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1. Introduction

In this paper we present coincidence principles for multimaps. We present two approaches. The
first approach is based on the new notion of ®-essential and d-®-essential maps (see [1, 3-5]) and the
second approach is based on the notion of extendability (see [2]). The arguments presented are based on
a Urysohn type lemma and homotopy type arguments.

2. Continuation principles

Let E be a completely regular topological space and U an open subset of E.
We consider classes A and B of maps.

Definition 2.1. We say F € A(U, E) (respectively F € B(U,E)) if F: U — 2F and F € A(U, E) (respectively
F € B(U, E)); here 2F denotes the family of nonempty subsets of E.

In this section we fix a ® € B(U, E).

Definition 2.2. We say F € Ay (U, E) if F € A(U, E) with F(x) N ®(x) = () for x € dU; here dU denotes the
boundary of U in E.
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Definition 2.3. Let E be a completely regular (respectively normal) topological space, and U an open
subset of E. Let F,G € Aau(U,E). We say F = G in Ayy (U, E) if there exists a map H : U x [0,1] — 2F
with H(.,n(.)) € A(U, E) for any continuous function n : U — [0, 1] with n(9U) = 0, Hy(x) N @ (x) = 0 for
any x € U and t € [0,1], Hy = F, Hy = G and {x € U: ®(x) NH(x,t) # 0 for some t € [0,1]} is compact
(respectively closed); here H(x) = H(x, t).

Definition 2.4. Let F € Ayy(U,E). We say F : U — 2F is ®-essential in Aau(ﬁ E) if for every map
] € Ayu(U, E) with Jlgu = Flou and | = Fin Ay (U, E) there exists x € U with J(x x) # 0.

Theorem 2.5. Let E be a completely regular (respectively normal) topological space, U an open subset of , and let
F € Asu(U, E) be @-essential in Aau(U. E). Suppose there exists a map H : U x [0,1] — 2F with H(.,m(.)) €
A(U, E) for any continuous function n : U — [0,1] with n(dU) = 0, ®(x) NH(x) = 0 for any x € dU
and t € (0,1], Hy = F, and {x € U: ®(x) NH(x,t) # 0 for some t € [0,1]} is compact (respectively closed). In
addition assume

{ if w: U — [0,1] is any continuous map with u(oU) =0, then 2.1)

{x e U:0+# ®(x) NH(x, tu(x)) for some t € [0,1]} is closed.
Then there exists x € U with ®(x) N Hy(x) # 0; here Hy(x) = H(x, t).

Proof. Let
D= {x € U:d(x)NH(x,t) #0 for some t € [0,1]}.

Notice D # () since F is ®-essential in Ayy (U, E) (note from (2.1) that F = F in Aay (U, E)). Also D is
compact (respectively closed) if E is a completely regular (respectively normal) topological space. Note
DNAU = (note Hy = F so for t = 0 we have ®(x) N Hy(x) = 0 for x € oU since F € Ayy (U, E)). Thus
there exists a continuous map p : U — [0,1] with u(dU) = 0 and p(D) = 1. Define ] : U — 2F by
J(x) = H(x, u(x)). Note ] € Agu(U,E) with Jlagu = Flau (note if x € oU then J(x) = Ho(x) = F(x) and
J(x) N ®@(x) = F(x) N ®(x) = (). We now claim

J=Fin Agu(l, E). (2.2)

If the claim is true then since F is ®-essential in Agy (U, E) then there exists a x € U with J(x) N ®(x) # ()
(ie, Hyx)(x) N ®(x) # 0), and thus x € D so u(x) =1 and as a result H;(x) N ®(x) # 0.

It remains to show (2.2). Let Q : U x [0,1] — 2F be given by Q(x,t) = H(x, tu(x)). Note Q(.,n(.)) €
A(U, E) for any continuous function 1 : U — [0, 1] with n(dU) = 0 and (see (2.1) and Definition 2.3)

{xeU:0+#£0(x)NQ(x,t) = ®(x) NH(x, tu(x)) for some t € [0,1]}

is compact (respectively closed). Note Qo = F and Q; = J. Finally if there exists a t € [0,1] and x € oU
with @(x) N Q¢(x) # 0 then ®(x) NHyy(x)(x) # 0 sox € D, and so u(x) =1, ie, @(x) NHe(x) # 0, a
contradiction. Thus (2.2) holds. O]

Remark 2.6. Suppose we change Definition 2.4 as follows. Let F € Ay (U, E). Wesay F: U — 2F is
®-essential in Ay (U, E) if for every map | € Apu(U,E) with Jlou = Flou there exists x € U with
J(x) N @(x) # 0. The argument above (note (2.2) is not needed) yields the following result. Let E be a
completely regular (respectively normal) topological space, U an open subset of E and let F € Ayy (U, E)
be ®-essential in Aay (U, E). Suppose there exists a map H : U x [0,1] — 2F with H(.,n(.)) € A(U, E) for
any continuous function n : U — [0,1] with n(oU) = 0, ®(x) N H¢(x) = @ for any x € dU and t € (0, 1],
Ho = F and {x € U:d(x)NH(x,t) # 0 for some t € [0, 1]} is compact (respectively closed). Then there
exists x € U with ®(x) N Hy(x) # 0; here H¢(x) = H(x, ).

Again we consider the map F: U — 2E. In our (quite abstract) result we will assume that we have a
homotopy extension type property (i.e., a H: E x [0,1] — 2F with Hl; = F).
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Definition 2.7. We say F € A(E,E) if F: E — 2F and F € A(E, E).

Definition 2.8. Let E be a completely regular (respectively normal) topological space. If F,G € A(E,E),
then we say F = G in A(E, E) if there exists a map A : E x [0,1] — 2F with A(,n(.)) € A(E,E) for any
continuous functionn : E — [0,1], A1 = G, A9 = F (here A¢(x) = A(x,t)) and {x € E: ®(x) NA(x,t) #
() for some t € [0,1]} is compact (respectively closed).

We now fix a ® € B(E, E).

Theorem 2.9. Let E be a completely regular (respectively normal) topological space and U an open subset of E.
Suppose there exists a map H : E x [0,1] — 2F with H(.,n(.)) € A(E,E) for any continuous functionn : E —
0,1] and with ®(x) NH(x,0) = 0 for x € E\U, and ®(x) NH¢(x) = 0 for any x € dU and t € [0,1], and
{x € E: O(x)NH(x,t) # 0 for some t € [0,1]} is compact (respectively closed). In addition assume the following
hold:

forany J € A(E,E) with ] = Hg in A(E, E) there exists x € E with ®(x) N]J(x) # 0, (2.3)
{x € E\U: H¢(x) N D(x) # 0 for some t € [0,1]} is closed, (2.4)

and

{ if w: E — [0,1] is any continuous map with w(U) = 1, then 25)

)
{x € E: 0 # O(x)NH(x, tu(x)) for some t € (0,11} is closed.
Then there exists x € U with ®(x) N Hy(x) # 0); here H¢(x) = H(x, t).

Proof. Let
D ={x € E\U: ®(x) NH¢(x) # 0 for some t € [0,1]}.

We consider two cases, as D # () and D = ().

Case (i). D = 0.
Then for every t € [0,1] we have ®(x) NH¢(x) = 0 for x € E\U. Also from H; = Hp in A(E, E) and (2.3)
we know there exists y € E with ®(y) NHq(y) # 0. Since ®(x) N Hy(x) = 0 for x € E\U we deduce that
y € U, and we are finished.

Case (ii). D # ().
Now (note H; = Hp in A(E,E) and (2.4)) D is compact (respectively closed) and D N'U # () (since
O(x)NHe(x) = 0 for x € 0U and t € [0,1]). Then there exists a continuous map p : E — [0,1] with
1(D) =0 and p(U) = 1. Define a map R: E — 2F by

R(x) = H(x, u(x)).
Now R € A(E,E). In fact R = Hy in A(E, E). To see this let Q : E x [0,1] — 2F be given by
Q(x,t) = H(x, tp(x)).
Note Q(.,n(.)) € A(E, E) for any continuous functionn : E — [0, 1], and (note (2.5) and H; = Hp in A(E, E)),
{xeBE: 0d(x)NQ(x,t) = O(x) NH(x, tu(x)) # 0 for some t € [0, 1]}

is compact (respectively closed). Also O; = R and Qg = Hy.

Now (2.3) guarantees that there exists x € E with ®(x) NR(x) = ®(x) N Hy ) (x) # 0. If x € E\U
then since x € D we have () # ®(x) NH(x, u(x)) = ®(x) N H(x,0), a contradiction. Thus x € U and so
0 # O(x)NH(x, u(x)) = ©(x) NH(x, 1). O

Remark 2.10. In Definition 2.8 and in the statement of Theorem 2.9 we could replace, any continuous map

n: E — [0,1], with any continuous map 1 : E — [0, 1] with n(U) = 1.
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We now show that the ideas in this section can be applied to other natural situations. Let E be a
Hausdorff topological vector space (so automatically a completely regular space), Y a topological vector
space, and U an open subset of E. Also let L : dom(L) C E — Y be a linear single valued map; here dom(L)
is a vector subspace of E. Finally T : E — Y will be a linear single valued map with L+ T :dom(L) — Y a
bijection; for convenience we say T € Hy (E,Y).

Definition 2.11. Wesay F € A(U,Y; L, T) (respectively F € B(L, Y;L, T))if F: U —2Yand (L+T) "} (F+T) €
A(U, E) (respectively (L+ T)"Y(F+T) € B(U,E)).

We now fixa ® € B(W,Y;L, T).

Definition 2.12. We say F € Ay (U, Y;LT)if F € A(W,Y;L,T) with (L+T)"YF+T)(x) N (L+T)"1 (D +
T)(x) = 0 for x € oU.

Definition 2.13. Let F,G € Ayu(W,Y;L,T). We say | F = Gin Ayu(U,Y;L,T) if there exists a map H :
U x[0,1] — 2Y with (L+T)"(H(.,m(.) —|—T( )) € A(U, E) for any continuous function 1 : U — [0, 1] with
nEW =0, L+ T) I (He+T)X)N(L+T) YD +T)(x) =0 forany x € dU and t € [0,1], H; =F, Hy = G
and

{xeU: (L+T) HO+T)(x)N(L+T) ' (He¢+T)(x) # 0 for some t € [0,1]}

is compact; here H¢(x) = H(x, t).

Definition 2.14. Let F € Ay (U, Y;L, T). We say F is L-®-essential in Aay (U, Y;L,T) if for every map
J € Agu(W,Y;L,T) with Jlau = Flou and | = Fin Ay (U,Y; L, T) there exists x € U with (L +T)7(J +
)N (L+T) YD+ T)(x) # 0.

Theorem 2.15. Let E be a topological vector space (so automatically completely regqular), Y a topological vector
space, U an open subset of E, L : dom(L) C E — Y a linear single valued map, and T € Hy(E,Y). Let
F € Apu(W,Y;L,T) be L-®-essential in Ayu(U,Y;L,T). Suppose there exists a map H : U x [0,1] — 2Y
with (L+T)"YH(,n(.) —|—T( ) € A ﬁ E) for any continuous function n : U — [0,1] with n(dU) = 0, (L +
T Y He+T)x)N(L+T) (D +T)(x) =0 for any x € dU and t € (0,1], Hyg = F (here Hy(x) = H(x, t)) and
{xeU: L+T) HO+T)(x)N(L+ T) YHe 4+ T)(x) # 0 for some t € [0,1]} is compact. In addition assume

if w: U — [0,1] is any continuous map with n(dU) = 0, then
xelU:(L+T) Y d+T)(x)N(L+ T)*l(Htu(X) + T)(x) # 0 for some t € (0,11} is closed.

Then there exists x € U with (L+T) Y (H; + T)(x) N (L+T)"H(D + T)(x) # 0.
Proof. Let

D={xelW:(L+T) (D+T)(x)N(L+T) *(He +T)(x) # 0 for some t € [0,1]} .

Note D # () (note F is L-®-essential in Ayy (U, Y;L,T)) and D is compact, D NoU = () so there exists a
continuous map p: U — [0,1] with p(dU) = 0 and p(D) = 1. Define ] : U — 2Y by J(x) = H(x, n(x)). Note
J € Apu(W,Y;L,T) and Jlou = Flau. Also note ] = Fin Ayy (U, Y;L,T) (to see this let Q : U x [0,1] — 2V
be given by Q(x,t) = H(x, tp(x))). Now since F is L-®-essential in Aay (U, Y; L, T) there exists x € U with
L+ T+ )N (L+T) YD +T)(x) #0 (ie., (L —I—T)*l(Hu(X) +T)x)N(L+T) YD +T)(x) # 0), and
thus x € D so u(x) = 1 and we are finished. O

Remark 2.16. Suppose we change Definition 2.14 as follows. Let F € Ay (U,Y;L, T). We say F is L-O-
essential in Aay (U, Y; L, T) if for every map | € Apu (U, Y;L, T) with Jlau = Flou there exists x € U with
(L+T)J+T)x)N(L+T) LD +T)(x) # 0. The argument above yields the following result. Let E be a
topological vector space, Y a topological vector space, U an open subset of E, L : dom(L) C E — Y a linear
single valued map, and T € HL(E,Y). Let F € Apu (U, Y; L, T) be L-®-essential in Ay (U, Y; L, T). Suppose
there exists a map H : U x [0,1] — 2Y with (L+ T)"Y(H(,n(.)) +T(.)) € A(U,E) for any continuous
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functionn : U — [0,1] withn(0U) =0, (L+T) ' (He+T)(x)N(L+T)" 1D +T)(x) = (Z) for any x € oU
and t € (0,1], Hy = F (here H¢(x) = H(x,t)) and {x e U: (L+T) Y (@ +T)(x)N(L+T)~ (Ht +T)(x) #0
for some t € [0, 1]} is compact. Then there exists x € U with (L+T)"!(H; + T)(x) N (L+T)"1(® + T)(x) #
0.

Remark 2.17. If E is a normal topological vector space then the assumption that D (in the proof of Theorem
2.15) is compact, can be replaced by D is closed, in the statement (and proof) of Theorem 2.15 and also
the assumption that

{xeU: (L+T) HO+T)(x)N(L+T) '(H¢+T)(x) # 0 for some t € [0,1]}
is compact, can be replaced by

{xeU: (L+T) MO +T)(x)N(L+T) ' (He +T)(x) # 0 for some t € [0,1]}
is closed, in Definition 2.13.
Definition 2.18. Let F: E — 2Y. Wesay F € A(E,Y; L, T)if (L+T) ' (F+T) € A(E, E).

Definition 2.19. If F, G € A(E,Y;L, T) then wesay F = G in A(E, Y; L, T) if there existsamap A : E x [0,1] —
2Y with (L+T)"Y(A(,n(.)) +T) € A(E, E) for any continuous functionn : E — [0,1], Ay =F, Ag = G (here
At(x) = A(x, 1)) and

xeE: (L+T) (@ +T)(x)N(L+T) (A +T)(x) # 0 for some t € [0,1]}
is compact.
We now fixa ® € B(E,Y;L,T).

Theorem 2.20. Let E be a completely reqular topological vector space, Y a topological vector space, U an open
subset of E, L : dom(L) C E — Y a linear single valued map, and T € Hy(E,Y). Suppose there exists a
map H : E x [0,1] — 2Y with (L—i—T) L(H ( n(.))+T) € A(E,E) for any continuous functionn : £ — [0,1],
L+T) HOo+T)X)N(L+T) 1 (Ho+T)(x) =0 forx € E\U, (L+T) L (He +T)(x)N(L+T) L@ +T)(x) =0
forany x € oU and t € [0,1], and

xeE: (L+T) (@ +T)(x)N(L+T)  (He +T)(x) # 0 for some t € [0,1]}

is compact. In addition assume the following conditions holds:

forany ] € A(E,Y;L,T) with ] = Hp in A(E,Y;L,T) there exists x € E with 2.6)
L+T) 1 J+Tx)NL+T) YD+ T)(x) #0, @.
xeBE\U: (L+T)" Y@ +T)(x)N(L+T) Y (He+ T)(x) # 0 for some t € (0,11} is closed, (2.7)

and

if u: E — [0,1] is any continuous map with w(U) = 1, then
{x e E: (L4+T) MO +T)(x)N(L+T) (Hepx) + T)(x) # 0 for some t € [0,1]} is closed.

Then there exists x € U with (L+T) Y (Hi +T)(x) N (L+T)"1(® + T)(x) # 0; here He(x) = H(x, t).
Proof. Let
D={xeE\U: (L+T) (D +T)(x)N(L+T) " (He +T)(x) # 0 for some t € [0,1]} .

We consider two cases, as D # ) and D = {).
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Case (i). D = 0.

Then for every t € [0,1] we have (L+T) (@ +T)(x) N (L+T)"}(Hy + T)(x) = 0 for x € E\U. Also
from H; = Hpin A(E,Y; L, T) and (2.6) we see there exists y € E with (L+T)" Y@+ T)(y) N (L+T)"1(Hy +
T)(y) # 0. Since D = () we see that y € U, and we are finished.

Case (ii). D # 0.

Now (note Hy = Hp in A(E,Y; L, T) and (2.7)) D is compact, and D N'U # ) (since (L+T) "1 (H +T)(x) N
(L+T) Y@+ T)(x) =0 for x € dU and t € [0, 1]). Then there exists a continuous map p: E — [0, 1] with
u(D) =0 and p(U) = 1. Define a map R: E — 2Y by R(x) = H(x, 1(x)). Note R € A(E,Y;L, T). Also note
R = Hp in A(E,Y;L,T) (to see this let Q : E x [0,1] — 2F be given by Q(x,t) = H(x, tpu(x))). Also Q1 =R
and Qp = Hy.

Now (2.6) guarantees that there exists x € E with ) # (L+T) " Y@ +T)(x)N(L+T) YR+ T)(x) =
L+T) Y d+T)(x)n (L +T)*1(HH(X) +T)(x). If x € E\U then since x € D we have () # (L+T)"1(® +
T)(x)N (L +T)*1(HMX) +T)(x)=(L+T)"HD+T)(x)N(L+T)"1(Hy+T)(x), a contradiction. Thus x € U
andso 0 # (L+T) MO+ T)(x)N(L+T) H{Hyp +T(x) = (L+T) HO+T)(x)N(L+T) HH +T)(x). O

Remark 2.21. In Definition 2.19 and in the statement of Theorem 2.20 we could replace any continuous

map 1 : E — [0, 1] with any continuous map 1 : E — [0, 1] with n(U) = 1.

Remark 2.22. There is an analogue of Remark 2.17 (for normal topological vector spaces) in the statement
of Theorem 2.20 and in Definition 2.19.

3. Generalized continuation principles

Let E be a completely regular topological space and U an open subset of E. Again we consider classes
A and B of maps.

In this section we fix a ® € B(U, E).

For any map F € A(U,E) let F* =TI x F: U — 2YXE with I: U — U given by I(x) = x, and let

d: {(F*)—l (B)} Ui} - Q 3.1)

be any map with values in the nonempty set Q; here B = {(x, ®(x)) : x € U}.

Definition 3.1. Let E be a completely regular (respectively normal) topological space, and U an open
subset of E. Let F,G € Apu(U, E). Wesay F = G in Ay (U, E) if there exists a map H : U x [0, 1] — 2F with
H(.,m(.)) € A(U,E) for any continuous function n : U — [0, 1] with n(oU) = 0, H¢(x) N @ (x) = () for any
xcolUandt € (0,1, H; =F Hy = G and {x e U: (x,®(x)) NH*(x,t) # 0 for some t € [0, 1]} is compact
(respectively closed); here H*(x,t) = (x, H(x,t)) and H¢(x) = H(x, t).

Definition 3.2. Let F € Ay (U, E) with F* = I x F. We say F* : U — 2U%E is d-®-essential if for every
map ] € Apu (U, E) with J* =1 x J and Jlou = Flou and ] = F in Aau (U, E) we have that d ((F*)_l (B)) =
a(0971(B)) # d().
Remark 3.3. If F* is d-®-essential then

0#(F) 1 (B)={xelU:F(x)NB#0 ={xeU: (x,F(x)N(x®x)) # 0},

and this together with F(x) N ®(x) = () for x € 9U implies that there exists x € U with (x, ®(x)) NF*(x) # 0
(i.e., D (x)NF(x) # D).

Theorem 3.4. Let E be a completely regular (respectively normal) topological space, U an open subset of E,
B = {(x,®(x)) : x € U}, d a map defined in (3.1) and let F € Aou(U,E) and F* be d-®-essential (here
F* = I x F). Suppose there exists a map H : U x [0,1] — 2F with H(.,m(.)) € A(U,E) for any continuous
function m : U — [0,1] with n(dU) = 0, He(x) N ®@(x) = 0 for any x € dU and t € (0,1], Hy = F and
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{x e U: (x,®(x)) NH*(x,t) # 0 for some t € [0, 1}} is compact (respectively closed); here H*(x,t) = (x, H(x, 1))
and Hi(x) = H(x, t). In addition assume

if w: U — [0,1] is any continuous map with w(oU) = 0, then
{x e U:(x, ®(x))N(x,H(x, tu(x))) # 0 for some t € [0,1]} is closed.

Let Hf =1 x Hy. Then
a (D (8)) =a((F)7 (B)) # am).

Proof. Let
D= {x eU: (x,®(x)) NH*(x,t) # 0 for some t € [0,1]},

where H*(x,t) = (x,H(x,t)). Notice D # () since F* is d-®-essential. Also D is compact (respectively
closed) if E is a completely regular (respectively normal) topological space and D N oU = (). Thus there
exists a continuous map p : U — [0,1] with p(dU) = 0 and u(D) = 1. Define R, : U — 2F by R, (x) =
H(x, i(x)) and let Rf, = I x R,,. Note R, € Asu (U, E) with Rulou = Flou (note if x € 9U then Ry (x) =
Ho(x) = F(x) and Ry (x) N @ (x) = F(x) N @ (x) = 0).

Next we note since w(D) =1 that

(R’:L)_1 (B) ={xeU:(x,®(x))N(x,Hx nx)) #0} ={xelU: (x,®x))N(x,Hx1) #0} = (HH) ' (B),

SO
a((Ry) ™ B) =a () (B)). (3.2)
Also note R,, = Fin Ay (U, E) (to see this let Q U x [0,1] — 2E be glven by Q(x,t) = H(x, tpu(x))).
As a result since F* is d-®-essential we have d ( ) ( )) # d(0). This together with
(3:2) yields d (M)~ (8)) = a ((F)7" (B)) # d(0). =

Remark 3.5. Suppose we change Definition 3.2 as follows. Let F € Apu(U,E) with F* = I x F. We
say F* : U — 2U*E js d-®-essential if for every map | € Apu(U, E) with J* = Ix ] and Jlou = Flou
we have that d ((F*)_1 (B)) =d ((I*)_1 (B)) # d(0). The argument above yields the following re-

sult. Let E be a completely regular (respectively normal) topological space, U an open subset of E,
B = {(x,®(x)) : x € U}, d a map defined in (3.1) and let F € Aay (U, E) and F* be d-®-essential (here

= I x F). Suppose there exists a map H : U x [0,1] — 2F with H(,,n(.)) € A(U,E) for any con-
tinuous function n : U — [0,1] with n(dU) = 0, H(x) N ®@(x) = 0 for any x € dU and t € (0,1],
Hy = F and {x eU: (x,®(x)) NH*(x,t) # 0 for some t € [0, 1]} is compact (respectively closed); here

H*(x,1) = (x, H(x, 1)) and Hi(x) = H(x,t). Then d ((H5) " (B)) = a ((F) ™" (B)) # d(0).

Remark 3.6. Suppose the following conditions holds (which is common in the literature on topological
degree):

if F,Ge Aau(ﬂ,E) with Flgu = Glgyuand F= G
in Agu(UE), then d ((F) 7 (8)) = a ((6*) (). (3:3)
Then Definition 3.2 reduces to the following. Let F € Ayy (U, E) with F* = I x F. We say F* : U — 2U*E is

d-@-essential if d ((F*)_l (B)) £ d(0).

Next in this paper we use the notion of extendability to establish new continuation theorems.

Definition 3.7. We say F € A(E,E) if F: E — 2F and F € A(E, E).
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We now fix a ® € B(E, E).
For any map F € A(E,E) let F* =[x F: E — 2EXE with I: E — E given by I(x) = x, and let

d: {(F*)*l (B)} Ul = 0 (3.4)

be any map with values in the nonempty set Q; here B = {(x, ®(x)) : x € E}. In our applications we will
be interested in maps F: U — 2F so F* = x F: U — 2Y%E and in this case we consider

a:{(F) 7 Bw Um0,
where By ={(x, ®(x)) : x € U}

Definition 3.8. If F,G € A(E,E), then we say F = G in A(E, E) if there exists a map A : E x [0,1] — 2F
with A(.,n(.)) € A(E, E) for any continuous functionn : E — [0,1], Ay =F, Ag = G (here A¢(x) = A(x, 1))
and {x € E: (x, ®(x)) N A*(x,t) # 0 for some t € [0,1]} is compact (respectively closed); here A*(x,t) =
(%, Alx, 1))

Theorem 3.9. Let E be a completely reqular (respectively normal) topological space, U an open subset of E and d a
map defined in (3.4). Suppose there exists a map H : E x [0,1] — 2F with H(.,n(.)) € A E, E) for any continuous
function n : £ — [0,1] and with ®(x) NH(x,0) = 0 for x € E\U, and ©(x) NH¢(x) = O for any x € oU and
t € [0,1], and

xeE:(x,@(x))N(x,H(x,t)) # 0 for some t € [0,1]}

is compact (respectively closed). In addition assume the following hold:

forany ] € A(E,B) with J* =1 x Jand ] = Hp in A(E, E) we have that
{dQV)Wm>—dU%)Wm)¢dm, 49
{x e E\U: (x, ®(x)) NH*(x,t) # 0 for some t € [0,1]} is closed,
and
if u: E — [0,1] is any continuous map with u(U) =1, then
{ {x € E:0# (x,D(x)) N (x,H(x, tu(x))) for some t € (0,11} is closed; (3.6)

here Hy = 1 x Hg and H*(x,t) = (x, H(x,1)). Let Hf = I x Hy. Then we have

a ((HD ™ (Bu)) = a ((H) ™ (Bu)) # a(b).
Proof. Let
D ={x e E\U: (x,D(x)) NH*(x,t) # 0 for some t € [0,1]},
where H*(x, t) = (x, H(x, t)).
We consider two cases, as D # () and D = ().

Case (i). D = 0.
Then for every t € [0,1] we have ®(x) NH¢(x) = 0 for x € E\U. Also from H; = Hp in A(E, E) and (3.5)
we have

a (M7 (B)) = a((Hs) ™ (B)) # d(0). (37)

Note (Hf)f1 (B) = {x € E: (x,®(x))N(x,Hi(x)) # 0}. Consider y € E and (y, ®(y)) N Hi(y) # 0.
Then y € E and ®(y) NHi(y) # 0. Now since D = () we have y € U and ®(y) N Hy(y) # 0 ie,
y € Uand (y,®(y)) NH}(y) # 0. Consequently (H{)_1 (B) C (H{)_1 (By) and on the other hand it is
immediate that (H}) 1By C (Hf)_1 (B). Thus (H’f)_1 (B) = (H{)_1 (By). It is also immediate that
(Hg) ' (B) = (M) ' (Buw).

Thus (3.7) implies d ((Hf)fl (Bu)=d ((Hg)fl (Bu))) # d(0), and we are finished.
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Case (ii). D # 0.

Note D is compact (respectively closed) and also note D N'U # ) (since ®(x) N H¢(x) = 0 for x € oU
and t € [0,1]). Then there exists a continuous map p : E — [0,1] with u(D) = 0 and p(U) = 1. Define
amap R: E — 2F by R(x) = H(x, u(x)). Note R € A(E,E). In fact R = Hp in A(E,E). To see this let
A E x[0,1] — 2F be given by A(x,t) = H(x, tu(x)). Note A(,,n(.)) € A(E, E) for any continuous function
1n:E —[0,1], and (note (3.6) and H; = Hp in A(E, E)),

{xeE:(x,@(x))N(x,H(x,tr(x))) # 0 for some t € [0,1]}

is compact (respectively closed). Also A; =R and Ag = Hy.
Let R* = I x R. Now (3.5) guarantees that

(R (B)) = ((H5) " (B)) # d(0). (3.8)

Note (R*) 1 (B) ={x € E: (x, ®(x)) N (x, R(x)) # 0}. Consider x € E and (x, ®(x)) N R*(x) # 0. Then x € E
and () # @ (x) NR(x) = ®(x) NH () (x). If x € E\U then since x € D we have () #Z @ (x) N H, (x)(x) = ®(x) N
H(x,0), which is a contradiction. Thus x € U and § # @ (x) NR(x). Consequently (R*)~1 (B) C (R*)~1 (Bu)
and on the other hand it is immediate that (R*)_1 (Bu) € (R*)_1 (B). Thus (R*)_1 (B) = (R*)" !} (By). Also
(Hz) " (B) = (Hg) " (Bu). Thus (3.8) implies

a (R (Bu)) = ((Hy) " (Bu)) # ). (39)

Finally notice (note u(U) = 1) that

(R (Bu) = {x € U: (x, ®(x)) N (x, H(x, 1(x))) # 0}
={xeU: (x,®(x))N(x,Hx 1)) #0 = (H}) " (Bu),

so from (3.9) we have d ((H7) ™" (Bu)) = d ((H;) ™" (Bu)) # a(0). O

Remark 3.10. In Definition 3.8 and in the statement of Theoreg 3.9 we could replace, any continuous map

n: E — [0,1], with, any continuous map n: E — [0,1] with n(U) =1.

Let E be a topological vector space, Y a topological vector space, U an open subset of E, L : dom(L) C
E — Y a linear single valued map, and T € H (E,Y).

We now fixa ® € B(W,Y;L,T).

For any map F € A(LLY;L,T) let F* = Ix (L+T) Y (F+T) : U — 2Y%E with I : U — U given by
I(x) = x, and let

a: {(F*)*l (B)} Ul — 0 (3.10)

be any map with values in the nonempty set O; here B = {(x, L+T) Ho+T)(x):x € H}.
Definition 3.11. Let F,G € Aoy (W, Y;L,T). Wesay F = G in Apu(U,Y;L, T) if there exists a map H :
U x [0,1] — 2Y with (L+T)"Y(H(,n())+T(.)) € A(U,E) for any continuous function n : U — [0, 1] with
nAW) =0, (L+T) Y He+T)(x)N(L+T) YD +T)(x) =0 for any x € dU and t € [0,1], H; =F, Hy = G
and

{xeU: (x, (L+T) 1@ +T)(x)) NH*(x,t) # 0 for some t € [0,1]}

is compact; here Hy(x) = H(x, t) and H*(x,A) = (x, (L+ T)"'(H+T)(x, A)).

Definition 3.12. Let F € Aoy (U, Y; L, T) with F* = I x (L+T)"Y(F+T). Wesay F* : U — 2UXE jg q-1-@-
essential if for every map ] € Apu (U, Y;L,T) with J* = I x (L+T)"}(J+T) and Jlou = Flou and ] = F in
Asu(W,Y;L, T) we have that d ((F*)_1 (B)) =d ((]*)_1 (B)) # d(0).
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Theorem 3.13. Let E be a Hausdorff topological vector space, Y a topological vector space, U an open subset of E,

B={(x(L+T) H®+T)(x)):xe U}, L:dom(L) C E — Y a linear single valued map, T € Hi(E,Y), d a

map deﬁned in (3.10), and let F € Agu(U,Y; L, T) and F* be d-L-®-essential (here F* = 1 x (L+T)~1(F+T)).

Suppose here exists a map H : U x [0,1] — 2Y with (L+ T)~'(H(.,n(.)) —l— T()) € A (U, E) for any continuous

functionm : U — [0,1] withn(dU) =0, (L+T) Y H¢+T)(x) N (L+T)"H(® +T)(x) = 0 for any x € dU and
€ (0,1], Hy = F, and

{xeU: (x, (L+T) 1@+ T)(x)) NH*(x, t) # 0 for some t € [0,1]}
is compact; here Hy(x) = H(x, t) and H*(x,A) = (x, (L+T)"Y(H+ T)(x,A)). In addition assume

if w: U — [0,1] is any continuous map with w(oU) = 0, then
xel: (x,(L+T)"HD+T)(x)N(x, (L+ T)_l(Htu(X) +T)(x)) # 0 for some t € [0, 1]} is closed.

Let Hf =1 x (L+T)"Y(Hy +T). Then
a ()™ (B) =a((F) 7" (B)) #d(0),

Proof. Let
D={xeU:(x,(L+T)(®+T)(x)) NH*(x,t) # 0 for some t € [0,1]},

where H*(x,A) = (x,(L+T)"}(H+T)(x,A)). Notice D # ), D is compact, and D N dU = (. Thus
there exists a continuous map p : U — [0,1] with p(dU) = 0 and u(D) = 1. Define R, : U — 2Y by
Ru(x) = Hlx, u(x)) = Hy(x)(x) and let R}, = I x (L+T)_1(RH+T). Note R, € Apu(W,Y;L,T) with
Rulau = Flau (note if x € 0U then R, (x) = Ho(x) = F(x) and Ry (x) N ®(x) = F(x) N ®(x) = 0).

Next we note, since u(D) = 1, that

(R 'B)={x e U: (x, (L+T) (@ +T)(x)) N (x, (L+T) " (Hypx) + T(x)) # 0}
={xeU: (x,(L+T) YD+ T)(x)Nx, (L+T)! (H1+T)( ) #0} = (H7) "' (B)
and so
d ((Rg)*1 (B)) —d ((H{)*l (B)) . (3.11)
Alsonote Ry, = Fin Ay (U, Y; L, T) (to see this let Q U x ] —2Y be given by Q(x,t) = H(x, tu(x))).
As a result since F* is d-L-®-essential we have d (( ) (B ) ((F*)*1 (B)) # d(0). This together with
(3.11) yields d ((H;)‘1 (B)) —d ((F*)*1 (B)) £ 4(0). O

Remark 3.14. Suppose we change Definition 3.12 as follows. Let F € Asu(W,Y;LT) with F* = I x (L+
T)"YF+T). Wesay F* : U — 2U*E j5 d-[-®-essential if for every map ] € Apu(W,Y;L,T) with J* =
Ix (L+T)"Y(J+T) and Jlau = Flou we have that d ((F*)_1 (B)> =d ((]*)_1 (B)> # d(0). The argument
above yields the following result. Let E be a Hausdorff topological vector space, Y a topological vector
space, U an open subset of E, B = {(x,(L+T) Y (®+T)(x)):x €U}, L : dom(L) C E — Y a linear
single valued map, T € HL(E,Y), d a map defined in (3.10) and let F € Apyu (W, Y;L, T) and F* be d-
L-@-essential (here F* = I x (L4 T)"Y(F4T)). Suppose here exists a map H : U x [0,1] — 2Y with
(L+T) Y H())+T() e A(U, E) for any continuous function n : U — [0,1] with n(dU) = 0, (L +
T Y H+T)x)N(L+T)" YD +T)(x) =0 for any x € 0Uand t € [0,1], H; =F, Hp = G and

{x eU: (x,(L+T) 1@+ T)(x)) NH*(x,t) # 0 for some t € [0,1]}

is compact; here H¢(x) = H(x,t) and H*(x, A) = (x, (L+T) Y (H+T)(x,A)). Let Hf =1x (L+T) Y (Hy+T).
Then d ((H;) " (B)) = d ((F) 7" (B)) # d(0)
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Remark 3.15. Suppose the following condition holds:

if F,G e Ayu(W,Y;L, T) with Flagu = Gloy and F= G
in Agu (W, Y;L,T) then d ((F*)*l (B)) —d ((G*)*l (B)) .

Then Definition 3.12 reduces to the following. Let F € Apy (U, Y; L, T) with F* = I x (L+T) "} (F+T). We
say F* : U — 2UXE s d-L-®-essential if d ((F*)*1 (B)) £ d(0).

Remark 3.16. If E is a normal topological vector space then the assumption that D (in the proof of Theorem
2.15) is compact, can be replaced by D is closed, in the statement (and proof) of Theorem 3.13 and also
the assumption that

{xeU: (x, (L+T) 1@+ T)(x)) NH*(x,t) # 0 for some t € [0,1]}
is compact, can be replaced by
{xeU: (x, (L+T) 1@+ T)(x)) NH*(x,t) # 0 for some t € [0,1]}
is closed, in Definition 3.11; here H*(x,A) = (x, (L+T) "1 (H+T)(x,A)).
We now fixa ® € B(E,Y;L,T).
Definition 3.17. Let F: E — 2Y. Wesay F € A(E,Y;L, T)if (L+T)"'(F+T) € A(E, E).

Foranymap F € A(E,Y;L,T)let F* =Ix (L+T) Y (F+T): E — 28%E, with 1: E — E given by I(x) =x,
and let

d: {(F*)*l (B)} U} — Q (3.12)

be any map with values in the nonempty set Q; here B = {(X, (L+T) HD+T)(x)):x € E}. In our

applications we will be interested in maps F: U — 2Y so F* = I x (L+T) 1[F+T]: U — 2U%F and in this
case we consider

a:{(F) 7 Bwum - O,
where By = {(x, (L+T)"{(®+T)(x)) : x € U}.

Definition 3.18. If F, G € A(E,Y;L, T) then we say F = G in A(E, Y; L, T) if there existsamap A : E x [0,1] —
2Y with (L+T)"Y(A(,n(.)) + T) € A(E, E) for any continuous functionn : E — [0,1], A; = Fand Ag = G
(here A¢(x) = A(x, 1)) and

{x € E: (x, (L+T) 1D +T)(x)) NA*(x,t) # 0 for some t € [0,1]}
is compact; here A*(x,A) = (x, (L+T)"H A +T)(x, ).

Theorem 3.19. Let E be a Hausdorff topological vector space, Y a topological vector space, U an open subset of E,
L:dom(L) C E — Y a linear single valued map, T € Hy (E,Y) and d a map defined in (3.12). Suppose there exists
amap H: E x [0,1] — 2Y with (L+T)"Y(H(,m(.)) + T) € A(E, E) for any continuous functionn : E — [0,1],
(L+T) HO+T)X)NL+T) 1 (Ho+T)(x) =0 forx € E\U, (L+T) HHe +T)X)N(L+T) 1D +T)(x) =0
forany x € oU and t € [0,1], and

{x € E: (% (L+T) @ +T)(x)) NH*(x,t) # 0 for some t € [0,1]}
is compact; here H*(x,A) = (x, (L+T)"Y(H + T)(x,A)). In addition assume the following hold:

{ forany ] € A(E,Y;L,T) with J* =Tx (L+T)"1(J+T) (3.13)

and ® = Hg in A(E,Y; L, T) we have that d ((]*)_1 (B)) =d ((H(*))f1 (B)) #d(0),
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{x e E\U: (x, (L+T) 1@+ T)(x)) N H*(x,t) # 0 for some t € [0,1]}
{ is closed

and

if w: E — [0,1] is any continuous map with w(U) =1, then
{xeUW: (x,(L+T) MO+ T)(x)) N (x, (L+T) " (Hep(x) + T)(x)) # 0 for some t € [0,1]} is closed.

Here Hf = I x (L+T) " YHo+T). Let Hf = Ix (L+T)"Y(Hy +T). Then we have d ((Hf)_1 (Bu)> =
a((H5) ™" (Bu)) # d(0).

Proof. Let
D={xeE\U: (x,(L+T) 1D +T)(x)) N H*(x,t) # 0 for some t € [0,1]}.

We consider two cases, as D # () and D = ().

Case (i). D = 0.

Then for every t € [0,1] we have (x,(L+ T)"1(® + T)(x)) N H*(x,t) # 0. Also from H; = Hp in
A(E,Y;L, T) and (3.13) we have

a(H) " (B)) = ((H) " (B) # a(0). (3.14)

Note (Hi*)f1 B)=Xx€cE:(x(L+T)"HD+T)(x))N(x, (L+T)"(H; +T)(x)) # 0}). Consider y € E and
(y, (L+T) 1@ +T)(y)) NHi(y) #0. Theny € Eand @(y) N (L+T)"}(H; + T)(y) # 0. Now since D = ()
we havey € Uand @(y)N(L+T) H(H1+T)(y) #0ie,y € Uand (y, (L+T) 1D +T)(y)) NHi(y) # 0.
Consequently (H{)_1 (B) C (H{)_1 (Bu) and on the other hand it is immediate that (Hf)_1 (Bu) €
(Hf) "' (B). Thus (H?) " (B) = (H2) ' (By). It is also immediate that (Hz) ' (B) = (Hz) " (Bu).

Thus (3.14) implies d ((Hf)f1 (Bu)> =d ((Hg)fl (Bu)) # d(), and we are finished.

Case (ii). D # ().
Note D is compact and also note D N U # . Then there exists a continuous map i : E — [0,1] with
(D) =0and pu(U) = 1. Defineamap R: E — 2Y by

R(x) = H(x, u(x)).

Note R € A(E,Y;L,T). In fact R = Hgy in A(E,Y;L,T) (to see this let A : E x [0,1] — 2 be given by
A(x, 1) = H(x, ti(x))).
Let R* =1 x (L+T)"}(R+T). Now (3.13) guarantees that

(R (B)) = ((H) " (B)) # d(0). (3.15)

Note (R*) 1(B) ={x € E: (x,(L+T) Y@+ T)(x)) N (x, (L+T)" YR+ T)(x)) # (}. Consider x € E and
(x, L+ T)" 1D+ T)(x)) N R*(x)

L+T) Y O+T)(x)N(L+T) H(Hy,
T)(x) N (L+ T)*l(Hu(X) +T(x) = (L+T)"HD+T)(x)N(L+T)"(Hp+ T)(x) which is a contradiction.
Thus x € Uand () # (L+T)"H® +T)(x) N (L+T)" YR+ T)(x). Consequently (R*)"1(B) € (R*) " (By)
and on the other hand it is immediate that (R*)*1 (Bu) € (R*)*1 (B). Thus (R*)*1 (B) = (R*f1 (Bu). Also
(Hg) "' (B) = (HZ) " (Bw). Thus (3.15) implies

a (R (Bu)) = a((Hy) ™" (Bu)) # dl0). (3.16)
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Finally notice

(R (By) = {xeU: (x, (L+T)HO+T)(x)) N (x, (L+T) L (Hy 0 + T)(x) # 0}
={xeU: (x(L+T) O +T)(x)N(x (L+T)HH +T)(x) #0} = (H}) " (Bu),

so from (3.16) we have d ((Hf)fl (Bu)> =d ((H(*))f1 (Bu)) # d(0). O

Remark 3.20. In Definition 3.18 and in the statement of Theorem 3.19 we could replace, any continuous
map 1 : E — [0, 1], with, any continuous map 1 : E — [0, 1] with n(U) = 1.

Remark 3.21. There is an analogue of Remark 3.16 (for normal topological vector spaces) in the statement
of Theorem 3.19 and in Definition 3.18.
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