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Abstract

We consider a class of second-order impulsive Hamiltonian system with indefinite linear part. By using saddle point
theorem in critical point theory, an existence result is obtained, which extends and improves some existing results.
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1. Introduction

Consider the following second-order impulsive Hamiltonian system with indefinite linear part

Y — Al = TR (O], Le 0Nt tn)
u(0) =u(l) =0,u(t) = (f), -,m, (1.1)
() —u(t;) = Lu(t),i=1,

where A € C([0,1], RN*N) is a continuous map with values in the space of N x N symmetric matrices,
ueRY,F:(0,1) xRN 5 Risa Carathéodory function, I; are continuous functions on RN, and

u(tf) = hij u(t), u(tf) = hmx u(t).

When A(t) = 0 and u(t) is defined in (0, 1) with values in R, (1.1) reduced to the following impulsive
problems

1i(t) = —VF(t,u(t)), te [0, 1]\{ty, tp, - ,tm},
u(0) =u(l) =0,u(t) =u(t;),i=1,---,m, (1.2)
u(tf) —u(ty) = Liult)),i=1,
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Impulsive problems arise naturally in real world. As we know, many mathematical models involve
impulses. Since impulsive problems are important in real world, many researchers have extensively
studied the theory and applications of impulsive differential equations, see [2, 4, 5, 8, 11] for more details.
In recent years, variational methods have been widely used to study Hamiltonian system and impulsive
problems, see [1, 3, 6, 7, 9, 12-17] and references therein. In [7], Kyritsi and Papageorgion investigated
problem (1.2) and obtained an existence result by using Morse critical groups. In [1], Agarwal, Bhaskar
and Perea studied problem (1.2)) via Morse theory and got some results. Later, Wang and Wang [13]
obtained an existence result for problem (1.2) under some conditions on VF(t,u(t)) by using saddle point
theorem, which extends and improves the results in [1] and [7].

Motivated mainly by [1, 7, 13], we consider problem (1.1) with indefinite linear part by saddle point
theorem and obtain an existence result, which seems not to be considered previously. For convenience,
C; denote different positive constants in the following.

Suppose the following hypotheses hold:

(H1) VF(t,u) is asymptotically piecewise linear and

m—+1

VFtLw = Y axi(thutgltu),
i=1

where ay,...,am11 € R,

- 1, te (ti—l/ti)/
Xi(t) = { 0, te (0,1)\(ti_1,t1)

is the characteristic function of the subinterval (t;_1,ti) and there are r € (1,2) and two positive constants
C7 and C; such that

lg(t,u)] < Cilu[" ' 4+ C, forae.te[0,1] and all u € RN, (1.3)

(H2) There are positive constants C3, C4 and p > 2 such that
(wLi(w) = Caut—CyVueRN,i=1,2,...,m. (1.4)
We only consider the nonresonant case, where for alli € {1,--- , m+ 1}, a; is not in the set
=AM 0o< A <A < <AL 5 oo, k=1,2,..
of the eigenvalues of the problem

{— i(t) + Alt)u(t)
(tic1) = u(ty) =

The main result is the following.

Theorem 1.1. Assume that (H1) and (H2) hold, and a; ¢ L for i =1,2,...,m+ 1, then problem (1.1) has one
nontrivial homoclinic solution.

= () (1 1,4 )/
0,i=1,---,m+1,

2. Preliminaries
Let W be the Sobolev space defined by
W =WpZ.((0,1),RY) = {ue W((0,1), RN) : u(0) = u(1)}

per

with the inner product

1
(w,v) = JO [(w(t), (1)) + (A(thu(t), v(t))] dt.

The (compact) embedding of WL2((0,1),RN) into C([0,1],RN) shows that this definition makes sense. It
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is easy to see that weak solutions of problem (1.1) coincide with the critical points of the C!-functional

1 1 1
cp(u)zzj (0P + (A(u(t), w(e)] e | ¥t dt—ZI ), wew,

0

where I ( fo s)ds. Since every L(0)=0fori=1,2,...,m, the closed linear subspace
N={ueW:u(t;)=0,1=1,2,...,m}

is important here. Fori=1,2,...,m, the mapping W RN, u s u(ti) is a bounded linear functional on
W and hence there is a unique w; such that u(ti) = (u, w;) by the Riesez-Frechet representation theorem.
In fact,
(1—t)t, tel0,ty],
wilt) = { ti(1—t), te ft, 1. 2.1)
Since t; are distinct, w; are linearly independent, so N is the orthogonal complement of the m-dimensional
subspace M that they span. Hence we have the orthogonal decomposition

W:N@M, u=v+w,

and
1 1

ol = | (MR + (AL, (0] de+ % J, Ivter? + (Atwie), wie)] ot
1 (2.2)

J dt—ZI t), weW.

0

By (2.1), each w € M is affine on the submtervals [ti—1, ti]. Since the space of continuous functions on
[0,1] that are affine on these subintervals and vanish at the endpoints is also m-dimensional, hence M is
precisely this space. Then we also have

max [w(t)] = max [w(ti)l, VweM,
t€l0,1] i=1,.m

and this is an equivalent norm on this finite dimensional space.
The subspace N has the decomposition

m—+1 m—+1

N = @Ni, v = ZW’
i=1 i=1

where N; = W12((t;_1,t1), RN), vi = xiv. Combining this with (2.2) gives
m+1 .t

i 1
olw) = 5 [Z [, w002+ At vioar] + 3 | IR + Apwie), wio)] e
i=1 Yt
1 m
— JO F(t,u(t))dt — Z fi(w(ty) (2.3)
1 1
= S IV + 2wl - J dt—ZI ulty), wew.

The following lemma is saddle point theorem, wh1ch comes from [10] and is useful in the proof of our
theorem.

Lemma 2.1 ([10]). Let E = V& X, where E is a real Banach space and V # {0} is finite dimensional. Suppose
I € CY(E, R), satisfies (PS)-condition and

(i) there is a constant « > 0 and a bounded neighborhood B of 0 in V such that I3p < «, and

(ii) there is a constant 3 > o such that I|x > .
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Then 1 possesses a critical value ¢ > 3. Moreover ¢ can be characterized as

¢ = inf maxI(h(u)),
hel ueB

whereT ={h € C(B,E)|h =1id on 9B}.

Recall that I satisfies (PS)-condition if every sequence {u,} in W such that I(u,) is bounded and
I'(un) — 0 as n — oo has a convergent subsequence.

3. Proof of the main theorem

Proof of Theorem 1.1.  Firstly, we prove that the functional ¢ satisfies (PS)-condition. Let {u,} C W satisfy-
ing @'(un) — 0as n — oo and @ (uy) is bounded. We will show that {u,} has a convergent subsequence.

From (H1), we have
m+1

1
Flt,u) = Zl Saixi(tiuf + Gt u), (3.1)

where G(t,u) = [} g(t, s)ds satisfies
IG(t,u)] < Cslul"+ C¢ forae.te (0,1)and all u € RN, (3.2)

where Cs and Cg are positive constants. From (2.3) and (3.1), we have

1 m+1 ., 5 5 1 ) m+1 t; 5
olu) =5 [; Ll(vi(tn —a (PN + | ho(t)Pat > J, o dt]
m+1 1 1
— Z alj (vi(t), w(t))dt+ 5 L (A(t)w(t), w(t))dt

m+1 t; 1
ZZJ )i(t))dt—J dt—ZI w(ti)), uew.

0
From (H2), there exist two positive constants C; and Cg such that
Li(w>Cu*—Cs, YueRN,i=1,2,...,m. (3.3)

Let Jo be the set of those i for which a; < 7\i1 andlet]; ={1,...,m+1}\Jo. Foreachi € J, A}li <ap< 7\’;1 1
for some n; > 1, and we have the decomposition

Ny =N PNy, vi =v{ +v,

where N; is the ni-dimensional subspace spanned by the eigenfunctions of A},..., Al and N{ is its
orthogonal complement. Then, we have

ow) =5 {ZJ

ti_
0 i-1

ty t
(0 — ashltPide+ [ (97 (0R — aihv] (0Pt

iy vt

ty 1 m+1 t;
+3 | P 0P | wioPde- Y o] he(oPar

igJ; Yt i=1 ti
m+1 t; 1

() wltDdt+ 5 | (AW, wit)dr
0
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y A at + 1 AV () v
+§ LH( (thvi(t), vi(t)) t—i-z%J't( (t)vi (), v{ (t))dt

ti 1 — 7
Y [0 awvwra | Gt u(t)d—3_Tiwito)

ie]y tia 0
for
u=Y vi+) (v +v))+we PNia@P N N aM.
ieJo i€y i€Jo ieh
We have
rti Crt
(s (OP + (At vl > A ws(Pa, Le o
Jtiq ti—
rti . 1 ti
(0 (P + (A()vi (1), vi (1)) dt = AL +1J v (t)Pdt, ey,
Jtig tia
rty . ty
(V7 (O + (A(t)vy (1), v (1))dt < AhiJ v ()2dt, i€ Ty,
Jti g tig
hence, we have
r\ti
(M ()P + (A(t)vi(t), vi(t)) — ailvi (D)F)dt = ci|vil? 1 € Jo,
Jtig
ty
(D (P + (A()vi (1), v (1) — aivi (D)) dt = ¢ v i€ Th,
Jtiq
nti’
Wy (OF + (A(t)vi (1), v (1) — aibvy (DP)dt < —c |lvill% 1€ Th,
Jtig

where the constants

max{aj, 0

-1 {_1, }, To,
A

a; a;
+ i — i .
¢ =1—— , o =——1,1€]q,
1 1

A:lf+1 A%H

are all positive. Referring to the decomposition (3.4), write

Un = :E:.\H1i +_ zz:_(\qti #‘\ﬂ;i) _F Wn, ilTL = :E:_lei 4_ :E:_(\ﬂti _ v;{i) — Wn.

i€]o i€ i€)o i€
Then, we have
ty
(0'(wn)tn) = 3 | (0P — aoms (0Pt + 3 J —avi(0P)dt
i€]o ti ie]y
m+1 t
- Zj ailv;i(t)z)dt—J WalOPdt+ Y e[ (o)
ie]y i=1 tig
1
12y alj (V8w (0)dt+ | (A(twn (1) wa(t)dt
ie]; tizg

+ 3| At vt 3| A v o)
igfo Ut ieJ, Yt

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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s 1
- ZI J, A0 0= ), aar

_Z Wn tl Wn(ti))/

From ¢’(u,) — 0asn — oo, (1.3), (1.4), (3.5), (3.6), (3.7) and (3.8), we have

D cillvnill®+ 3 (ef vl + e v +C3Z|Wn ty)["

i€]p ie]; i=1
2 — —14 _
s(wnll® + D IVallwall + [l [an | + 8nl + 1),
i€
where Cg is a positive constant. Since max; [w(t;)| defines an equivalent norm on M, p > 2, ||tn | = |[un||,

and r < 2, the boundedness of
2 2 2 2
[unll =D Ivnil®+ D (VI + v D) + [wall
i€)o ie]y

follows. That is ¢ satisfies (PS)-condition.
Next, we will apply saddle point theorem to the splitting

— (@Mi@M) - (@M@@N?) =W e W,.

i€y i€]o i€

For u = Zieh N +w e Wy, from (3.2), (3.3), (3.5), (3.6) and (3.7), we have

ti
> J (v (OF = @i (O + (Al (1), vi (1)) dt

i€ ti

m+1 t;

1 1
+J (A(t)w(t),w(t))dt—l—J Ww(t)Pdt— ) aiJ'

0 0 Pt tig

—ZaiJ 1

(vi (1), w(t))dt— J G(t,u(t))dt— Z fi(w(ty)
i€ tia i=1

0
1 m
< S IR = Co X (e Collwl + 3 vyl + 1)
i€]; i=1 i€e]

lw(t) |2dt]

ty

Since max; [w(ti)| defines an equivalent norm on M, p > 2, and r < 2, it follows that ¢(u) — —oo as
lul|?> = ey [vi][>+|[w]||> = cc. On the other hand, for u = 2icj Vit 2iep v € Wy, from (3.2), (3.5),

(3.6) and (3.7), we have

ty
olu) =5 {Z [ 09600~ s (07 + (Al (0, we(e) e

i€Jo tig

1
+y J —aivi (1P + (A(t)v?(t),vi(t)))dt] —J G(t, u(t))dt

i€l 0

1
2 {Z cillvill®+ D C?"izl — Cro(fluf" +1).

i€]p ie]y

Since r < 2, it follows from (3.9) that ¢(u) is bounded below on W,. Thus, @(u) has a critical point by

Lemma 2.1. Then problem (1.1) has at least one solution.
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