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Abstract

In our present investigation, we introduce two new subclasses Sy _(«,A, 1) and Sy (B, A, 1) of analytic and m-fold sym-
metric bi-univalent functions in the open unit disk E. Results concerning coefficient estimates for the functions of these classes
are derived. Many interesting new and already existing corollaries are also presented.
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1. Introduction

Let A denotes the class of all functions f(z) which are analytic in the open unit disk E = {z : |z| < 1}
and has the Taylor series expansion of the form:

o
flz) =z+ Z anz™.
n=2

A function is said to be univalent if it never takes the same value twice. By 8 we mean the subclass of A
consisting of univalent functions. Every univalent function f € § has an inverse f~! which is defined as:

Y f(z)) =z, zE€FE,
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and
f(f 1 (w)) =w, w| < 1o(f), To(f) >

7

|

where
gi(w) =f1(w) =w—aw? + (Za% —az)w’ — (Sa% —5aaz + ag)wt +- - - . (1.1)

A function f € A is said to be bi-univalent in E if both f and f~! are univalent in E. Let £ denotes the
class of analytic and bi-univalent functions in E. Few examples of functions in class X are

z 1 1+z
hi(z) = 15 hy(z) = —log(1—2z), h3(z) = Elog <1 —z) ,z€E.

For f € X, Lewin [20], showed that |a;] < 1.5. For more work on bi-univalent one can refer to [1, 3—
13,15, 16, 18, 19, 21-26, 28-31].
Let m be a positive integer. A domain E is said to be m-fold symmetric if

f (eizﬁnz) =elmf(z), z€E, fe A

For each function f € §, the function
h(z) = Y/f(z™)

is univalent and maps the unit disk E into a region with m-fold symmetry.
We denote by 8™ the class of m-fold symmetric univalent functions in E and clearly S' = S. Let f € 8™
has a series expansion of the form

flz) =z+ Z (lkar]ka_H. (1.2)
k=1

Srivastava et al. [25], introduced a natural extensions of m-fold symmetric univalent functions and defined
the class L, of symmetric bi-univalent functions. They obtained the series expansion for g = f~! as:

w— am+1VVm+1 + ((m+ 1)a%11+1 — Qom+1 )W2m+l/

gw) =f'(w) = { (1.3)
L

3(m+1)Bm+2)aj, 4 }W3m+1+...,
3m+2)am+102m+1 + A3m1)

where f is given by (1.2). For m = 1, the equation (1.3) coincides with the equation (1.1) of the class L.
Under the following assumptions, z, w € E, fl=gmeN,0<a<1,0<B<1,0<wand0 <AL,
we introduced new subclasses of m-fold symmetric bi-univalent functions and derive initial coefficient
bounds for |an 41| and |azm 41| for these classes.

1.1. The class 8z, (o, A, 1)

Definition 1.1. A function f € X, is said to be in class 85 («, A, p) if the following conditions are satisfied

2R (2) 2271 (2) T

1-A) | ——— AM1+——— —

arg [( ) ([f(z)]l_”> + ( + [zf’(z)]l_”>] ‘ <5
wl=Hg' (w) w2 Hg" (w) T
1—-A) | ———— AMll4+—r—— —_

arg [( )<[9(W)]1” ) + ( + [Wg,(wﬂlu>] | <

Remark 1.2. On specializing the parameter A, |1, m one can state the various new as well as known sub-
classes of analytic bi-univalent functions studied earlier in the literature.




S. Hussain, S. Khan, M. A. Zaighum, M. Darus, ]. Nonlinear Sci. Appl., 11 (2018), 490499 492

(i) For m =1, we obtain new class of bi-univalent function.

Sy (oA 1) =85 (o, A, ).

(ii) For A =0, we obtain new class which consists m-fold symmetric bi starlike function.

Se (oA n) =Ry, (o, ).

(iif) For A =1, we obtain a new class which consists m-fold symmetric convex bi-univalent function.

Szm(% ?\/ H) = ezm((xl p')

(iv) For A =0, and p = 0, we obtain class which consists m-fold symmetric bi-univalent function [2].
Szm (0(,, 7\/ }‘L) = Sg,m

(v) For A = 0,m =1 and p = 0, we obtain class of bi-univalent function introduced by Brannan and
Taha [5].
Sy (oA, 1) = 8% (o).
(vi) For A = 0 and pu = 1, we obtain class which consists m-fold symmetric bi-univalent function intro-
duced by Srivastava et al. [27].

8z, (A 1) =Hs m(x).

(vii) For A =0, m =1, and p = 1, we obtain class of bi-univalent function introduced by Srivastava et al.
[26].
Sy (oA ) =Hs ().

1.2. The class 85, (B, A, 1)

Definition 1.3. A function f € %, is said to be in class Sz (3, A, p) if the following conditions are satisfied

2178 (2) 274 (2)
Re [((1—=A) | ——=— MY e ’
: [( ) ([ﬂz)]lH) " ( " [Zf/(l)]lu>] oF
Re [(1 A) ( g(w) " ) +A (1 * [wg'(W)]1u>] “F

Remark 1.4. On specializing the parameters A, 1, m one can state the various new as well as known sub-
classes of analytic bi-univalent functions studied earlier in the literature.

and

(i) For m =1, we obtain new class of bi-univalent function.

Szm(BJ\: PL) = SZ(BIAI }'L)

(ii) For A =0, we obtain new class which consists m-fold symmetric bi starlike function.

Szm(B/A/ I‘L) = fRZm(B/ H)

(iif) For A =1, we obtain new class which consists m-fold symmetric convex bi-univalent function.

SZm(B/)\/ H) = ezm(B/ H)

(iv) For A =0, and p = 0, we obtain class which consists m-fold symmetric bi-univalent function [17].

Szm“-))/)\r U') = N()):/m (B/l)
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(v) For A =0, m =1 and pu = 0, we obtain class of bi-univalent function introduced by Brannan and
Taha [5].
SZm(B/)\/ H) = SE(B)

(vi) For A = 0 and pu = 1, we obtain class which consists m-fold symmetric bi-univalent function intro-
duced by Srivastava et al. [27].

SZm(BJ\/ H) = %Z,m(ﬁ)
(vil) For A =0, m =1, and p = 1, we obtain of bi-univalent function introduced by Srivastava et al. [26]
Szm(ﬁl)\r H) = %Z(B)
In order to establish our main results, we shall required the following lemma.

Lemma 1.5 ([14]). p € P, cn| < 2, n € N, where the Caratheodory class P is the family of all functions p analytic
in E for which Re(p(z)) >0,
plz) =1+ciz+cpz®+---.

2. Main results

Theorem 2.1. Let f given by (1.2) is in the class 85 (o, A, 1), then

Al < 2o :
\/(XQl (?\, W, m) - ((XQZ()\, K, m) + Q3U\r W, m))
and
20 2“2 [Ql (7\/ W, m) + QZU\/ W, m)]

m1| < ’
|02m1] [(2m + ) + A(4m2 — p)] - [(2m + 1) + A(4m2 — )] [(m+ p) +A(m2 — w1

where Q1 (A, 1, m), Q2(A, 1w, m), Q3(A, w, m) are given by (2.9), (2.10), (2.12), respectively.

Proof. Letf € 85, («,A, p), then

1—pg 2—u g’
(1—A) <W> A (1 + ;’(;;JED = [p(2)]%, 2.1)

and for its inverse map g = f~1 we have

1—p 2—w "
(-2 (W) +A (HW) = [a(w))*, 22)

where p(z) and q(w) have the following forms:
p(z) =1+ pmz™ +pomz™ +- -+,

and
q(W) =1+ qum-i- q2mW2m+ Tt

Now equating the coefficients in (2.1) and (2.2) we obtain

(m+u) + }\(mZ —Wami1 = XPm, (2.3)

(2m 4 ) +A(4m? — wazm1 } x(ax—1) ,
— s I 24
{ —Q2(\, pm)aZ 4 *Pam + 5 Pm 24

—(m+u) + )\(mZ —Wam+1 = xqm, (2.5)
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QA wm)d? ., B ala—1) ,
{ —(2m )+ AEME g [ ST 26)
From (2.3) and (2.5) we obtain
Pm = —qm, (2.7)
and
{m+ ) +Am? = W)} 203, 41 = oE(pd + o). (2.8)
Also form (2.4), (2.6), and (2.8) we have
a(oe—1)

{Ql()\/ K, m) - QZ()\/ K, m)}a%rwrl = “(pZm + qu) + T(p%n + q:12n)

_ (X(pZm‘i‘qu)
+ D () +Am2 — W} a? [

where
Q1A p,m) =[(1-A)(1+2m)(m+p) +Am(m+1) {3m + p(m+1) + 1)}, (2.9)
1—
Q2(A, 1, m) = ( 5 H) {(1=N)(n+2m) +2Am(m +1)%} . (2.10)
Therefore, we have
2
2 x (pZm + qu)
= , 2.11
T aQuh ) — [2Qa (A, 1w, m) + Qs(A, 1y m) @11)
where )
Qa(h i) = (1) {(m+ ) +A(m? — )}’ (2.12)
Applying Lemma 1.5, on equation (2.11) for the coefficients p>rm and qom, we obtain
a < 2
11 x .
T VaQih wm) — Qo (A, 1, m) + Qa(A, 1, m]
Next, in order to find the bound on |aym 11, by subtracting (2.6) from (2.4), we obtain
2{(2m+ ) +A(4m? — p)} arm41 oala—1) 5 2
= — _— — . 2.13
—{Qo(A\, , m) 4+ Q1(A, 1, m)}a%nJrl x(p2m — qam) + 5 (P — dm) ( )

Then, in view of (2.7) and (2.8), and applying Lemma 1.5, on (2.13) for the coefficients pom, qom, pm and
gm we have

2 + 20(2 [Ql ()\/ L, m) + QZ()\/ L, m)]
2m+p) +AEmM2 — Wl [(2m 4 w) + Adm2 — W] [(m+ p) + A(m2 —p)*’

|a2m+1| < i

which completes the proof of Theorem 2.1. O
For m =1, in Theorem 2.1, we have the following Corollary.
Corollary 2.2. Let f given by (1.2) is in the class S (o, A, 1), then

200
VoaQioA, 1) — (xQu (A 1) + Qra(A, w)’

lag| <

and
2u 20 [Q1o(A, 1) + Q1 (A, p)]

CHWFAG—1) (24 1) A=) [(1+ 1) A —

lag| <
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where
QoA ) =31—-A)(1+pu)+4r2+w), (2.14)
Quivw = T @A 2) 1, (2.15)
Qu2(A 1) = (¢ — D{(1+ p) + A1 — W},

For A = 0 in Theorem 2.1, we have the following Corollary.

Corollary 2.3. Let f given by (1.2) is in the class Rx (x, ), then

2
lam1l < ,
A VoQa(r, m) — (Qs(p, m) + Qe(p, m))
and
a | < 2 2062 [Q4(ur m) + Q5(Hl TTL)]
TS amtw) o @mtgme?
where
Qa(pym) = (1+2m)(m + ), (2.16)
Qslp,m) = ! o M (4 2m), (2.17)

Qe(m,m) = (¢ —1)(m + )%,
For A =1 in Theorem 2.1 we have the following Corollary.

Corollary 2.4. Let f given by (1.2) is in the class Cx (o, ), then

2x
m1l < ’
‘a +1| \/“Q7(H/m)—(“Q8(H/m)+Q9(M/m))
and
a | < 2x + 20(2 [Q7(ur m) + Q8(H/ m)]
S emt W+ @MWl [2m ) + (@m2 — Wl [(m+ ) + (m2 — )P
where
Qs(k,m)=m(m+1){83m+pum+1)+1)}, (2.18)
Qs(p,m) = a ; ) {2m(m+ 1)2} , (2.19)

2
Qo(p,m) = (x—1) {(m+p)+(m*—p)}".
For A =0 and p =1 in Theorem 2.1, we obtain the following Corollary.
Corollary 2.5 ([27]). Let f given by (1.2) be in the class H$ _, then

rm/

20 ad  a < 20 n 202
T+m)(1+m+2«) S om 1) (mt1)

‘am+1| < \/(

For A =0, m =1, and p =1, in Theorem 2.1, we obtain the following Corollary.

Corollary 2.6 ([26]). Let f given by (1.2) be in the class HS, then

2 2
o) <~ and  asl < 4+ 2
(14 ) 3 1
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For A = 0 and u = 0 in Theorem 2.1, we obtain the following Corollary.
Corollary 2.7 ([2]). Let f given by (1.2) be in the class 8% |, then
2 o 202 [(14+m)]
lam 1] < W’ and  |apm1] < m + ez
For A =0, m =1, and p = 0, in Theorem 2.1, we obtain the following Corollary.
Corollary 2.8 ([2]). Let f given by (1.2) be in the class 85 («), then
laa| < %‘: o and Jas] < 4ot
Theorem 2.9. Let f given by (1.2) is in the class 85z (3, A, 1), then
m+1l X s
\/{Ql ()\r W, m) - QZ()\I K, m)}
and
2(1-8) 2{Q1(A, 1, m) + Q2(A, u, m)} (1 —B)?
‘a2m+1| < 2 + 27
{@m+p) +A4m2 =)} {2m+p) +A(Em2 — W }H{(m+ ) + A(m2 — )}
where Q1 (A, w, m) and Q2(A, w, m) are given by (2.9) and (2.10), respectively.
Proof. Let f € 85 (B3, A, 1), then
211 (2) 221" (2)
I=MN| ———= | M1+t = | =B+ (1 —=B)p(z), (2.20)
[F(z))' [2f ()"
and for its inverse map g = f~1 we have
wlHg'(w) wi g (w)
I=MN|— | tM 1+ ——= | =B+ (1—B)glw), (2.21)
[g(w)]' " wg' (w))' "
where p, g € P and g = f~'. Now, equating the coefficients in (2.20) and (2.21), we obtain
(M) +A(m* —pamer = (1—B)pm, (2.22)
{2m+w) +A(4dm? — )} armi1 — QA m)a% 1 = (1—B)pam, (2.23)
—(m+w +Am? = pams1 = (1—B)qm, (2.24)
Qi(A, wm)ad 1 — {(2m—+p) +A4m? — )} azmi1 = (1— B)dam. (2.25)
From (2.22) and (2.24) we obtain
Pm=—qm, (2.26)
and )
2{(m+p)+Am* —w} o = (1—B)P(ph + dh)- (2.27)
Adding (2.23) and (2.25), we have
{Ql (A/ W, m) - QZ()\/ W, m)} a%n+1 - (1 - B)(PZm + qu)/
therefore, we have
2 (1- (-)’)(p2m + qu) (2.28)

Tt T Qi m) — QoA m)
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Applying Lemma 1.5, on equation (2.28) for the coefficients pom and qom, we obtain

2/T-B)
\/Ql ()\/ K, m) - QZ()\/ K, m)

Next, in order to find the bound on |aym 11/, by subtracting (2.25) from (2.23), we obtain

|am+1| <

2{(2m+u) +A(4m? — W)} azmi1

—{QiA 1, m) + QA w,m)bad .y | (1= B)(p2m — q2m),

(2.29)

then, in view of (2.26) and (2.27), and applying Lemma 1.5, on equation (2.29) for the coefficients po,,

qu, Pm, and qm we haVe

2(1—-p) n 2{Q1(A, i, m) + Q2 (A, 1, m)} (1 — B)?
2 2/
2m+p) +AMdME— ) {(2m+p) +AAM2 — wWH{(m+ p) + A (m2 — p)}

laom 1] < (

which completes the proof of Theorem 2.9.
For m =1 in Theorem 2.9, we have the following Corollary.
Corollary 2.10. Let f given by (1.2) is in the class S5 (3, A, ), then

2,/(1-p)
VIQuoA W) — Qui(A, w}

lag| <

and

2(1—p) 2{Quo(\, 1) + Qu (A, w}(1—B)?
{Q4+wW+A4 -} {2+wW+A4—wWHI+ ) +A(1—

where Q10(A, 1) and Qq1(A, w) are given by (2.14) and (2.15).

lag| <

For A =0, in Theorem 2.9, we have the following Corollary.

Corollary 2.11. Let f given by (1.2) is in the class Rx (3, 1), then

2,/(1-B)
v/ Qalk,m) — Qs m)’

|am+1| <

and

gt < 2(1-p) +2{Q4(u,m)+Q5(u,m)}(1—[3)2
S 2m ) (2m + p)(m + p)?

where Q4(p, m) and Qs(p, m) are given by (2.16) and (2.17), respectively.
For A =1, in Theorem 2.9, we have the following Corollary.

Corollary 2.12. Let f given by (1.2) is in the class Cx (3, 1), then

amin] €~ VP
TS Qe m) —Qslpm)’
and
2(1-p) 2{Q7(p, m) + Qs(p, m)} (1 — B)?

lazm 1l < {2m+u) + (4m2 — )} (2m+p)+ (dm2 — ) H{(m+p) + (m2— H)}ZI

where Q7(w, m) and Qg(p, m) are given by (2.18) and (2.19), respectively.
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For A =0 and pu =1 in Theorem 2.9, we obtain the following Corollary.

Corollary 2.13 ([27]). Let f given by (1.2) be in the class J{E,m, then

2y/(1-B)

2(1—-) n 2(1—B)?
1+2m)(m+1)

. and < .
and leomal S G = T

‘am+1| < \/(

For A =0, m =1, and p =1, in Theorem 2.9, we obtain the following Corollary.

Corollary 2.14 ([26]). Let f given by (1.2) be in the class H B then

2(1—p)

2(1-B)  (1-p)
3 :

, d <
an las) 3 + 1

lag| <

For A =0 and p = 0 in Theorem 2.9, we obtain the following Corollary.

Corollary 2.15 ([2]). Let f given by (1.2) be in the class Sf’m, then

2(1—p)

amal <\ 5, and Jaamal <

(1-B) , 2(1+m)(1—p)?
+ 2 .

For A =0, m =1, and p =0, in Theorem 2.9, we obtain the following Corollary.

Corollary 2.16 ([2]). Let f given by (1.2) be in the class 85 (), then

a2l < V/2(1—B), and |as| <4(1—B)*+(1—-B).
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