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Abstract
In this paper, we study the eventual periodicity of the following fuzzy max-type difference equation

1 O
zn, = max{ , }, n=0,1,...,
Zn—m Zn-—r

where {otn }n >0 is a periodic sequence of positive fuzzy numbers and the initial values z_q,z_g41,...,2_1 are positive fuzzy
numbers with d = max{m,r}. We show that if max(supp «n) < 1, then every positive solution of this equation is eventually
periodic with period 2m.
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1. Introduction

In this paper, our goal is to investigate the eventual periodicity of the following fuzzy max-difference
equation

1
zn = max{ , n }, n=0,12,..., (1.1)

Zn—m Zn-—r

wherem,r € N ={1,2,3,...}, x, is a periodic sequence of positive fuzzy numbers, and z_q4,z_441,...,2-1
are positive fuzzy numbers with d = max{m, r}.

Recently, there has been an increase in interest in the study of fuzzy difference equations because
many models in automatic control theory and finance are represented by these equations naturally (see,
e.g., [1-5,7,9-15, 17-21]).
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In 2014, Zhang et al. [21] studied the existence, the boundedness, and the asymptotic behavior of the
positive solutions to a first order fuzzy Ricatti difference equation

X+ Zn

—, n=0,1,...,
B+zn

Zn+1 =
where «, 3 and the initial condition zj are positive fuzzy numbers.
In 2005, Stefanidou and Papaschinopoulos [13] studied the periodicity of the following fuzzy max-
difference equations

x 0.8 0.8
Zn 1 = max{—, e, 1, n=0,1,...
Zn Zn-—1 Zn—k
and
x B
Zn41 = max{—, }/ n= O/ 1/ ceey
Zn Zn-—1

where k € N, «, 3 and the initial conditions z_y,z_y1,..., 2o are positive fuzzy numbers.
In 2006, Stefanidou and Papaschinopoulos [14] studied the periodicity of the following fuzzy max-
difference equation

/L}/ Tl:O/l/"'/

Zn—k Zn-m

zn = max{

where «, 3 and the initial conditions z_q4,z_g441,...,z—1 with d = max{k, m} are positive fuzzy numbers.

In 2014, He et al. [3] investigated the periodicity of the positive solutions of the fuzzy max-difference
equation

An
Xni1 =max{——,xn_k}, n=0,1,..., (1.2)
Xn—m

where k, m € N, A, is a periodic sequence of fuzzy numbers and x_q,X_g41,...,Xo are positive fuzzy
numbers with d = max{m, k}, and showed that every positive solution of (1.2) is eventually periodic with
period k + 1.

The rest of this paper is organized as follows. We give the some definitions and notations in Section
2. We give the main result and its proof of this paper in Section 3.

2. Preliminaries

In this section, we give the following definitions and notations. A function P : R(= (—o0, +00)) — [0, 1]
is said to be a fuzzy number if the following statements hold (see [9]):

(1) Pis normal (i.e., P(t) =1 for some t € R).

(2) Pisa convex fuzzy set (i.e., P(At; + (1 —A)t2) > min{P(t;), P(t2)} for any A € [0,1] and any t;,t> € R).
(3) P is upper semicontinuous.

(4) supp P = U.c(o1)[Plc ={t: P(t) > 0} is compact.

Where [Pl = {t € R: P(t) > c} (for any ¢ € (0,1]) (which are called the c-cuts of the fuzzy number P)
and W is the closure of set W. We see from Theorems 3.1.5 and 3.1.8 of [8] that every c-cut of the fuzzy
number P is a closed interval.

A fuzzy number P is said to be positive if min(supp P) > 0. If P € (0, +o0), then P is a positive fuzzy
number (it is called a trivial fuzzy number also) with [P]. = [P, P] for any ¢ € (0, 1].

For some k € N, let Py, Py, ..., Px be fuzzy numbers and c € (0, 1] with

[Pilc = [Pi,l,u Pi,r,c] for 0 <i<k

Write
Que =max{Pi1c: 0< i<k} and Qre=max{Pirc: 0<i<Kk
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Then we know from Theorem 2.1 of [16] that there exists a fuzzy number Q such that
[Qle = [Que, Qr,cl forany c € (0,1].
By [6] and Lemma 2.3 of [9] one can define
Q =max{P;: 0 <i<kh

A sequence of positive fuzzy numbers {z,,}37__ 4 is called a solution of the equation (1.1) if it satisfies
(1.1). {zn}X__ 4 is said to be eventually periodic with period T if there exists M € N such that z,, 1 =z
holds for all n > M.

Proposition 2.1. Suppose that z_q,z_q4+1, .. .,z—1 are positive fuzzy numbers. Then there exists a unique positive
solution {zn }°__ 4 of (1.1) with initial values z_q,z_g+1,...,2-1.

Proof. Suppose that [xn]c = [otn 1,c, &n,rc] for any ¢ € (0,1] and any n > 0, and
(zilc = [Pic, qic] for —d<i<O0andany ce€ (0,1], 2.1)

and {(pn,c, qn,c )} _4(c € (0,1]) is the unique positive solution of the following system of difference
equations

1 1
TLe ) gpe = max{ Tnre 2.2)

Prc = max{

4 4
n—m,c 9n—r.c Pn—m,c Pn—r.c

with initial values (pic,qic)(—d < i < 0). Arguing as in Proposition 3.1 of [13] we can show that
{(Pn,c, An,c )} 4(c € (0,1]) determines a sequence of positive fuzzy numbers {z,,}3°__ ; such that

[Zn]c = [pn,c/ qn,c]/ n=-—d ce (0/ 1], (23)
and that {z,}}°__ 4 is the unique positive solution of (1.1) with initial values z_4,z_g41,...,z2—1. This
completes the proof of the Proposition. O
3. Main result and proof

In the sequel, we consider the system of difference equations

1 1
yn=max{——, ) —max(— Py o, (3.1)

Zn—m Zn—r n-m Yn—r

where «n,fn € (0,1) are two periodic sequences. Let {(Yn,zn)in>—q be a solution of (3.1) with the
initial values y_q,z_q,Y—da+1,Z2—d+1,---,Y—1,2—1 € (0,400). The main result of this paper is established
through the following lemmas.

Lemma 3.1. The following statements hold:

(1) YnzZn—m = land znyn—m = 1 foralln > 0;

(2) yn < max{yn—om, tnYn—m—r} and zn < max{zn_om, PnzZn—m—r}foralln > d;

3) fyn = 1/zn—m (Resp. zn = 1/Yn—_m) for some n > m, then yn < Yn—2m (Resp. zn < zn—om). If
Un = n/Zn—r > 1/zZn_m (Resp. zn = Bn/Yn—r > 1/Yn—m) for some n > d, then yn > yn—om (Resp.

Proof.
(1) It is obvious since yn = 1/zn—m (Resp. zn > 1/yn—m) foralln > 0.
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(2) It follows from (1) that forany n > d

2 0.8
Yn = max{ In—2m nYnomor } < max{Yn—2m, ¥nYn—m-—r}
Zn—mYn—2m yn m—rZn—r
For the another case, the proof is similar.

(B) If yn =1/zy_ for some n > m, then we see from (1) that

Yn—2m
Yyn=—"——"—— < Yn2m-
Zn—mYn—2m

Ifyn = an/zn—+ > 1/zn_m for some n > d, then we have from (1) that

(U Yt Promy g I B )=

1 < Yynzn—m = max .
Yn— 2m Yn—r—mZn—r Yn—2m Yn—2m

This implies yn > Yn—2m. For the another case, the proof is similar. This completes the proof of the
Lemma. 0

Lemma 3.2. Define

O =max{yn-1,Yn-2,---,Yn-m-da} (n = d)
and

Yn =max{zn_1,Zn-2,...,Zn-m-a} (n=d).

Then the following statements hold:

(1) yn < Onand zn <YV foranyn > d and {Opfn>q and {Yn}n>q are decreasing;
(2) there exist constants M and M’ with M > M’ > 0 such that yn,zn € [M/, M] for any n > —d.

Proof.
(1) Noting Lemma 3.1 (2), we obtain that y, < @, (Resp. zn, < YVy) (n > d), thus

Dy = max{yn/ Yn—1/,--- /Unfm7d+1} <0,

and
Y1 =max{zn,Zn-1,-++,Zn-m-d+1} < Y.

(2) Choose M = max{(Dd/’Y\d/ydfll Zd—1s--- /y*d/yfd} (2 1) and M = min{l/M/Uflzlflz - Y—a, Z,d}
(> 0). Then yn,zn € [M’,M] for any n > —d. This completes the proof of the Lemma. O

In the following, suppose that lim,_,oc @ = @ and limp 00 Yn = Y. Let liminf, oo yn = ¢ and
liminf,, o zn =7y. Then we have the following Corollary 3.3.

Corollary 3.3. There exists a sequence 1 <ng <mnp < --- < Ny < --- satisfying N1 — Ny < m+ d such that
Yny = © (Resp. zn, > Y).

Proof. We know from Lemma 3.2 (1) that for any n > d, @, = max{yn—1,Yn—2,---,Yn—m—da) = © (Resp.
Yn = max{zn—1,Zn—2,...,Zn—m—da} = V), which implies that there exists j € {n—1,...,n —m —d} such
that y; > @ (Resp. z; > T)

Again using Lemma 3.2 (1), we have ®j 1441 = max{Yjrm+d, Yj+rmrd—1,---,Yj+1t = O (Resp.
Yitmtd+1 = Max{Zj4 m+d, Zj+m+d—1,---,Zj+1} = V), which implies that there exists i € j+m+d,...,j+
1} such that y; > @ (Resp. z; > Y) with 1 <i—j < m+ d. Therefore, there exists a sequence 1 < n; <
Ny <--- <Ny < --- satisfying ny1 —ny < m+ d such that yn, > © (Resp. zn, > V). This completes the
proof of the Corollary. O

Lemma 3.4. The following statements hold:
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(1) ® =limsup, , ynand Y =limsup, .,  zn;

(2) Card(n : ® < yn = &n/zn—r}) < o0 (Resp. Card({n : ¥ < zn = Pn/zn—+}) < 00), where Card(A)
denotes the cardinality of the set A;

(3) there exists N € N such that: (i) ynroma = @ and ynioma = 1/zZN+2ma—m for any A > 0, and yn42ma iS
decreasing; (ii) im0 ZN42mA—m =Y = 1/@ (Resp. (i) znt2ma = YV and zni2ma = 1/YN42ma—m for
any A = 0, and znama 1S decreasing; (iii) ima oo YN+2mA—m = ¢ =1/7).

Proof.
(1) Since yn < @y and z,, < Yy, for all n > d, by Corollary 3.3, we have

O <limsupyn < limsup @, = O

n—o0 n—oo

and
Y <limsupzn < limsup Y, =7.

n—oo n—oo
(2) Assume on the contrary that there exists a sequence r <n; <np < --- <mny < --- such that
o(n‘}‘L

O < Yn, = 2 < Xn, Yn,—r—m-
My—T

By taking subsequence, we suppose that lim, ;o yYn,—+—m = L. This implies ® = limy ;00 Yn, <
limy o Yn,—r—mmax{on : 1 € N} = max{, : 1 € N}L < @, which is a contradiction. For the an-
other case, the proof is similar.

(3) It follows from (2) that there exists N; € N such that if n > N; and y, > O, then y, =1/zn_m. By
taking subsequence, we may choose a sequence Ny <y < np < --- < ng < --- satisfying ny 1 —nx =
0 (mod 2m) such that y,, > @ (for all k > 1) and limy_,oc Yn, = @. Then yn, =1/zpn, —m. Write N =n;.
According to Lemma 3.1 (3), we know that ynj2ma = @ and 1/zn2mA—m = YNt2mA = YN42m(A+1) =
1/ZN+2m(7\+1)7m for any A = 0.

Let sy — +o0 such that zg, — v and ys,—m — UW. Then

1 1 1
—=Ilim — = lim z —m=2Y=limz;, > lim =—>—,
0} A—00 YN ++2mA A—00 N-+2mA-—m =Y k—o0 Sk~ k—00 Yg—m u - )

which implies limp o0 ZN42mA—m = Y = 1/®. For the another case, the proof is similar. This completes
the proof of the Lemma. O

Lemma 3.5. Let M, p, q € N with q > 2 such that

(1) {zm+2mutuso is monotone;
(2) YM2m(pA)tr = AM12m(p+A)+r/EM12m(p+A) > 1/ZM+2m(p+7\)+r7mfor Ae{0,q)
(3) YM+2m(p+A)+r = 1/Zm+2m(p+>\)+r_mf01’ every 1<ALqg-1.

Then Ymyam(p+a)+r = YMaam(prar1)+r for every 0 <A< q—2.

Proof. For 1 <A <q—1, if {zmamptu>o is decreasing, then from o 2mp+rBMmyompsr)4r—m < 1 <
ZM42m(p+A)YM+2m (p+r)—m and Lemma 3.1 (3), it follows that

AM+2mp+r AM+2mp+r
> =YM+2mp+r

ZMA42m(p+A) ZM+2mp

Z YMa2m(p+A)+r
1

ZMA2m(p+A)+r—m
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YM+2m(p+A)—m }

= min{ym42m (p+A—1)+rs
B M+2m(p+A)+r—m

=YMi2m(ptAr—1)+r = YM2m(p+A)fr-

Therefore, Ymiom (p+a—1)+r = YM2m(p+r)+r for every 1 <A < q—1. If {zm y2mputp>o0 is increasing, then

it follows from atn2m(p+g)+rPM2mprq-—1)+r—m <1 < YMi2mprq-1)ZM42m(p+q-1)—m and Lemma
3.1 (3) that

AM+2m(p+q)+r S AM+2m(p+q)+r

= =YM2m(p+q)+r
ZM+2m(p+q—1) ZM+2m(p+q)

> YM+2m(p+q—1)+r
1

ZM+2m(p+q—1)+r—m

. YM+2m(p+q—1)—m
= mm{yM+2m(p+q—2)+rr }
BM+2m(p+qfl)+rfm

=YM+2m(p+q—2)+r = YM+2m(p+q—1)+r-

Therefore, Yymyom(p+q—1)+r = YMa2m(p+q—2)+r- In a similar way, we may show that ynompsq—1)+r
= YMa2m(p+r)+r for every 0 < A < q — 2. This completes the proof of the Lemma.

In a similar fashion, we can obtain the following lemma.
Lemma 3.6. Let M, p, q € N with q > 2 such that

(1) {Ym2mutuo is monotone;
() ZMmt2m(p4r)+r = BMaamp+r)+r/YM+2m(p+A) > V/YMyam(p+r)+r—m for A €{0,q};
(3) ZMA42m (p4+A)+r — 1/9M+2m(p+?\)+r7mfor every 1<A< q-— 1.

Then zp 4 om (p+a)+r = ZM42m(p+A+1)+r for every 0 <A < q —2.

Lemma 3.7. If there exists M € N such that {Ymomutu=0 is monotone, then {zapomu+rius0 is eventually
monotone.

Proof. If there exists K € N such that zpmiomutr = 1/YMi2mptr—m for all @ > K (or zmiompsr =
BM+2mut+r/UM+2mu > 1/UM42mu+r—m for all u > K), then by Lemma 3.1 (3) we know that zp4omptr <
ZM42m(u—1)+r for all @ > K (or zmiamu+r > Zmyom(p—1)4r for all p > K). Thus {zpmi2mp+rtusk 18
monotone.

If there exists a sequence 1 < 51 <t; <sy <ty <---<s, <ty <--- such that

BMt2mk 1
IM+2mk+4r = MY for every s; <k <t
YM+2mk YM+2mk+r—m
and )
ZM42mk4r = —— forevery t; <k <siiq,

ZM+2mk+r—m

then by Lemma 3.1 (3) and Lemma 3.6 we know that zp1 4 om (k—1)++ < ZM+2mk+r fOr every s; < k <ty and
ZM42m(k—1)+r = ZM2mk+r fOr every t; < k < si;1, which implies that {zm42mpuirlu>s, is increasing.
This completes the proof of the Lemma. O

In a similar fashion, we can obtain the following lemma.

Lemma 3.8. If there exists M € N such that {zmi2mutu>0 is monotone, then {Ymiomutrtu>0 is eventually
monotone.
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Lemma 3.9. {(Yn, zn)In>—d is eventually periodic with period 2m.

Proof. First we suppose that gcd(r, m) = 1. According to Lemma 3.4 (3), there exists N € N such that the
following statements hold:

(1) YN2mnZN+2mn—m = ZN42mnYN42mn—m = 1 for any n = 0;

(2) YN42mn is decreasing (n > 0) and limp oo YNt2mn = D, ZN42mn—m iS increasing (n > 0) and
limp o0 ZN42mn—m =Y = 1/®. zn42mn is decreasing (n > 0) and limy 00 ZN42mn = Y, YN+2mn—m
is increasing (n > 0) and limp 00 YN+2mn—m = ¢ =1/7.

Using Lemma 3.7 and Lemma 3.8 repeatedly, we see that {yniomn+irin>0, {UN+42mn—m+irin>0,
{ZNft2mn+irin>0, and {ZNi2mn—m+irin>0 are eventually monotone for every 1 < i < m —1. Since
ged(r,m) = 1, we know that for every j € {0,1,2,...,m — 1} there exist some 0 < i; < m—1 and in-
teger Aj such that ij7 = Aym +j and {j7 —m = (A; —1)m +j, which implies that {UN+2mn+aym+jm>o,
{UNt2mn+ (A —1)m+j =0, {ZN+2mn4aym+jin=0, and {ZNy2mn + (A;—1)m+j >0 are eventually monotone for
every j € {0,1,2,...,m—1}. Thus {Yomnixn>0 and {Zomn+kn>0 are eventually monotone for every
0<k<2m—1.

Claim 1. YN+2mk+r (k > 0), ZIN+2mk+r—m (k > 0), ZN+2mk+r (k > 0), and UN+2mk+‘r7m(k > 0) are
constant sequences eventually.

Proof of Claim 1. Since ani2mkir/ZNr2mk < Mmax{on : N € NJyniomk—m and limy_, o max{o, : n €
Niynt2mk—m = max{an : n € N}p < ¢ < limy_00 YN+2mk+r, there exists p € N such that for any k > p,

1 AN+2mk+r } _ 1

YN-+2mk+r = max{ , :
ZIN+2mk+r—m  ZN+4+2mk ZN+2mk+r—m
Then, by Lemma 3.1 (3) we see that yni2mk+r (k > p) is decreasing.

If there exists a sequence p < s1 < sp < --- < 8y < --- such that

_ BNJers-lJrrfm
ZN+2msi+r—m —
YN+2ms;—m

for every i > 1, then we have

YN+2ms;—m
YN+2msi+r = - (3.2)
BN—O—sti—O—r—m

By taking a subsequence we may assume that BN 2mk,+r—m 1S a constant sequence since 3, is a periodic
sequence. From (3.2) it follows that yn+omk+r (kK = 0) and zni2mk+r—m (K = 0) are constant sequences
eventually.

If znomksr—m = 1/YNi2mkir—2m eventually, then yniomk+r = Yn4om(k—1)+r eventually and
ZN42mk+r—m = ZN42m(k—1)+r—m eventually.

In a similar fashion, we may show that znjomk+r (k = 0) and ynyomk4+r—m (k = 0) are constant
sequences eventually. This completes the proof of the Claim.

Claim 2. yni2mk+2r (kK = 0), znp2mii2r—m (kK = 0), znr2mk+2r (kK 2= 0), and yn2mks2r—m (k > 0) are
constant sequences eventually.

Proof of Claim 2. If there exists a sequence 1 < 51 < sy < --- < sy < --- such that

XN+2ms;+2r
YN+2msi+2r =
ZN+2msi+r
for every i > 1, then ynomi+2r (k > 0) is a constant sequence eventually since o, is a periodic sequence
and zn42mk+r (k > 0) is a constant sequence eventually.
If yntomk+2r = 1/ZN42mk+2r—m eventually and there exists a sequence 1 < t; <ty <--- <ty <---

such that
B N+2mti+2r—m

ZNA42mti4+2r—m =
YN+2mti+r—m
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for every i > 1, then znjomk42r—m (k > 0) is a constant sequence eventually since 3, is a periodic
sequence and Yn+42mk+r—m (K = 0) is a constant sequence eventually. Thus ynomk+2r (kK > 0) is a
constant sequence eventually.

If ynyomks2r = 1/ZN42mk2r—m eventually and zn yomk+2r—m = 1/YNy2mk+2r—2m eventually, then
UN—t2mk+2r(k = 0) is a constant sequence eventually.

NOting ZN-+2mk+2r—-m = max{l/yN+2mk+2r—2m/ BN+2mk+2T—m/yN+2mk+r—m}r we see that that
ZN+2mk+2r—m (k = 0) is also a constant sequence eventually.

In a similar fashion, we can show that zn2mks2r (kK = 0) and yni2mks2r—m (k = 0) are constant
sequences eventually. This completes the proof of the Claim.

By induction, we may show that ynsomk+jr (kK = 0), Ynf2mk+jr—m (K = 0), ZNf2mk+jr (k > 0), and
ZN2mk+jr—m (kK > 0) are constant sequences eventually for every 1 < j < m, from which it follows that
{Yomn+kIn>0 and {zomn+kIn>0 are constant sequences eventually for every 0 < k < 2m — 1. Therefore,
{(Yn,zn)In>—q is eventually periodic with period 2m.

If ged(r, m) = s > 1, then we consider the max-type equation

1 On

Pn

}, zn = max{ ,
Yn—sm; Yn—sr

Yn = max{

L, n=0,12,..., (3.3)

7
Zn—smy; Zn—sm;

where m = sm; and r = sty with ged(my,m) = 1. Write yi, = ynsii and z}, = z,54¢ for every
0<i<s—landn=0,1,2,.... Then (3.3) reduces to the equations

yp = max{— ,?75“}, z;, = max{— ,BI‘S“},Oglgs—l, n=0,1,2,.... (3.4)
n—my anrl n—mg ynf"l

By an analogous way as in the above, we know that {(yL, Z}L)}n>0 is a positive solution of (3.4) for every
0 <i<s—1. Then {(y}l,z}l)}n;o is eventually periodic with period 2m;. Therefore {(yn,zn)in>0 is
eventually periodic with period 2m. This completes the proof of the Lemma. O

Now we state and show the main result of this paper.
Theorem 3.10. If max(supp an) < 1, then every positive solution of (1.1) is eventually periodic with period 2m.

Proof. Let {xn}X__ 4 be a positive solution of (1.1) with initial values x_g4,X_g41,...,X—1 satisfying (2.1)
and let (2.3) holds. We see from Proposition 2.1 that {(pn,c, qn,c)}%__4(c € (0,1]) satisfies system (2.2).
Using Lemma 3.9 we know that {(pn,c, qn,c)}%__4 is eventually periodic with period 2m. Therefore, it
follows from (2.2) and Lemma 3.9 that {x,}%°__; is eventually periodic of period 2m. This completes the
proof of Theorem 3.10. O
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