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Abstract

In our present investigation, we introduce two new subclasses SΣm
(α, λ,µ) and SΣm

(β, λ,µ) of analytic and m-fold sym-
metric bi-univalent functions in the open unit disk E. Results concerning coefficient estimates for the functions of these classes
are derived. Many interesting new and already existing corollaries are also presented.
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1. Introduction

Let A denotes the class of all functions f(z) which are analytic in the open unit disk E = {z : |z| < 1}
and has the Taylor series expansion of the form:

f(z) = z+

∞∑
n=2

anz
n.

A function is said to be univalent if it never takes the same value twice. By S we mean the subclass of A
consisting of univalent functions. Every univalent function f ∈ S has an inverse f−1 which is defined as:

f−1(f(z)) = z, z ∈ E,
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and
f(f−1(w)) = w, |w| < r0(f), r0(f) >

1
4

,

where
g1(w) = f

−1(w) = w− a2w
2 + (2a2

2 − a3)w
3 − (5a3

2 − 5a2a3 + a4)w
4 + · · · . (1.1)

A function f ∈ A is said to be bi-univalent in E if both f and f−1 are univalent in E. Let Σ denotes the
class of analytic and bi-univalent functions in E. Few examples of functions in class Σ are

h1(z) =
z

1 − z
, h2(z) = − log(1 − z), h3(z) =

1
2

log
(

1 + z

1 − z

)
, z ∈ E.

For f ∈ Σ, Lewin [20], showed that |a2| < 1.5. For more work on bi-univalent one can refer to [1, 3–
13, 15, 16, 18, 19, 21–26, 28–31].

Let m be a positive integer. A domain E is said to be m-fold symmetric if

f
(
ei

2π
m z
)
= ei

2π
m f(z), z ∈ E, f ∈ A.

For each function f ∈ S, the function
h(z) = m

√
f(zm)

is univalent and maps the unit disk E into a region with m-fold symmetry.
We denote by Sm the class of m-fold symmetric univalent functions in E and clearly S1 = S. Let f ∈ Sm

has a series expansion of the form

f(z) = z+

∞∑
k=1

amk+1z
mk+1. (1.2)

Srivastava et al. [25], introduced a natural extensions ofm-fold symmetric univalent functions and defined
the class Σm of symmetric bi-univalent functions. They obtained the series expansion for g = f−1 as:

g(w) = f−1(w) =


w− am+1w

m+1 + ((m+ 1)a2
m+1 − a2m+1)w

2m+1,

−

{ 1
2(m+ 1)(3m+ 2)a3

m+1
−(3m+ 2)am+1a2m+1 + a3m+1)

}
w3m+1 + · · · ,

(1.3)

where f is given by (1.2). For m = 1, the equation (1.3) coincides with the equation (1.1) of the class Σ.
Under the following assumptions, z,w ∈ E, f−1 = g, m ∈ N, 0 < α 6 1, 0 6 β < 1, 0 6 µ, and 0 6 λ 6 1,
we introduced new subclasses of m-fold symmetric bi-univalent functions and derive initial coefficient
bounds for |am+1| and |a2m+1| for these classes.

1.1. The class SΣm(α, λ,µ)

Definition 1.1. A function f ∈ Σm, is said to be in class SΣm(α, λ,µ) if the following conditions are satisfied

∣∣∣∣∣arg

[
(1 − λ)

(
z1−µf

′
(z)

[f(z)]1−µ

)
+ λ

(
1 +

z2−µf
′′
(z)

[zf
′
(z)]

1−µ

)]∣∣∣∣∣ < απ

2
,

and ∣∣∣∣∣arg

[
(1 − λ)

(
w1−µg

′
(w)

[g(w)]1−µ

)
+ λ

(
1 +

w2−µg
′′
(w)

[wg
′
(w)]

1−µ

)]∣∣∣∣∣ < απ

2
.

Remark 1.2. On specializing the parameter λ,µ,m one can state the various new as well as known sub-
classes of analytic bi-univalent functions studied earlier in the literature.
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(i) For m = 1, we obtain new class of bi-univalent function.

SΣm(α, λ,µ) = SΣ(α, λ,µ).

(ii) For λ = 0, we obtain new class which consists m-fold symmetric bi starlike function.

SΣm(α, λ,µ) = RΣm(α,µ).

(iii) For λ = 1, we obtain a new class which consists m-fold symmetric convex bi-univalent function.

SΣm(α, λ,µ) = CΣm(α,µ).

(iv) For λ = 0, and µ = 0, we obtain class which consists m-fold symmetric bi-univalent function [2].

SΣm(α, λ,µ) = SαΣ,m.

(v) For λ = 0,m = 1 and µ = 0, we obtain class of bi-univalent function introduced by Brannan and
Taha [5].

SΣm(α, λ,µ) = S∗Σ(α).

(vi) For λ = 0 and µ = 1, we obtain class which consists m-fold symmetric bi-univalent function intro-
duced by Srivastava et al. [27].

SΣm(α, λ,µ) = HΣ,m(α).

(vii) For λ = 0, m = 1, and µ = 1, we obtain class of bi-univalent function introduced by Srivastava et al.
[26].

SΣm(α, λ,µ) = HΣ(α).

1.2. The class SΣm(β, λ,µ)
Definition 1.3. A function f ∈ Σm is said to be in class SΣm(β, λ,µ) if the following conditions are satisfied

Re

[
(1 − λ)

(
z1−µf

′
(z)

[f(z)]1−µ

)
+ λ

(
1 +

z2−µf
′′
(z)

[zf
′
(z)]

1−µ

)]
> β,

and

Re

[
(1 − λ)

(
w1−µg

′
(w)

[g(w)]1−µ

)
+ λ

(
1 +

w2−µg
′′
(w)

[wg
′
(w)]

1−µ

)]
> β.

Remark 1.4. On specializing the parameters λ,µ,m one can state the various new as well as known sub-
classes of analytic bi-univalent functions studied earlier in the literature.

(i) For m = 1, we obtain new class of bi-univalent function.

SΣm(β, λ,µ) = SΣ(β, λ,µ).

(ii) For λ = 0, we obtain new class which consists m-fold symmetric bi starlike function.

SΣm(β, λ,µ) = RΣm(β,µ).

(iii) For λ = 1, we obtain new class which consists m-fold symmetric convex bi-univalent function.

SΣm(β, λ,µ) = CΣm(β,µ).

(iv) For λ = 0, and µ = 0, we obtain class which consists m-fold symmetric bi-univalent function [17].

SΣm(β, λ,µ) = N0
Σ,m (β, 1).
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(v) For λ = 0, m = 1 and µ = 0, we obtain class of bi-univalent function introduced by Brannan and
Taha [5].

SΣm(β, λ,µ) = S∗Σ(β).

(vi) For λ = 0 and µ = 1, we obtain class which consists m-fold symmetric bi-univalent function intro-
duced by Srivastava et al. [27].

SΣm(β, λ,µ) = HΣ,m(β).

(vii) For λ = 0, m = 1, and µ = 1, we obtain of bi-univalent function introduced by Srivastava et al. [26]

SΣm(β, λ,µ) = HΣ(β).

In order to establish our main results, we shall required the following lemma.

Lemma 1.5 ([14]). p ∈ P, |cn| 6 2, n ∈ N, where the Caratheodory class P is the family of all functions p analytic
in E for which Re(p(z)) > 0,

p(z) = 1 + c1z+ c2z
2 + · · · .

2. Main results

Theorem 2.1. Let f given by (1.2) is in the class SΣm(α, λ,µ), then

|am+1| 6
2α√

αQ1(λ,µ,m) − (αQ2(λ,µ,m) +Q3(λ,µ,m))
,

and

|a2m+1| 6
2α

[(2m+ µ) + λ(4m2 − µ)]
+

2α2 [Q1(λ,µ,m) +Q2(λ,µ,m)]

[(2m+ µ) + λ(4m2 − µ)] [(m+ µ) + λ(m2 − µ)]
2 ,

where Q1(λ,µ,m), Q2(λ,µ,m), Q3(λ,µ,m) are given by (2.9), (2.10), (2.12), respectively.

Proof. Let f ∈ SΣm(α, λ,µ), then

(1 − λ)

(
z1−µf

′
(z)

[f(z)]1−µ

)
+ λ

(
1 +

z2−µf
′′
(z)

[zf
′
(z)]

1−µ

)
= [p(z)]α , (2.1)

and for its inverse map g = f−1, we have

(1 − λ)

(
w1−µg

′
(w)

[g(w)]1−µ

)
+ λ

(
1 +

w2−µg
′′
(w)

[wg
′
(w)]

1−µ

)
= [q(w)]α , (2.2)

where p(z) and q(w) have the following forms:

p(z) = 1 + pmz
m + p2mz

2m + · · · ,

and
q(w) = 1 + qmw

m + q2mw
2m + · · · .

Now equating the coefficients in (2.1) and (2.2) we obtain

(m+ µ) + λ(m2 − µ)am+1 = αpm, (2.3){
(2m+ µ) + λ(4m2 − µ)a2m+1

−Q2(λ,µ,m)a2
m+1

}
= αp2m +

α(α− 1)
2

p2
m, (2.4)

−(m+ µ) + λ(m2 − µ)am+1 = αqm, (2.5)
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Q1(λ,µ,m)a2

m+1
−(2m+ µ) + λ(4m2 − µ)a2m+1

}
= αq2m +

α(α− 1)
2

q2
m. (2.6)

From (2.3) and (2.5) we obtain
pm = −qm, (2.7)

and {
(m+ µ) + λ(m2 − µ)

}2
2a2
m+1 = α2(p2

m + q2
m). (2.8)

Also form (2.4), (2.6), and (2.8) we have

{Q1(λ,µ,m) −Q2(λ,µ,m)}a2
m+1 = α(p2m + q2m) +

α(α− 1)
2

(p2
m + q2

m)

=

{
α(p2m + q2m)

+
(α−1)
α

{
(m+ µ) + λ(m2 − µ)

}2
a2
m+1

}
,

where

Q1(λ,µ,m) = [(1 − λ)(1 + 2m)(m+ µ) + λm(m+ 1) {3m+ µ(m+ 1) + 1)}] , (2.9)

Q2(λ,µ,m) =
(1 − µ)

2!
{
(1 − λ)(µ+ 2m) + 2λm(m+ 1)2} . (2.10)

Therefore, we have

a2
m+1 =

α2(p2m + q2m)

αQ1(λ,µ,m) − [αQ2(λ,µ,m) +Q3(λ,µ,m)]
, (2.11)

where
Q3(λ,µ,m) = (α− 1)

{
(m+ µ) + λ(m2 − µ)

}2
. (2.12)

Applying Lemma 1.5, on equation (2.11) for the coefficients p2m and q2m, we obtain

|am+1| 6
2α√

αQ1(λ,µ,m) − [αQ2(λ,µ,m) +Q3(λ,µ,m)]
.

Next, in order to find the bound on |a2m+1|, by subtracting (2.6) from (2.4), we obtain[
2
{
(2m+ µ) + λ(4m2 − µ)

}
a2m+1

− {Q2(λ,µ,m) +Q1(λ,µ,m)}a2
m+1

]
= α(p2m − q2m) +

α(α− 1)
2

(p2
m − q2

m). (2.13)

Then, in view of (2.7) and (2.8), and applying Lemma 1.5, on (2.13) for the coefficients p2m, q2m, pm and
qm we have

|a2m+1| 6
2α

[(2m+ µ) + λ(4m2 − µ)]
+

2α2 [Q1(λ,µ,m) +Q2(λ,µ,m)]

[(2m+ µ) + λ(4m2 − µ)] [(m+ µ) + λ(m2 − µ)]
2 ,

which completes the proof of Theorem 2.1.

For m = 1, in Theorem 2.1, we have the following Corollary.

Corollary 2.2. Let f given by (1.2) is in the class SΣ(α, λ,µ), then

|a2| 6
2α√

αQ10(λ,µ) − (αQ11(λ,µ) +Q12(λ,µ))
,

and

|a3| 6
2α

(2 + µ) + λ(4 − µ)
+

2α2 [Q10(λ,µ) +Q11(λ,µ)]

[(2 + µ) + λ(4 − µ)] [(1 + µ) + λ(1 − µ)]2
,
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where

Q10(λ,µ) = 3(1 − λ)(1 + µ) + 4λ (2 + µ) , (2.14)

Q11(λ,µ) =
(1 − µ)

2!
{(1 − λ)(µ+ 2) + 8λ} , (2.15)

Q12(λ,µ) = (α− 1) {(1 + µ) + λ(1 − µ)}2 .

For λ = 0 in Theorem 2.1, we have the following Corollary.

Corollary 2.3. Let f given by (1.2) is in the class RΣm(α,µ), then

|am+1| 6
2α√

αQ4(µ,m) − (αQ5(µ,m) +Q6(µ,m))
,

and

|a2m+1| 6
2α

(2m+ µ)
+

2α2 [Q4(µ,m) +Q5(µ,m)]

(2m+ µ)(m+ µ)2 ,

where

Q4(µ,m) = (1 + 2m)(m+ µ), (2.16)

Q5(µ,m) =
(1 − µ)

2!
(µ+ 2m), (2.17)

Q6(µ,m) = (α− 1)(m+ µ)2.

For λ = 1 in Theorem 2.1 we have the following Corollary.

Corollary 2.4. Let f given by (1.2) is in the class CΣm(α,µ), then

|am+1| 6
2α√

αQ7(µ,m) − (αQ8(µ,m) +Q9(µ,m))
,

and

|a2m+1| 6
2α

[(2m+ µ) + (4m2 − µ)]
+

2α2 [Q7(µ,m) +Q8(µ,m)]

[(2m+ µ) + (4m2 − µ)] [(m+ µ) + (m2 − µ)]
2 ,

where

Q7(µ,m) = m(m+ 1) {3m+ µ(m+ 1) + 1)} , (2.18)

Q8(µ,m) =
(1 − µ)

2!
{

2m(m+ 1)2} , (2.19)

Q9(µ,m) = (α− 1)
{
(m+ µ) + (m2 − µ)

}2
.

For λ = 0 and µ = 1 in Theorem 2.1, we obtain the following Corollary.

Corollary 2.5 ([27]). Let f given by (1.2) be in the class HαΣ,m, then

|am+1| 6
2α√

(1 +m)(1 +m+ 2α)
, and |a2m+1| 6

2α
(2m+ 1)

+
2α2

(m+ 1)
.

For λ = 0, m = 1, and µ = 1, in Theorem 2.1, we obtain the following Corollary.

Corollary 2.6 ([26]). Let f given by (1.2) be in the class HαΣ, then

|a2| 6
α√

(1 +α)
, and |a3| 6

2α
3

+
α2

1
.
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For λ = 0 and µ = 0 in Theorem 2.1, we obtain the following Corollary.

Corollary 2.7 ([2]). Let f given by (1.2) be in the class SαΣ,m, then

|am+1| 6
2α

m
√
α+ 1

, and |a2m+1| 6
α

m
+

2α2 [(1 +m)]

m2 .

For λ = 0, m = 1, and µ = 0, in Theorem 2.1, we obtain the following Corollary.

Corollary 2.8 ([2]). Let f given by (1.2) be in the class S∗Σ(α), then

|a2| 6
2α√
α+ 1

, and |a3| 6 4α2 +α.

Theorem 2.9. Let f given by (1.2) is in the class SΣm(β, λ,µ), then

|am+1| 6
2
√
(1 −β)√

{Q1(λ,µ,m) −Q2(λ,µ,m)}
,

and

|a2m+1| 6
2(1 −β)

{(2m+ µ) + λ(4m2 − µ)}
+

2 {Q1(λ,µ,m) +Q2(λ,µ,m)} (1 −β)2

{(2m+ µ) + λ(4m2 − µ)} {(m+ µ) + λ(m2 − µ)}
2 ,

where Q1(λ,µ,m) and Q2(λ,µ,m) are given by (2.9) and (2.10), respectively.

Proof. Let f ∈ SΣm(β, λ,µ), then

(1 − λ)

(
z1−µf

′
(z)

[f(z)]1−µ

)
+ λ

(
1 +

z2−µf
′′
(z)

[zf
′
(z)]

1−µ

)
= β+ (1 −β)p(z), (2.20)

and for its inverse map g = f−1, we have

(1 − λ)

(
w1−µg

′
(w)

[g(w)]1−µ

)
+ λ

(
1 +

w2−µg
′′
(w)

[wg
′
(w)]

1−µ

)
= β+ (1 −β)q(w), (2.21)

where p, q ∈ P and g = f−1. Now, equating the coefficients in (2.20) and (2.21), we obtain

(m+ µ) + λ(m2 − µ)am+1 = (1 −β)pm, (2.22){
(2m+ µ) + λ(4m2 − µ)

}
a2m+1 −Q2(λ,µ,m)a2

m+1 = (1 −β)p2m, (2.23)

− (m+ µ) + λ(m2 − µ)am+1 = (1 −β)qm, (2.24)

Q1(λ,µ,m)a2
m+1 −

{
(2m+ µ) + λ(4m2 − µ)

}
a2m+1 = (1 −β)q2m. (2.25)

From (2.22) and (2.24) we obtain
pm = −qm, (2.26)

and
2
{
(m+ µ) + λ(m2 − µ)

}2
a2
m+1 = (1 −β)2(p2

m + q2
m). (2.27)

Adding (2.23) and (2.25), we have

{Q1(λ,µ,m) −Q2(λ,µ,m)}a2
m+1 = (1 −β)(p2m + q2m),

therefore, we have

a2
m+1 =

(1 −β)(p2m + q2m)

Q1(λ,µ,m) −Q2(λ,µ,m)
. (2.28)
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Applying Lemma 1.5, on equation (2.28) for the coefficients p2m and q2m, we obtain

|am+1| 6
2
√

(1 −β)√
Q1(λ,µ,m) −Q2(λ,µ,m)

.

Next, in order to find the bound on |a2m+1|, by subtracting (2.25) from (2.23), we obtain[
2
{
(2m+ µ) + λ(4m2 − µ)

}
a2m+1

− {Q1(λ,µ,m) +Q2(λ,µ,m)}a2
m+1

]
= (1 −β)(p2m − q2m), (2.29)

then, in view of (2.26) and (2.27), and applying Lemma 1.5, on equation (2.29) for the coefficients p2m,
q2m, pm, and qm we have

|a2m+1| 6
2(1 −β)

(2m+ µ) + λ(4m2 − µ)
+

2 {Q1(λ,µ,m) +Q2(λ,µ,m)} (1 −β)2

{(2m+ µ) + λ(4m2 − µ)} {(m+ µ) + λ(m2 − µ)}
2 ,

which completes the proof of Theorem 2.9.

For m = 1 in Theorem 2.9, we have the following Corollary.

Corollary 2.10. Let f given by (1.2) is in the class SΣ(β, λ,µ), then

|a2| 6
2
√
(1 −β)√

{Q10(λ,µ) −Q11(λ,µ)}
,

and

|a3| 6
2(1 −β)

{(2 + µ) + λ(4 − µ)}
+

2 {Q10(λ,µ) +Q11(λ,µ)} (1 −β)2

{(2 + µ) + λ(4 − µ)} {(1 + µ) + λ(1 − µ)}2
,

where Q10(λ,µ) and Q11(λ,µ) are given by (2.14) and (2.15).

For λ = 0, in Theorem 2.9, we have the following Corollary.

Corollary 2.11. Let f given by (1.2) is in the class RΣm(β,µ), then

|am+1| 6
2
√

(1 −β)√
Q4(µ,m) −Q5(µ,m)

,

and

|a2m+1| 6
2(1 −β)

(2m+ µ)
+

2 {Q4(µ,m) +Q5(µ,m)} (1 −β)2

(2m+ µ)(m+ µ)2 ,

where Q4(µ,m) and Q5(µ,m) are given by (2.16) and (2.17), respectively.

For λ = 1, in Theorem 2.9, we have the following Corollary.

Corollary 2.12. Let f given by (1.2) is in the class CΣm(β,µ), then

|am+1| 6
2
√

(1 −β)√
Q7(µ,m) −Q8(µ,m)

,

and

|a2m+1| 6
2(1 −β)

{(2m+ µ) + (4m2 − µ)}
+

2 {Q7(µ,m) +Q8(µ,m)} (1 −β)2

{(2m+ µ) + (4m2 − µ)} {(m+ µ) + (m2 − µ)}
2 ,

where Q7(µ,m) and Q8(µ,m) are given by (2.18) and (2.19), respectively.
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For λ = 0 and µ = 1 in Theorem 2.9, we obtain the following Corollary.

Corollary 2.13 ([27]). Let f given by (1.2) be in the class HβΣ,m, then

|am+1| 6
2
√
(1 −β)√

(1 + 2m)(m+ 1)
, and |a2m+1| 6

2(1 −β)

(2m+ 1)
+

2(1 −β)2

(m+ 1)
.

For λ = 0, m = 1, and µ = 1, in Theorem 2.9, we obtain the following Corollary.

Corollary 2.14 ([26]). Let f given by (1.2) be in the class HβΣ, then

|a2| 6

√
2(1 −β)

3
, and |a3| 6

2(1 −β)

3
+

(1 −β)2

1
.

For λ = 0 and µ = 0 in Theorem 2.9, we obtain the following Corollary.

Corollary 2.15 ([2]). Let f given by (1.2) be in the class SβΣm , then

|am+1| 6

√
2(1 −β)

m
, and |a2m+1| 6

(1 −β)

m
+

2(1 +m)(1 −β)2

m2 .

For λ = 0, m = 1, and µ = 0, in Theorem 2.9, we obtain the following Corollary.

Corollary 2.16 ([2]). Let f given by (1.2) be in the class S∗Σ(β), then

|a2| 6
√

2(1 −β), and |a3| 6 4(1 −β)2 + (1 −β).
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