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Abstract

We give representations and properties of a hyperholomorphic function with values in commutative-quaternions. We
first consider expressions of commutative-quaternions. Also, we investigate the results of derivatives and integrations for a
hyperholomorphic function of commutative-quaternionic variables in Clifford analysis.
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1. Introduction

A quaternion is a hypercomplex number defined in four dimensions which is introduced by Hamilton
[4]. It can be represented as follows:

z =%+ x11+%x2) +x3K, xr €R, r=0,1,2,3,
where R is a set of real numbers and the noncommutative units 1, j, and k satisfy the relations:
2=2=k>=-1, ij=—ji=k, jk=—k=1i ki=—ik=j.

Unlike in the complex analysis, the two analogous ways of defining a holomorphic functions of a quater-
nionic variable which are not equivalent, as in [10]. Sudbery [14] developed and organized the analogous
statements for quaternionic analysis. The algebra of quaternions H has developed the new theory which
can be applied in physics. Because quaternions has the noncommutative properties of the multiplication,
the Cauchy integral formula which is produced by Fueter [2] has two versions, left and right regular
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quaternionic functions for each analogue of the complex holomorphic functions satisfying the Cauchy-

Riemann equations:

— of of of of
Dfi= — +i-— +jz— +kz—=0
aXO +laX1 +] aXZ + aX3

and

where f : H — H is a differentiable function. Nono [11] studied the properties of quaternions and the def-
inition of hyperholomorphic functions of quaternion variables. Kajiwara et al. [5] gave a basic calculation
for inhomogeneous Cauchy-Riemann system and the theories on a densely defined some operators in a
Hilbert space. Kim and Shon [7] researched unusual equations corresponding Cauchy-Riemann systems
and properties of functions with values in special quaternions by using a regular function with values in
dual split quaternions. Kim et al. [8, 9] obtained the regularity of functions on the reduced quaternion
tield, and for the regularities of functions on the form of dual split quaternions.

Hypercomplex systems whose multiplications are commutative, which are introduced by Kaledin [6],
were applied by the development of the theory of functions of a complex variable. Scheicher et. al. [13]
extended some known inequalities for complex numbers to certain systems of hypercomplex numbers.
Fjelstad and Gal [1] generalized the complex analyticity to hypercomplex functions which included the
standard complex definition, except for reducing analytic functions to a trivial class. Grant and Strachan
[3] described complex numbers in the n dimension by using hypercomplex bases and the variables in real
numbers. Olariu [12] presented a detailed analysis of the hypercomplex numbers and the properties of
polar and planar hypercomplex numbers in the n dimension. Olariu researched the interplay between
the algebraic, the geometric, and the analytic relations.

In this paper, we describe the basic notation and definitions of the commutative-quatnions in four
dimensions, for which the multiplication is associative and commutative. Also, we investigate prop-
erties of a hyperholomorphic function and some representations of integral formulas for commutative-
quaternionic valued functions.

2. Preliminaries

A commutative-quaternion is determined as the ordered pair by four real components (xo, X1, x2,X3).
Let i, j, and k denote the pure imaginary numbers, respectively, then it is represented by

P =x0 +ix1 +jx2 + kxs,
where 1, j, and k are bases for which the product rules are
2=j2=-1, k¥¥ =1, ijj=ji=—k ik=ki=j, jk=k =1
Then we give a set of commutative-quaternions:
BQ:={p=xo+ix1+jxa+kxs|xr € R (r=0,1,2,3)},

which is isomorphic to two dimensional complex numbers. If xo = yo, x1 = Y1, X2 = Yz, and x3 = y3, then
two commutative-quaternions p = xp + ix; +jx2 + kxs, and q = yo + iy +jy2 + kys are said to be equal.
For p, q € BQ, the sum p + q and the product pq can be expressed by

P+q=(x0+yo) +ilx1 +y1)+jlx2+y2) +k(x3+ys)
and

Pq = (XoYo — X1Y1 — X2Y2 +x3Y3) + i(xoy1 + X1Yo + X2Y3 + X3Y2)
+j(x0y2 + x2Yyo + x1Y3 + Xx3Y1) + k(Xoys + X3Yyo — X1Y2 — X2Yy1).
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From properties of the operators of the sum and product of commutative-quaternions, for p € BQ, we
let the conjugate element p* such that p* = xp —ix; —jx2 + kx3. Then we have

M(p) == pp* = (x0+ kx3)? + (x1 + kxz)?
and we set the element which appears M(p) to a real number, denoted by M(p),
M(p) == (x0 — kx3)* + (x1 — kx3)*.

So, we give an inverse element P~ 1 = Ag +1iA{ +jA2 + kA3 such that pp~! = 1, where

2
A — (XO + X1 + x2 — x3) 2X1X2X3 A — X1 (—x5 — x1 + xz — x3) 2X0X2X3
0 — 4 s 1 — 4 7
T T
N xz(—x% + x% — X% — x%) — 2X0X1X3 A X3(—X% + x% + x% + x%) — 2X0X1X2
2 = 4 ’ 3 = 4 ’
T T

where a nonzero real number v (in [12]) is
3
4 _ EVTES 2.2
™ =M(p)M(p Z XE 4 2(x3xF +x5%3 — x3x3 — x3xG + x3xG +x3x3) — 8xoxixaxs
=0
={(x§ —x3)* + (xf —x3)*H(xG +3)* + (] +x3)%} — 8xoxax2x3.

If xo = £x3, X1 = X2, there is no inverse element in BQ.

3. Hyperholomorphic functions of commutative-quaternionic variables

Let QO be an open subset in BQ. Let a commutative-quaternionic function f of a commutative-
quaternionic variable z be expressed by the real functions fo(xo, x1, X2, X3), f1(X0, X1, X2, X3), f2(X0, X1, X2, X3),
and f3(xp,x1,%2,x3) of continuously differentiable real variables xg, x1, X2, and x3. We give relations of

existences of the above limits between partial derivatives of the functions fy, fl, fy, and f3. From these

df ZO

relations, for zy = XO + lxl + ]xz + kx3, we obtain the derivative, denoted by as follows.

Definition 3.1. Let a function f: QO — BQ be defined by
f(z) = fo(xo, X1, %2, x3) + if1(x0, X1, X2, X3) 4 jf2(x0, X1, X2, X3) 4 Kf3(x0, X1, X2, X3),

then the function f is said to be hyperholomorphic on € if the following limit

df(zo) . 1 . ./ Of of of of
= lim (z—20) i)~ flz0)) = lim (A2) (a R A P RALCR: SAX3)
where

Az =z—zy = Axg +1A%1 +jAxy + kAx3,
with Axy = x — x(r) (r=0,1,2,3) and except for xg = £x3, Xx; = £x, exists in BQ.
By the above definition of the derivative, we have the following equations:
o _of 3 _ o

aXO N ax1 N aX2 N aX3’
o _ 3 s of

0% 0x;  Oxp Ox3’ 3.1)
o _ o _ of_on ‘
0% 0x;  Oxp  Ox3’

oy 3 _dfy_dMy
aXO a ax1 N aX2 N aX3'
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The above system is called the corresponding Cauchy-Riemann system for components of a commutative-
quaternionic function. From properties of components f, (r = 0,1,2,3), we consider harmonic functions
and solutions of the wave equation with respect to commutative-quaternionic variables.

Theorem 3.2. Let Q) be an open subset in BQ and a function f be hyperholomorphic in BQ. Then each component
of f is harmonic with respect to the pairs of variables (x;x,) (t = 0,3 and r =1,2). Also, each component of f is a
solution of the wave equation with respect to the pairs of variables (xo;x3) and (x1;x2).

Proof. Suppose the function f is hyperholomorphic. Then we have the corresponding Cauchy-Riemann
system (3.1) for components of a commutative-quaternionic function. From (3.1), we get

ofg Ofy dfy  dfg

M O o x|
We multiply by 6%0 and 6%1’ respectively. Then we get
0%y 0%y ¥ 9%
X3 Oxpdxq ox10xg 3’
Hence, we have
o*fy | 9%fp
a2 t32=0
oxg  0xg

Also, we multiply
ofg  0f2 and of, _ 0fy

X Oxo ™ Ox
by 6%2 and 6%0’ respectively. Then,
%o  9*fy o*f,  0fg
NG Oxadxg’  Oxdxz O3
Hence, we have
o*fy | 9%fp
— + =5 =0.
g 03

For the following equations
ofg  0f2 and of  9fp

S Oxg x oxs

we multiply by 6%1 and 6%3’ respectively. Then we have

%o %y o*f,  0fg
X3 ox10x3”  Oxzdxp O3

and we obtain

s R 0
ax% axé

0
aX3’

Also, by aixz and respectively, the equations

_Ofo _ 0f - Ofi _ Ofo
aXZ N aX3’ aXZ - aX3

satisfy the following equation
0*fg | 9*fo

=0.
ax% 6x§
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For fi, f, and f3, by using the similar calculating with the above processes, we obtain for the pairs of
variables (x¢;x,) (t =0,3 and r = 1, 2), each components of f is harmonic on Q.
Moreover, we multiply
ofg  0fs ofz  0fp
~— =5 and —=_—,
0xg 0Xx3 0xg 0x3

by a%o and aixs' respectively. Then we get

0*fg  0%f3 d 0*f3  0%fg

X3 Oxp0x3 nd- - ox30xg X3
Hence, we have
22
X 0x3 e
Also, we multiply
_Of _ Ofs g _Ofo_ 0fs
6x1 N aX2 aXZ N aX1,
by 6%1 and a%z, respectively. Then we have
¥y 0 _,
2 g

By similar processing for the components f;, f2, and f3, we also have the similar results. Therefore, for
the pairs (xo;x3) and (x1;%2), each components of f is a solution of the wave equation in BQ. O

Let an orientation in the four dimensional space R* be expressed with respect to the rotated system

(in [12]) of
_ Xp+Xx3 6_x1—xz

V2 V2’ V2 V2
The Figure 1 is said to be a hyperplane in BQ.

X1+ X2 X0 — X3
= Y

;B

Figure 1: Hyperplane.

Theorem 3.3. Let T" be a surface consisting of a simple closed curve y except for singularities of f. If an integral
of a commutative-quaternionic function f between two arbitrary points along a contour except for singularities is
independent of the contour, then the integral of the hyperholomorphic function f along the curve 7y is zero, that is,

i; f(z) dz =0, (3.2)
Y

where dz = dxg + idx; + jdxo + kdxs.
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Proof. Consider the integration along the curve y and the pole zy, and their projections y(*¥), ¥(*8) and

z(g‘w}, z(()“é) on the planes ovy and «d, respectively, as Figure 2.

Figure 2: Projections on the planes.

Since either z = z( or all points of the two-dimensional hyperplanes being parallel to regions around
zy as planes pass through zy and contain each z, z((,“w, zé“é) in Figure 2, by using the explicit form of

the integral in the equation (3.2), we have

% f(z) dz = % {(fg dxg — 1 dxq — fp dxp + 3 dx3) +1i(f1 dxg + fo dxg + 3 dxy + f2 dxz)
Y Y

+j(fy dxo + f3 dxq + fo dx + f1 dxaz) + k(f3 dxo — fp dx; — f; dxp + fo dxs3)}
ofg of ofp  of
= JJ { (70 + 71) XmdXO + (70 + 72) ddeXo
rL\ox;  0x oxa  0xp
ofp  0f3 of; of2 of;  0f3 of,  0f3
G0 T8 dxzd (———)d d (— —)d d (— —)d d }
+ (6X3 ax()) X3dxo + Oxy  0x1 xpdx1+ 0x3 + 0xq Xadx1+ 0Xx3 + 0x) X3Ex2
If each component of the function f contain only the non-singularities on the surface I' with the curve ¥,
by Stokes” theorem in the integral over the surface I', then we have
ofg 0ofy 0ofy 0f ofg ofy 0of; 9f

= =0, - 2="1 2,

aixl TXO N 67)(2 67)(0 - aX3 aXO N aXQ aX1 N

and
of;  ofs _0of 0fs

aX3 6x1 N aX3 aXZ

=0.
From the corresponding Cauchy-Riemann system (3.1), these are equal to zero. Therefore, we obtain

% f(z) dz = 0. O
-

Example 3.4. For a function z™ in BQ, since we have

n+1
J z" dz:Z
v n+1

and the function z"*! which contains the function for each integer n, the integral of the function 2 on a

simple closed curve ¥ is equal to zero for a positive or negative integer n (n # —1), that is,

n+1

f{; zZ" dz =0.

v
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Let f: U — BQ be a function defined by f(z1,22) = ¢1(z1,22) +j92(z1,22), where U is a bounded
open set of C? and

©1(z1,22) = folxo,x1,%2,%x3) +if1(x0, X1, %X2,%3),  @2(z1,22) = fax0, X1, X2, %3) + if3(x0, X1, X2, X3)

are complex analytic functions of z; = xg +1ix; and z; = x; + ix3 with real-valued functions f,(r =0, 1,2, 3).
Consider the following differential operators:

0 0
Dfi= —+j—,
where
0 0 .0 0 0 .0
and

T o o % o oxa

Then the equation D}f = 0 satisfies the corresponding Cauchy-Riemann system (3.1). Indeed, D;f = 0

satisfies
0@ 0> 0P 0>
—_— = —= and T

= = — . 3.3
0z1 0z 0z 0z1 33)

Theorem 3.5. Let U be a bounded open set of C>. Let f : U — BQ be a function defined by f(z1,z2) =
@1(z1,22) +j92(z1,22). Then we have

j flz1,22) (A0 +jdla) = ”sz(cl, G) At A dl, (3.4)
u u

where D} = 6%7 —I—j%, d(; = dxo +idxq, Ao = dx, + idxs, and

dl; A dl = dxg /A dxy — dxq A dxz +1(dxg /\ dxz + dxq /A dxy).

Proof. We let k = fodxg — f1dxq — fodxp — fadxs. Then we have

_ (N, 3 o ot
dk = (axz o ) dx A dxg + ( e ) dx A dxg
of,  0f; ofy  0f; ofy  0fy ofg  0fy
+ (6x1 - axz)dxz/\dxl — <6x1 + GX3>dX3/\ dxq — (ax2 + ax3)d><3/\dxz + (axl + 6X0>dx1 A dxg.
From the equations (3.3), we have
of of of of
dk — (—0 n —2) (dxg A dxg — dxs A dxq) + (—0 - —3) (dxs A dxo + dxa A dxg)
0xy  0X%p 0x3  0xg
of of of, of
— (—3 + —2) dxz A dx; + <70 + 71> dxq /\ dxp.
0xp  0x3 0x1 0%

Since f satisfies equations (3.1), by using the result of dk, we obtain

= (50 50) Hiloe T 30) e ) G 5]
{dxg A dxy — dxq A dxz +1i(dxg /A dxz + dxq A dxo)}
{(6@1 6(02)._ <@ 01

et Ta) HdaAdo)

o0
= DEfjdg; A dia.

Therefore, by calculating and relating the above equations, we obtain equation (3.4). O
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