences in (0, 1). Let {xn} be generated by

x1 ∈ C,
yn = (1 −αn)xn +αnT

n(ξnxn + (1 − ξn)xn+1),
xn+1 = (1 −βn)(λnxn) +βnyn.

(3.1)

Suppose the following conditions are satisfied:

(i) lim
n→∞βn = 1, lim

n→∞ λn = 1;

(ii)
∞∑

n=1
αn < +∞,

∞∑
n=1

|λn+1 − λn| < +∞,
∞∑

n=1
|βn+1 −βn| < +∞;

(iii)
∞∑

n=1
(1 − λn)(1 −βn) = +∞, |λn+1 −βnλn|+βn+1 6 1;

(iv)
∞∑

n=1
sup
x∈C
‖Tn+1x− Tnx‖ < +∞.

Then the sequence {xn} converges strongly to a fixed point x∗ ∈ F(T).

Proof. We divide the proof into four steps.

Step 1. We show the sequence {xn} is bounded.
In fact, for p ∈ F(T), we can easily know that

‖yn − p‖ = ‖(1 −αn)xn +αnT
n(ξnxn + (1 − ξn)xn+1) − p‖

= ‖(1 −αn)(xn − p) +αn(T
n(ξnxn + (1 − ξn)xn+1) − p)‖

6 (1 −αn)‖xn − p‖+αn‖Tn(ξnxn + (1 − ξn)xn+1) − p)‖
6 (1 −αn)‖xn − p‖+αnkn‖ξnxn + (1 − ξn)xn+1 − p)‖
6 (1 −αn)‖xn − p‖+αnknξn‖xn − p‖+αnkn(1 − ξn)‖xn+1 − p‖
= (1 −αn +αnknξn)‖xn − p‖+αnkn(1 − ξn)‖xn+1 − p‖.

(3.2)
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And then from (3.2),

‖xn+1 − p‖ = ‖(1 −βn)(λnxn) +βnyn − p‖
= ‖(1 −βn)(λnxn − λnp+ λnp− p) +βn(yn − p)‖
6 (1 −βn)λn‖xn − p‖+ (1 −βn)(1 − λn)‖p‖+βn‖yn − p‖
6 (1 −βn)λn‖xn − p‖+ (1 −βn)(1 − λn)‖p‖
+ (βn −αnβn +αnβnknξn)‖xn − p‖+αnβnkn(1 − ξn)‖xn+1 − p‖

= (λn −βnλn +βn −αnβn +αnβnknξn)‖xn − p‖
+ (1 −βn)(1 − λn)‖p‖+αnβnkn(1 − ξn)‖xn+1 − p‖,

which implies

‖xn+1 − p‖ 6
λn −βnλn +βn −αnβn +αnβnknξn

1 −αnβnkn(1 − ξn)
‖xn − p‖+ (1 −βn)(1 − λn)

1 −αnβnkn(1 − ξn)

∥∥p‖
=
(

1 −
(1 −βn)(1 − λn) −αnβn(kn − 1)

1 −αnβnkn(1 − ξn)

)
‖xn − p‖

+
(1 −βn)(1 − λn) −αnβn(kn − 1) +αnβn(kn − 1)

1 −αnβnkn(1 − ξn)
‖p‖

=
(

1 −
(1 −βn)(1 − λn) −αnβn(kn − 1)

1 −αnβnkn(1 − ξn)

)
‖xn − p‖

+
(1 −βn)(1 − λn) −αnβn(kn − 1)

1 −αnβnkn(1 − ξn)
‖p‖+ αnβn(kn − 1)

1 −αnβnkn(1 − ξn)
‖p‖.

Let M1 = sup
n∈N

{kn − 1}, then by conditions (i) and (ii), there exists N ∈N such that for all n > N,

(1 −βn)(1 − λn) −αnβn(kn − 1)
1 −αnβnkn(1 − ξn)

< 1,

and

1 −αnβnkn(1 − ξn) >
1
2

.

So we have

‖xn+1 − p‖ 6
(

1 −
(1 −βn)(1 − λn) −αnβn(kn − 1)

1 −αnβnkn(1 − ξn)

)
‖xn − p‖

+
(1 −βn)(1 − λn) −αnβn(kn − 1)

1 −αnβnkn(1 − ξn)
‖p‖+ 2αnM1‖p‖

6 max{‖xn − p‖, ‖p‖}+ 2αnM1‖p‖
...

6 max{‖x1 − p‖, ‖p‖}+ 2M1‖p‖
∞∑

n=1

αn < +∞.

Therefore, by condition (ii), we obtain that {xn} is bounded. So are {yn} and {Tn(ξnxn + (1 − ξn)xn+1)}.

Step 2. We prove that ‖xn+1 − xn‖ → 0, as n→∞.
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Indeed, we observe that

yn+1 − yn = (1 −αn+1)xn+1 +αn+1T
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − (1 −αn)xn

−αnT
n(ξnxn + (1 − ξn)xn+1)

= (1 −αn+1)xn+1 − (1 −αn)xn+1 + (1 −αn)xn+1 − (1 −αn)xn

+αn+1T
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2) −αnT

n+1(ξn+1xn+1 + (1 − ξn+1)xn+2)

+αnT
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2) −αnT

n(ξnxn + (1 − ξn)xn+1)

= (1 −αn)(xn+1 − xn) − (αn+1 −αn)xn+1

+αn(T
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξnxn + (1 − ξn)xn+1))

+ (αn+1 −αn)T
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2)

= (1 −αn)(xn+1 − xn) − (αn+1 −αn)xn+1

+αn(T
n(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξnxn + (1 − ξn)xn+1))

+ (αn+1 −αn)T
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2)

+αn(T
n+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)).

(3.3)

Then from (3.3)

‖yn+1 − yn‖ 6 (1 −αn)‖xn+1 − xn‖+ |αn+1 −αn|‖xn+1‖
+ |αn+1 −αn|‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αn‖Tn(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξnxn + (1 − ξn)xn+1)‖
+αn‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
6 (1 −αn)‖xn+1 − xn‖+ |αn+1 −αn|‖xn+1‖
+ |αn+1 −αn|‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnkn‖(ξn+1xn+1 + (1 − ξn+1)xn+2) − (ξnxn + (1 − ξn)xn+1)‖
+αn‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
6 (1 −αn)‖xn+1 − xn‖+ |αn+1 −αn|‖xn+1‖
+ |αn+1 −αn|‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αn‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnkn(1 − ξn+1)‖xn+2 − xn+1‖+αnknξn‖xn+1 − xn‖

= (1 −αn +αnknξn)‖xn+1 − xn‖+ |αn+1 −αn|‖xn+1‖
+ |αn+1 −αn|‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnkn(1 − ξn+1)‖xn+2 − xn+1‖
+αn‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖.

(3.4)

And also

xn+2 − xn+1 = (1 −βn+1)(λn+1xn+1) +βn+1yn+1 − (1 −βn)(λnxn) −βnyn

= λn+1xn+1 −βn+1λn+1xn+1 +βn+1yn+1 − λnxn +βnλnxn −βnyn

= λn+1xn+1 − λn+1xn + λn+1xn − λnxn −βn+1λn+1xn+1 +βnλnxn+1

−βnλnxn+1 +βnλnxn +βn+1yn+1 −βn+1yn +βn+1yn −βnyn

= λn+1(xn+1 − xn) + (λn+1 − λn)xn − (βn+1λn+1 −βnλn)xn+1

−βnλn(xn+1 − xn) +βn+1(yn+1 − yn) + (βn+1 −βn)yn

= (λn+1 −βnλn)(xn+1 − xn) + (λn+1 − λn)xn

− (βn+1λn+1 −βnλn)xn+1 +βn+1(yn+1 − yn) + (βn+1 −βn)yn.

(3.5)
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Hence, it follows from (3.4) and (3.5),

‖xn+2 − xn+1‖ 6 |λn+1 −βnλn|‖xn+1 − xn‖+ |λn+1 − λn|‖xn‖
+ |βn+1λn+1 −βnλn|‖xn+1‖+βn+1‖yn+1 − yn‖+ |βn+1 −βn|‖yn‖

6 |λn+1 −βnλn|‖xn+1 − xn‖+ |λn+1 − λn|‖xn‖
+ |βn+1 −βn|‖yn‖+ (βn+1 −αnβn+1 +αnβn+1knξn)‖xn+1 − xn‖
+βn+1|αn+1 −αn|‖xn+1‖+βn+1|αn+1 −αn|‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnβn+1‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnβn+1kn(1 − ξn+1)‖xn+2 − xn+1‖+ |βn+1λn+1 −βnλn|‖xn+1‖

= (|λn+1 −βnλn|+βn+1 −αnβn+1 +αnβn+1knξn)‖xn+1 − xn‖
+ |λn+1 − λn|‖xn‖+ (|βn+1λn+1 −βnλn|+βn+1|αn+1 −αn|)‖xn+1‖
+ |βn+1 −βn|‖yn‖+βn+1|αn+1 −αn|‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnβn+1‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T

n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
+αnβn+1kn(1 − ξn+1)‖xn+2 − xn+1‖,

which implies

‖xn+2 − xn+1‖ 6
|λn+1 −βnλn|+βn+1 −αnβn+1 +αnβn+1knξn

1 −αnβn+1kn(1 − ξn+1)
‖xn+1 − xn‖

+
|λn+1 − λn|

1 −αnβn+1kn(1 − ξn+1)
‖xn‖+

|βn+1 −βn|

1 −αnβn+1kn(1 − ξn+1)
‖yn‖

+
|βn+1λn+1 −βnλn|+βn+1|αn+1 −αn|

1 −αnβn+1kn(1 − ξn+1)
‖xn+1‖

+
βn+1|αn+1 −αn|

1 −αnβn+1kn(1 − ξn+1)
‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖

+
αnβn+1

1 −αnβn+1kn(1 − ξn+1)
‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)

− Tn(ξn+1xn+1 + (1 − ξn+1)xn+2)‖
6 (1 − σn)‖xn+1 − xn‖+M2(|λn+1 − λn|+ |βn+1λn+1 −βnλn|

+ 2βn+1|αn+1 −αn|+ |βn+1 −βn|+αnβn+1)

6 (1 − σn)‖xn+1 − xn‖+M2(2|λn+1 − λn|+ 2|αn+1 −αn|

+ 2|βn+1 −βn|+αnβn+1),

(3.6)

where

σn =
1 − |λn+1 −βnλn|−βn+1 +αnβn+1 −αnβn+1kn(1 − ξn+1 + ξn)

1 −αnβn+1kn(1 − ξn+1)

and M2 > 0 is a constant such that for all n > 1,

M2 >
{
‖xn‖, ‖yn‖, ‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2)‖,

‖Tn+1(ξn+1xn+1 + (1 − ξn+1)xn+2) − T
n(ξn+1xn+1 + (1 − ξn+1)xn+2)‖

}
.

By the assumptions (i)-(iv), we have

lim
n→∞σn = 0,

∞∑
n=1

σn =∞,
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and
∞∑

n=1

(2|λn+1 − λn|+ 2|αn+1 −αn|+ 2|βn+1 −βn|+αnβn+1)

6 2
∞∑

n=1

|λn+1 − λn|+ 4
∞∑

n=1

αn + 2
∞∑

n=1

|βn+1 −βn|+

∞∑
n=1

αn < +∞.

Therefore, using Lemma 2.4 and (3.6), we obtain

‖xn+1 − xn‖ → 0,n→∞. (3.7)

Step 3. We prove that ‖xn − Txn‖ → 0,n→∞.
From (3.1), we can easily have

‖xn+1 − yn‖ = ‖(1 −βn)(λnxn) +βnyn − yn‖ = (1 −βn)‖λnxn − yn‖,

then by the condition (i),
‖xn+1 − yn‖ → 0, as n→∞. (3.8)

And

‖yn − Tn(ξnxn + (1 − ξn)xn+1)‖
= ‖(1 −αn)xn +αnT

n(ξnxn + (1 − ξn)xn+1) − T
n(ξnxn + (1 − ξn)xn+1)‖

= (1 −αn)‖xn − Tn(ξnxn + (1 − ξn)xn+1)‖
6 (1 −αn)‖xn − xn+1‖+ (1 −αn)‖xn+1 − T

n(ξnxn + (1 − ξn)xn+1)‖.

(3.9)

So from (3.9),

‖xn+1 − T
n(ξnxn + (1 − ξn)xn+1)‖ = ‖xn+1 − yn + yn − Tn(ξnxn + (1 − ξn)xn+1)‖

6 ‖xn+1 − yn‖+ ‖yn − Tn(ξnxn + (1 − ξn)xn+1)‖
6 ‖xn+1 − yn‖+ (1 −αn)‖xn − xn+1‖
+ (1 −αn)‖xn+1 − T

n(ξnxn + (1 − ξn)xn+1)‖,

which implies

‖xn+1 − T
n(ξnxn + (1 − ξn)xn+1)‖ 6

1
αn
‖xn+1 − yn‖+

1 −αn

αn
‖xn − xn+1‖.

Then from (3.7) and (3.8),

‖xn+1 − T
n(ξnxn + (1 − ξn)xn+1)‖ → 0, as n→∞. (3.10)

Moreover, we have

‖xn − Tnxn‖ = ‖xn − xn+1 + xn+1 − T
n(ξnxn + (1 − ξn)xn+1) + T

n(ξnxn + (1 − ξn)xn+1) − T
nxn‖

6 ‖xn − xn+1‖+ ‖xn+1 − T
n(ξnxn + (1 − ξn)xn+1)‖

+ ‖Tn(ξnxn + (1 − ξn)xn+1) − T
nxn‖

6 ‖xn − xn+1‖+ ‖xn+1 − T
n(ξnxn + (1 − ξn)xn+1)‖+ kn(1 − ξn)‖xn+1 − xn‖.

Then from (3.7) and (3.10), we have

‖xn − Tnxn‖ → 0, as n→∞. (3.11)



Y. H. Wang, J. L. Feng, J. Nonlinear Sci. Appl., 11 (2018), 529–540 536

Since T is asymptotically nonexpansive, we derive that

|xn+1 − Txn+1‖ = ‖xn+1 − T
n+1xn+1 + T

n+1xn+1 − Txn+1‖
6 ‖xn+1 − T

n+1xn+1‖+ ‖Tn+1xn+1 − Txn+1‖
6 ‖xn+1 − T

n+1xn+1‖+ k1‖Tnxn+1 − xn+1‖
= ‖xn+1 − T

n+1xn+1‖+ k1‖Tnxn+1 − T
nxn + Tnxn − xn + xn − xn+1‖

= ‖xn+1 − T
n+1xn+1‖+ k1‖Tnxn+1 − T

nxn‖+ k1‖Tnxn − xn‖+ k1‖xn − xn+1‖
= ‖xn+1 − T

n+1xn+1‖+ k1kn‖xn+1 − xn‖+ k1‖Tnxn − xn‖+ k1‖xn − xn+1‖.

So from (3.7) and (3.11), we obtain that

‖xn − Txn‖ → 0, as n→∞. (3.12)

Step 4. We show that xn → x∗ ∈ F(T). Since {xn} is bounded, there exists a subsequence of {xn} which
converges weakly to x∗, we assume that

xni
⇀ x∗ ∈ H, (3.13)

from (3.12) and the demiclosedness principle in Lemma 2.3, we have q ∈ F(T).
For n > 1, let zn = (1 −βn)xn +βnyn, then from (3.1),

xn+1 = zn − (1 −βn)(1 − λn)xn.

By the boundedness of {xn}, and the condition (i), we have

‖xn+1 − zn‖ = (1 −βn)(1 − λn)‖xn‖. (3.14)

By the (3.13) and (3.14), we can conclude that zni
⇀ q. It follows that

xn+1 = zn − (1 −βn)(1 − λn)xn

= (1 − (1 −βn)(1 − λn))zn − (1 −βn)(1 − λn)(xn − zn)

= (1 − (1 −βn)(1 − λn))zn − (1 −βn)(1 − λn)βn(xn − yn).
(3.15)

Also from Lemma 2.2, we have

‖zn − x∗‖2 = ‖(1 −βn)xn +βnyn − x∗‖2

= ‖(xn − x∗) −βn(xn − yn)‖2 6 ‖xn − x∗‖2 − 2βn〈xn − yn, zn − x∗〉.
(3.16)

By Lemma 2.2, (3.15), and (3.16), we have

‖xn+1 − x
∗‖2 = ‖(1 − (1 −βn)(1 − λn))(zn − x∗)

− (1 −βn)(1 − λn)βn(xn − yn) − (1 −βn)(1 − λn)x
∗‖2

6 (1 − (1 −βn)(1 − λn))
2‖zn − x∗‖

− 2(1 −βn)(1 − λn)〈βn(xn − yn) + x
∗, xn+1 − x

∗〉
6 (1 − (1 −βn)(1 − λn))

2‖zn − x∗‖
− 2(1 −βn)(1 − λn)βn〈xn − yn, xn+1 − x

∗〉− 2(1 −βn)(1 − λn)〈x∗, xn+1 − x
∗〉

6 (1 − (1 −βn)(1 − λn))(‖xn − x∗‖2 − 2βn〈xn − yn, zn − x∗〉)
− 2(1 −βn)(1 − λn)βn〈xn − yn, xn+1 − x

∗〉− 2(1 −βn)(1 − λn)〈x∗, xn+1 − x
∗〉

6 (1 − δn)‖xn − x∗‖2 + δn(−2βn〈xn − yn, zn − x∗〉
− 2βn〈xn − yn, xn+1 − x

∗〉− 2〈x∗, xn+1 − x
∗〉)

= (1 − δn)‖xn − x∗‖2 + δnγn,

(3.17)
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where

δn = (1 −βn)(1 − λn), γn = −2βn〈xn − yn, zn − x∗〉− 2βn〈xn − yn, xn+1 − x
∗〉− 2〈x∗, xn+1 − x

∗〉.

By the conditions (i) and (iii), we can easily have that

lim
n→∞ δn = 0,

∞∑
n=1

δn = +∞.

Because

lim sup
n→∞ −2βn〈xn − yn, zn − x∗〉 = 0, lim sup

n→∞ −2βn〈xn − yn, xn+1 − x
∗〉 = 0,

and also
lim sup
n→∞ −2〈x∗, xn+1 − x

∗〉 = lim
i→∞−2〈x∗, xni

− x∗〉 = −2〈x∗,q− x∗〉 6 0.

So
lim sup
n→∞ γn 6 0.

Therefore, applying Lemma 2.4 to (3.17), we conclude that

lim
n→∞ ‖xn − x∗‖ = 0,

which completes this proof.

Remark 3.2. In algorithm (3.1), the iterative coefficients αn,βn, λn are available.
For example, take αn = 1

n2 ,βn = λn = 1 − 1√
n

, then

∞∑
n=1

αn =

∞∑
n=1

1
n2 <∞,

∞∑
n=1

(1 − λn)(1 −βn) =

∞∑
n=1

1
n

=∞.

From

|λn+1 − λn| = |(1 −
1√
n+ 1

) − (1 −
1√
n
)| =

1√
n
−

1√
n+ 1

=
1√

n(n+ 1)(
√
n+
√
n+ 1)

6
1

n
3
2

,

we have ∞∑
n=1

|λn+1 − λn| 6
∞∑

n=1

1

n
3
2
<∞,

and also ∞∑
n=1

|βn+1 −βn| <∞.

Because
1 −

1√
n+ 1

> (1 −
1√
n
)2,

then ∣∣∣(1 −
1√
n+ 1

) − (1 −
1√
n
)2
∣∣∣ = (1 −

1√
n+ 1

) − (1 −
1√
n
)2.

We want to know that

|λn+1 −βnλn|+βn+1 =
∣∣∣(1 −

1√
n+ 1

) − (1 −
1√
n
)2
∣∣∣+ 1 −

1√
n+ 1

6 1,
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which is equivalent to

1 −
1√
n+ 1

− 1 +
2√
n
−

1
n
+ 1 −

1√
n+ 1

− 1 6 0,
2√
n
−

1
n
−

2√
n+ 1

6 0,

2√
n
−

2√
n+ 1

6
1
n

,
2n√

n(n+ 1)(
√
n+ 1 +

√
n)

6 1.

Therefore
2n√

n(n+ 1)(
√
n+ 1 +

√
n)

6
2n

2n
√
n

=
1√
n

6 1.

Corollary 3.3. Let C ⊂ H be a nonempty bounded convex closed set of a Hilbert space H and θ ∈ C. Let T : C→ C

be a asymptotically nonexpansive mapping with a sequence {kn} such that F(T) 6= ∅. Suppose {αn}, {βn}, {λn}, {ξn}
are real number sequences in (0, 1). Let {xn} be generated by

x1 ∈ C,
yn = (1 −αn)xn +αnT

n(xn+xn+1
2 ),

xn+1 = (1 −βn)(λnxn) +βnyn.
(3.18)

Suppose the following conditions are satisfied:

(i) lim
n→∞βn = 1, lim

n→∞ λn = 1;

(ii)
∞∑

n=1
αn < +∞,

∞∑
n=1

|λn+1 − λn| < +∞,
∞∑

n=1
|βn+1 −βn| < +∞;

(iii)
∞∑

n=1
(1 − λn)(1 −βn) = +∞, |λn+1 −βnλn|+βn+1 6 1;

(iv)
∞∑

n=1
sup
x∈C
‖Tn+1x− Tnx‖ < +∞.

Then the sequence {xn} converges strongly to a fixed point x∗ ∈ F(T).

Proof. Let ξn = 1
2 , then by the proof of Theorem 3.1, we can easily prove the sequence {xn} generated by

(3.18) converges strongly to a point x∗ ∈ F(T).

Corollary 3.4. Let C ⊂ H be a nonempty bounded convex closed set of a Hilbert space H and θ ∈ C. Let T : C→ C

be a asymptotically nonexpansive mapping with a sequence {kn} such that F(T) 6= ∅. Suppose {αn}, {βn}, {ξn} are
real number sequences in (0, 1). Let {xn} be generated by

x1 ∈ C,
yn = (1 −αn)xn +αnT

n(ξnxn + (1 − ξn)xn+1),
xn+1 = (1 −βn)u+βnyn.

(3.19)

Suppose the following conditions are satisfied:

(i) lim
n→∞βn = 1, lim

n→∞ ξn = 1;

(ii)
∞∑

n=1
αn < +∞,

∞∑
n=1

|βn+1 −βn| < +∞;

(iii)
∞∑

n=1
sup
x∈C
‖Tn+1x− Tnx‖ < +∞.

Then the sequence {xn} converges strongly to a fixed point x∗ ∈ F(T).

Proof. By the proof of Theorem 3.1, we can easily prove the sequence {xn} generated by the (3.19) con-
verges strongly to a point x∗ ∈ F(T).
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Remark 3.5. From our theorem and corollaries we know the algorithm (3.1) is implicit iterative algorithm.
When ξn = 1

2 , and T is a nonexpansive mapping, Theorem 3.1 can be reduced to the main result of Xu
(see [19]). When ξn = 1, and T is a nonexpansive mapping, Theorem 3.1 can be reduced to the main
result of Fan et al. (see [3]).

4. Applications

Lemma 4.1 ([20]). Let C ⊂ H be a nonempty convex closed set of a Hilbert space H and θ ∈ C. Let Ui : C → H

be µi-inverse strongly monotone mapping. Let PC denote the orthogonal projection onto the set C. Let 0 < γi <
µi, i = 1, 2, . . . , t, where t is a positive integer. Let

S , PC(I− γtUt)PC(I− γt−1Ut−1) · · · PC(I− γ1U1).

Then S is a attracting mapping and F(S) =
t⋂

i=1
N(Ui).

Theorem 4.2. Let C ⊂ H be a nonempty bounded convex closed set of a Hilbert spaceH and θ ∈ C. LetUi : C→ H

be µi-inverse strongly monotone. Suppose {αn}, {βn}, {λn}, {ξn} are real number sequences in (0, 1). Let {xn} be
generated by 

x1 ∈ C,
yn = (1 −αn)xn +αnS(ξnxn + (1 − ξn)xn+1),
xn+1 = (1 −βn)(λnxn) +βnyn.

Suppose the following conditions are satisfied:

(i) lim
n→∞βn = 1, lim

n→∞ λn = 1, lim
n→∞ ξn = 1;

(ii)
∞∑

n=1
αn < +∞,

∞∑
n=1

|λn+1 − λn| < +∞,
∞∑

n=1
|βn+1 −βn| < +∞;

(iii)
∞∑

n=1
(1 − λn)(1 −βn) = +∞, |λn+1 −βnλn|+βn+1 6 1.

Then the sequence {xn} converges strongly to a common element x̂ ∈
t⋂

i=1
N(Ui).

Proof. From Lemma 4.1 and Theorem 3.1, we can easily prove the sequence {xn} converges strongly to a

point x̂ ∈
t⋂

i=1
N(Ui).

Theorem 4.3. Let C ⊂ H be a nonempty bounded convex closed set of a Hilbert spaceH and θ ∈ C. LetUi : C→ H

be µi-inverse strongly monotone. Suppose {αn}, {βn}, {λn}, {ξn} are real number sequences in (0, 1). Let {xn} be
generated by 

x1 ∈ C,
yn = (1 −αn)xn +αnS(ξnxn + (1 − ξn)xn+1),
xn+1 = (1 −βn)u+βnyn.

Suppose the following conditions are satisfied:

(i) lim
n→∞βn = 1, lim

n→∞ λn = 1, lim
n→∞ ξn = 1;

(ii)
∞∑

n=1
αn < +∞,

∞∑
n=1

|λn+1 − λn| < +∞,
∞∑

n=1
|βn+1 −βn| < +∞;

(iii)
∞∑

n=1
(1 − λn)(1 −βn) = +∞, |λn+1 −βnλn|+βn+1 6 1.
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Then the sequence {xn} converges strongly to a common element x̂ ∈
t⋂

i=1
N(Ui).

Proof. From Theorem 3.1, Lemma 4.1, and the Theorem 1 of [5], we can easily prove the sequence {xn}

converges strongly to a point x̂ ∈
t⋂

i=1
N(Ui).
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