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Abstract

Recently, Kim et al. have studied degenerate Fubini polynomials in [T. Kim, D. V. Dolgy, D. S. Kim, J. J. Seo, J. Nonlinear Sci.
Appl., 9 (2016), 2857-2864]. Jang and Kim presented some identities of Fubini polynomials arising from differential equations
in [G.-W. Jang, T. Kim, Adv. Studies Contem. Math., 28 (2018), to appear]. In this paper, we drive differential equations from
the generating function of the degenerate Fubini polynomials. In addition, we obtain some identities from those differential

equations.
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1. Introduction

As is well known that the Fubini polynomials Fy, (y) are defined by the generating function to be

ee]

1 _ Z Fu( )ﬂ (1.1)
1—y(e"—1)_n:0 Y '
In the spacial casey =1,
1 > " &t e e tm
T =2 =) Fag=) ) KSnk_—,
n=0 n=0 n=0%k=0

where S;(n, k) denotes the Stirling numbers of the second kind and F,,(1) = F,, are called the Fubini

numbers or the ordered Bell numbers.
From the definition of the generating function of Fubini polynomials, the equation (1.1), we obtain

Toylet—1) Zy et —1)k Z kkv ZZklsznky R (1.2)
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The equations (1.1) and (1.2) indicate that

n

Faly) =) k!Sy(n, ky*.
k=0

For a nonnegative integer n and any real x, the symbol (x). denotes the falling factorials, that is,
xX)o=1, X)n =x(x—1D)(x—2) - (x—n+1).

In [7], Kim introduced A-analogue falling factorials and presented several results regarding it. The A-
analogue of falling factorials are defined as follows:

(KJor =1, (KJna = x(x —A)(x—2A) - (x — (n — 1)A).

The degenerate Stirling numbers of the second kind are given by the generating function

34u+xﬂ%fnk—§is (1)
k! =2 Sk
n==k

It is well known that the Fubini numbers count the number of weak orderings on a set of n elements
[2]. Velleman and Call consider combination locks with a numeric keypad [23]. Pippenger traces the
problem of counting weak orderings to the work of Whitworth [19]. Recently, several authors have
studied Fubini numbers and polynomials (see [3, 5, 18]).

In [1], Carlitz presented degenerate Stirling, Bernoulli, and Eulerian numbers. After Carlitz, a group
of mathematician have studied the degenerate special numbers. For example, degenerate Fubini polyno-
mials are studied in [11], degenerated Bell polynomials in [14], degenerate Cauchy numbers in [20, 21],
and degenerate Daehee numbers in [16, 22]. Lim studied degenerate Gennochi polynomials [17].

In [11], Kim et al. introduced the degenerate Fubini polynomials as follows:

1
1—y((1+At)x —

5= X Pl (1.9

Note that lim_,o Fr, A = Fn(y).
Several recurrence relations and some properties of the degenerate Fubini polynomials are presented,

for example,
n

Faaly) = )y kiSsa(n, k), (1.4)
k=0
where S, (n, k) denotes the degenerate Stirling numbers of the second kind [11].

Recently, many mathematicians have studied special numbers using differential equations. Bernoulli
numbers of the second kind are presented in [9], Frobenius-Euler polynomials are presented in [6], Mittag-
Leffer polynomials are presented in [12], Changhee numbers and polynomials are presented in [8, 10],
and Daehee and degenerate Daehee numbers are presented in [16, 20].

In this paper, we drive differential equations from the generating function of the degenerate Fubini
polynomials. In addition, we obtain some identities from those differential equations.

2. Preliminaries

Throughout this article, for a positive integer N and a function Y, we denote YN for the N-th power of
Y, and Y(N) for the N-th partial derivative of Y with respect to y,

0
N _ 0) _ (N) _ (N—1)
Y Y x xY, YV =Y,Y _ayY .

N-times
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In [4], Jang and Kim presented some identities of Fubini polynomials arising from differential equa-
tions. They showed that the function Y(t,y) = 1*1##*1) satisfies the following differential equation
NY & -
v = 2 (DN R (N) (1 y) Y,
k=0

where ag(N) =1, an(N) = NI, and

N—k i k-1

1
=% 3 S ter s (T
11=0 1,=0 ix=0 j=1
for1<k<N-L

In this paper, the generating function of degenerate Fubini polynomials is used to derive some differ-
ential equations through the differentiation with respect to y.

For any positive integer r, the higher order degenerate Fubini polynomials, denoted by Fn }\
by the generating function to be:

, are defined

1 r_ = od i
(1—y((1+7\t)i—1)> _Z:

Let us consider the case when r = 2.

2 2
1 > tn > th o th
- Fn — | = Fualy)— Fualy)—
(1—9((1+7\t)%—1)> <nZ—o 'A(y)n!> 1220 M(y)b!) (Z M(y)h!) 2.1)

1,=0
o L 1
l tl
= Z Z 2 Fl,_uax(WFua(y) .
l1 12!
1,=0 1, =0
From the previous equation (2.1) the following is obtained naturally.
o0 d( oo 3 2 t13
D Faa =) Z Z ( ) < >F13—12,>\ WFL—uaFuAY) -
n=0 13=01,= 3:
For brevity set ) = 0 and 1, = n. It is not difficult to obtain the following identity
00 alk 0 53 ) n
o i+
S -3 3 3 (T(5)fam) 22
n=0 n=01x_1=0 :

The equation (2.2) yields an explicit formula for higher order Fubini polynomials

Theorem 2.1. For any positive integer k, nonnegative integer n and real A

Z i <1:[ ( Hl) 11+11-1,A(y)>,

Lk—1=0 L=
where 1y =0and 1), =n

In [5], some product of Fubini polynomials are considered. Kargin showed that following identity
holds. N
n
y+1) Y <k> FeW)Fn kW) = Fry1(y) + Fu(y) (n > 0).
k=0
Here we obtain the k-th power of F,, A (y).
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Theorem 2.2. For any positive integer k, nonnegative integer n, and real A,

kn K—1
Z Z Z Ly ! (H 1+1—li)!sz,x(n,liﬂ—u))ylk,
L=01x_1=0 1= i=0

where 1y = 0.

Proof. From the expression (1.4), we get

(Z L!S2a(n, Ly )(Z L!S2a(n, L)y >

1,—0 1,—0
2n 12

= Z Z(12*11)!11!52)\(“,12*11)52)\(“,11)912-
1,=01,=0

Let us assume that

Tl k 2 —
Flly Z Z Z <H i+1 — W)!Soa(m, L —li)>ylk1

lk101k10 11 10

where 1y = 0. Then we have the conclusion as follows:

FE,)\(U) = <Z lk!sz'?‘(n’Lk)ylk>Fﬁ}\l(y)

1,—0
Lok
<Z Soa(m, Ly > < Z Z <H i+1 — L)!S2a(m, Liga —li))ylkl)
=0 =0

kn —
_ Z Z Z Li! <H 1+111)!52,)\(11,11+111)>Ulk- .

lk 01k10 1] i=0

3. Differential equations associated with the generating function of degenerate Fubini polynomials

From now on, we use Y to denote the generating function of the degenerate Fubini polynomials,

1
Y =Y(y,t) = S 3.1
vy 1—y((1+At)x —1) G

By taking derivative with respect to y of (3.1), we get

1 1
Y (1-y((1+A)r —1))2  y(I—y((1+Art)x —1))?
From (3.2), we have
yYM =y2_y. (3.3)
Let us take derivative both sides of (3.3), and then multiply both sides by y, then we have
yY W 4 2y@ — oyyy M) v, (3.4)

By (3.3) and (3.4), we get

y2Y®) =Y Y2 42V (Y2—Y) — (Y2 —Y) = 2Y —3Y% + 2V, (3.5)
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One more time, differentiation of both sides of (3.5) and multiplying both sides by y, then we have:
2y2Y 2 13y —2yvW) _eyyyW 4 eyy2y()
From this, we get

yPY®) = 2y2v@ 4 oyyM _eyvy 4 gyy2y )
= —2(2Y —=3Y? +2Y3) +2(Y2—Y) —6Y (Y2 = Y) + 6Y?(Y2—Y)
= —6Y +14Y%2 —16Y3 + 6Y4.

To obtain YN, assume that

N
yNYN = 3 q (N YR (3.6)
k=0

Let us take derivative of both sides of (3.6), and then multiply by y,
NyNY(N) p yNFTy N+ Z ar(N)(k+1)Ykyy® (3.7)
By (3.3) and (3.7), we obtain

yN+Iy(N+1) NZa Yk+1+Zak )(k+1)Y*(Y2—Y)
k=0
N+1
:—NZak( —I—Zak L(NYKYRH — Zak )(k+1)Yk+! (3.8)
k=0

N
Z (N +k+Dak + ka1 (N)YF = (N+1)ap(N)Y + an 41 (N)(N + 1) Y2,

Substituting N + 1 instead of N in (3.6), then the equation (3.6) becomes
N+1

yN+ly(N+l] — Z ar (N +1)Yk. (3.9)

Comparing coefficients on the both sides of (3.8) and (3.9), we get the following recurrence relations.

ag(N+1) = —=(N+1)ap(N), ans1(N+1) = (N+1an4+1(N),

3.10
ak(N+1)=—=(N+k+1)ax(N)+kax_1(N) for1 <k <N. (3-10)

From (3.3), we know that
ap(1) =-1, a1(1)=1. (3.11)

The recurrence relations (3.10) and initial conditions (3.11) yield the following;:

ap(N) = (—=1)N*FINI, an(N) = NI (3.12)
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Let us observe the recurrence relation ai(N)(1 < k < N) with respect to N in (3.10).
ax(N)=—=(N+k)ax(N—1) +kax_1(N—1)
—(N+k) <—(N +k—1)ax(N—2)+kar_1(N —2)) +kax_1(N—1)
=(N+Kk)(N+k—1)ar(N—2) —k(N+k)ak—1(N—2)+kar_1(N—1)
=(N+Kk)(N+k—1) <—(N +k—2)ax(N—-3)+kax_1(N —3))

—k(N+k)axk_1(N—2)+kar_1(N—1)
= (=1)°(N + k)3ai (N = 3) + k(=1)*(N + k)2a._1(N —3)

“k(N+K)ar_1(N=2)+kap_1(N—=1) (3.13)
= (DN TH(N+ k)N rar(k)
N—k—1
+ Z llkN—i—k)[lak 1(N=11—1)+kax_1(N—1)
L=1
N—k
Z DYK(N+ k) a1 (N—1 —1).
Applying the processing in the equation (3.13) to ax—1(N—1; — 1),
N-l—k
ar-iN=lL—1)= ) (~D2(k-DN-lL+k-2ac2(N-l—1-2).
1L, =0
For brevity set No = N, Ny = N — Z}n:O l; with 1y = 0, then we have
No—k
ax(Nog—0) = > (—=1)"k(No + k), ar_1(Ny — 1),
L =0
Ni—k
a1(Np—1) = Y (—1)2(k—1)(Ny + k—2),ar (N2 —2),
1L, =0
No—k
@ a(Na—2) = D> (1% (k—=2)(Na+k—4),a3(N3—3).
13=0
From (3.12) and ag(Ny — k) = (—1)N=* (N — k)1, we get
kN1 Nk 1— k k
Z Z C Y DN NG =1 ] T(Ns + k=210, (3.14)
=0 1L,=0 =0 i=0

where Ng =N, N; =N — Zm o lm, and lp = 0. We note that the coefficients a (N) are similar to those in

[10].
By (3.9) and (3.14), we obtain the following theorem.

Theorem 3.1. For N € IN, let us consider the following differential equation with respect to y:

N
- Z ax (N)YR+L (3.15)
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where
—kNi—k  N_1—k Kk
Z Z C Y (DN (N = K] (NG + ke —2i)y,
=0 1= 1, =0 i=0
with Ng = N,N; =N — Zin:O lm, Lo =0, and ag(N) = (=1)NTINL Then Y = m is a solution of
—y _
(3.15).

From (1.3), we have

n=0
5 o (E w5
— K!Soa(m, k) | — (3.16)
N Yy 2,A
n=0 ay k=0 n
co mn i
=) D Ny NKIS (k)
n=0k=N
The equation (3.16) yields
o0 n tn
yNYN =3 D (nyKISoa(m k) (3.17)
n=0k=N ’

From the definition of Y, Y**! is the generating function of higher-order Fubini polynomials. The
higher-order Fubini polynomials expressed in (2.2).

N

Z N)YRH = Z ar (N i FS&(kﬂ T:
k=0 k=0 n=0
0 n k n
- Z a(N) ) <Z Z (H <IT1> Flia—ta (y)>> % (3.18)
k=0 1 :

1k—0 ].1 0 Mi=0

n=0
N o n L m
33 3 (I () w5
k=0n=0 1= i=0 1 .

By comparing the coefficients on the both sides in (3.17) and (3.18), we have the following identity.

Theorem 3.2. For any nonnegative integer n, positive integer N, and real A,

n N n L k+1 L
Z( )NU k!Saa(m, k) Z Z Z ax(N) (H < 1f1>Fuul,A(y)>,
k=0 k=0L=0 ;=0 i\ b
where
Kk Np— X
Z Z Z )N Nkk'(Nk—k)!H(Ni-i-k—Zi)li
=0 1= i=0

with Ng =N,N; =N — Zln:() lm, lo =0, and ap(N) = (—=1)N+INL
Now we consider the inversion formula of Theorem 3.1. From (3.3), we have

Y2 =Y 4yyW (3.19)
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Differentiating both sides of (3.19), then multiplying both sides by y, and then applying (3.3), we have
2Y(Y2 —Y) = 2yYW) 442y, (3.20)
Substituting Y +yY) instead of y2, the equation (3.20) becomes
2Y% =2¥2 4 2yY W 422 = 2(Y 4 yYW) 42y YD) 4 42y2) = 2y 4 4yY() 442y ()

Continuing this process, we can set
N
NIYNFL = 3 by (N)yRv (), (3.21)
Let us take differentiate of both sides of (3.20), we have
NI(N +1)YNY! Z b (N (kyle(k) +ka“<+”).

Multiply both sides by y, then we have

(N+1 'YNyY Z bi(N <kyklyy(k) +yk+1y(k+1)>

N
— Z b (N)ky Y 4 3 by (N)y Ty (kD) (3.22)

Since yYM) = Y2 Y, the equation (3.22) becomes
N+1
(N+1)IYN+F2 = (N +1) Zbk +Zbk ey Y™ 4 3 by g (N

3.23
- Z((N +k+ 1)bk(N)+bk_1(N)gk>v(kJ G239
k=1

+ (N +1)bo(N)Y + b (N)yN Iy (N+D),
Substituting N + 1 instead of N in (3.21),

N+1
(N4 DIYNF2 = 3 b (N4 Dy*y™. (3.24)
k=0
Comparing the coefficients between (3.23) and (3.24), we get

bo(N+1) = (N+1)bo(N), bny1(N+1) =bn(N),

3.25
br(N+1) = (N+k+1)be(N) +br_;(N) for1>k > N. (3.25)

From (3.25) and bg(0) = by(1) = 1, we note that

bo(N) =N!, bn(N)=bn_1(N—=1)=---=Do(0) =1.
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Let us observe the recurrence relation by (N + 1) with respect to N

bi(N+1) = (N+k+1)bx(N)+br_1(N)

=(N+k+1) ((N + k)b (N—1) +br_1(N— 1)) + bx_1(N)

= (N +k+1)2<(N +k—1)br (N —2) +br_1(N —2)>

1(N—=1) +bx_1(N)
(N +k+ 1)2bk_1(N *2)
1(N—=1) +br_1(N).

+(N+k+1)by_
= (N+k+1)3bk(N—2) +
+(N+k+1)by_

Continuing this process, we have

br(N+1) = (N+k+1)n_kr1bi(k

N—k+1

= )  (N+k+1)ybeg(N=1).

L=0

The recurrence relation (3.26) yields, for any positive integer N and nonnegative integer k,

N—-k

N—-k

L =1

)+ D> (N+k+1)be 1 (N=1y) + b1 (N)

bi(N) = > (N+K)b 1 (N=1 —1).

1,=0
From (3.27), we get

N—1;—k

beogt(N=L—1)= > (N=L+k-2),bo(N-1—1,-2),

1,0
N—l—l—k
by o(N—=1 -1, —2) = Z
150

(N—1L —l+k—4) bk 3s(N=-1L -1 —13-3),

k k
bo(N= ) 1Li—k) = (N—Zli—k>!.
i=1 i=1

By substituting sequentially by, we obtain

—k Np— Ny 1—k

ZZ - ) (Ni—k!

=0 1,=0 lxk—1=0

where

i
—Zlm, Nog=N, andl,=0.

By (3.21) and (3.28), we get the following theorem.

Theorem 3.3. For N € N, let us consider the following differential equation with respect to y:

N
> bi(N
k=0

N!YN+1 —

(3.26)

(3.27)

(3.28)

(3.29)
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where
lesz— Nk 17 k—1
“X X3 e (H(NH—k—Zi)li)
=0 1,=0 lx_1=0 i=0
with .
1
Ni=N-=Y 1ln, No=N, and |y =0.
m=0
Then Y = ——L—— is a solution of (3.29).
1y ((1+At) X 1)
From (3.17), we know that
o0 n tn
Yy =3 (m)ny™miSya(n,m)—,
n=0m=k
and
N N o n n
2 bMNyY =3 3 3 bi(N)(m)iy™miSya(n,m)—. (3.30)
k=0 k=0n=0m=k )

From Theorem 2.1, we have

[} N
= Z FS&(N Z Z Z (H ( 1+1>Fli111)\(9)>::' (3.31)
n=0 n=01y_1=0  L,;=0 “i=1 :

By (3.30) and (3.31), we have the following theorem.

Theorem 3.4. For any nonnegative integer n and positive integer N,

%) n 00 n 1, N
S Y bN)mhytmSsamm =Y Y z(n() Hil,x(y)),

n=0 m=0 n=01y_1=0 1;=0 ‘i=1
where
Ni—k No— Ni_1—k k—1
Z Z Oy (Ne—k (H(Ni+k—21)1i>
=0 1,=0 li_1=0 i=0
with .
1
Ni=N=> 1ln, No=N, and ly =0.
m=0
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