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Abstract

In this paper, we study the solvability of a nonlinear fractional differential equation under fractional integral boundary
conditions. Via a mixed monotone operator method, some new results on the existence and uniqueness of a positive solution for
the considered model are obtained. Moreover, we provide iterative sequences for approximating the solution. Some examples
are also presented in order to illustrate the obtained result.
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1. Introduction

Fractional differential equations have received increasing attention during recent years due to their
wide range of applications in a variety of disciplines in science and engineering, such as physics, control
theory, chemistry, biology, ecology, aerodynamics, etc. It was shown that derivatives and integrals of
fractional type provide an adequate mathematical modeling of real objects and processes. For details, we
refer the reader to [6, 12, 13, 15, 19, 21-23] and references therein.

Recently, basing on nonlinear analysis tools, several existence results for different classes of fractional
boundary value problems were established. In this direction, we refer to [1-5, 7, 8, 10, 17, 18, 20, 22, 26—
30] and references therein. In particular, many works have been devoted to the study of the existence
of solutions for fractional differential equations under different kinds of integral (or fractional integral)
boundary conditions, see [2-5, 7, 8, 17, 26-29] and references therein. The motivation of a such study

*Corresponding author
Email addresses: ibtehalazman@yahoo.com (I. Azman), jleli@ksu.edu.sa (M. Jleli), blopez@dma.ulpgc.es (B. Lopez),
ksadaran@dma.ulpgc.es (K. Sadarangani), bsamet@ksu.edu.sa (B. Samet)

doi: 10.22436/jnsa.011.02.06
Received: 2017-10-05 Revised: 2017-12-17  Accepted: 2017-12-21


http://dx.doi.org/10.22436/jnsa.011.02.06
http://crossmark.crossref.org/dialog/?doi=10.22436/jnsa.011.02.06&domain=pdf

I. Azman, M . Jleli, B. Lopez, K. Sadarangani, B. Samet, J. Nonlinear Sci. Appl., 11 (2018), 237-251 238

is due to the importance and numerous applications of integral boundary conditions in different fields,
such as blood flow problems, chemical engineering, thermo-elasticity, etc. See, for example [2, 11, 24, 25].

In this paper, we are concerned with the solvability of a class of nonlinear fractional differential equa-
tions with fractional integral boundary conditions. More precisely, we are concerned with the fractional
boundary value problem

D§u(t) 4+ f(t, u(t), (Hu)(t)) +g(t,u(t)) =0, 0<t<1,

u(0) = w/(0) = 0, w(1) = A ((w)(1) + (K1), 4D
where2 < 0« <3,A >0, 3,y > 0, D§ is the Riemann-Liouville left-sided fractional derivative of order «,
Iq, q € {B,v} is the Riemann-Liouville left-sided fractional integral of order q, f: [0, 1] x [0, 00) x [0,00) —
[0,00), g : [0,1] x [0,00) — [0,00), and H : C([0,1];R) — C([0,1];R) is a certain operator (not necessarily
linear). We provide sufficient conditions for the existence and uniqueness of positive solutions for Problem
(1.1). Moreover, we present an iterative algorithm that converges to the solution. Some examples are also
presented in order to illustrate the obtained result. Our approach is based on a mixed monotone operator
method introduced in [29].

The paper is organized as follows. In Section 2, we recall briefly some basic concepts on fractional
calculus. In Section 3, we define the adequate functional space on which problem (1.1) is posed, we
compute its Green’s function, and then we obtain an integral formulation of the problem. In Section 4, we
recall the basic tools related to the mixed monotone operator method. In Section 5, we state and prove our
main result (Theorem 5.1). In Section 6, several examples are presented in order to illustrate the obtained
result. Finally, in Section 7, a comparison with existence results from the literature is presented.

2. Preliminaries on fractional calculus

Let (a,b) € R? with a < b.

Definition 2.1 ([19]). Let f € L'([a,b];R). The Riemann-Liouville left-sided fractional integral of order
o > 0 of f is defined by

fod _ 1 t f(s)
18000 = s | oama ds, ae telat,

where T is the Gamma function. For « = 0, we take 10 f = f.
Lemma 2.2 ([19]). If oy, 0tp > 0, then
(IS1%2f)(t) = (1517 %2f)(t), ae. t € [a,b],
for every f € L'([a, b];R).
Lemma 2.3 ([16]). If x >0, p > 1, and p > -, then I3f € C([a, b];R) for every f € LP([a, b];R).
Lemma 2.4 ([19]). Let w, o« > 0. Then

_ N9 _
MFt—a)*t=—" (t—a@)*™™ ! t>a
L(t—a) F(cx+p.)( a) , t>a
Letn € N, n > 1. By AC™*([a,b],R), we denote the space of all functions f : [a,b] — R that are
absolutely continuous together with the classical derivatives f, Df, ..., D™ 1.

Definition 2.5 ([16]). Let n—1 < « < n forsomen € N, n > 1, and f € L!([a,b];R). We say that
f possesses the left-sided Riemann-Liouville derivative DY of order « on the interval [a, b] if Iz~%f €
AC™([a, b],R). By this derivative we mean the derivative D™ (17~ *f), i.e.,

D&f(t) = 1(>C)DTL <Jt (f(s) ds> , a.e.telabl

Mn-— Q (t—s)lnte
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Lemma 2.6 ([16]). Let n—1 < « < n for somen € N, n > 2, and f € L!([a,b];R). Then f has the
left-sided Riemann-Liouville derivative DT of order oo on the interval [a,b] if and only if there exist constants
0,C1,---,cn_1 € Rand a function ¢ € L'([a, b];R) such that

. # _ yax—n L _ya—n+l
f(t) = F(oc—n+1)(t a)® ™+ Foa 112 (t—a) o
4+t En—1 (t—a)“il—i—lg‘(p(t), ae. t € la,bl. ‘
M)

In such a case, we have _
ci = DHI™%f)(a), i=0,1,2,...,n—1

and
DXf(t) = @(t), ae tela, bl

3. Integral representation of solutions

In order to obtain an integral formulation of problem (1.1), we need the computation of its Green’s
function. Here, we compute rigorously the Green’s function associated to problem (1.1) with the adequate
functional spaces.

By ACZ([a, b];IR), we denote the set of functions f : [a, b] — R that belong to L'([a,b];R), and having
the representation (2.1). We introduce the functional space X% ([a, b];R) defined by

Xa([a,bl;R) = ACE([a, bl; R) N C'([a, b R).
We have the following characterization of the above functional space in the case 2 < o < 3.

Lemma 3.1. Let 2 < ¢ < 3. For every u € X§([0,1];R), we have

Proof. Let u € X§([0,1];R). Then the function u has the representation (2.1) with n = 3, that is,

_ o ox—3 €1 a—2 , €2 a1 L ¢ R
u(t) = F(oc—z)t + F(oc—l)t + F(oc)t + o Jo @(s)(t—s) ds, ae.tel0,1],

wherec; € R,1=0,1,2,and ¢ =Dfu € L1([0,1];R). Since u is continuous at 0, we have

tlirgl+ u(t) = u(0).

On the other hand, since 2 < « < 3, we have
lim u(t) = lim 0 a3y 1 Jt e(s)(t—s)*1ds
t—0+ t—0+ \ MNa—2) M) '
Observe that

t t
J o(s)(t—5)* 1 ds q o(s)] ds.
0

0

Therefore,

lim Jt e(s)(t—s)*tds =0.

t—0" Jo

Hence, we have c
0) = lim u(t) = lim ——>— 73
ul(0) = lim ult) = lim =25

7
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which yields ¢p = 0 and u(0) = 0. Next, it follows that
u(t) = 2 t“z—i—czt“l—i-lr(p(s)(t—s)“l ds, ae. tel0,1]
Mo—1) (o) r(e) Jo S o
Differentiating with respect to t, we get
/ Cl((x_z) x—3 CZ((X—l) ox—2 ((X_l) Jt oa—2
t) = —— —t t— e t 1].
=T " TR U T e Jy @ eT s aete 0T
Since u’ is continuous at 0, we have
lim u/(t) =u’(0).
t—0*
On the other hand, we have
. : ci(a—2) o3 (a—1) (" —
1 (t) = 1 ——— —x 3 J t—s)*2ds .
gt ti%‘+(r(o<—1) T J, Ot
Similarly, we have
t

lim J @(s)(t—s)*2ds =0,

t—0" Jo
which yields

fin 1 Cloe—2) o 3

WOy = fim oyt

Hence, we obtain ¢; = 0 and u’(0) = 0. O

From Lemma 3.1, we deduce immediately the following characterization of the functional space

X ([0,1;R) for 2 < « < 3.
Lemma 3.2. Let 2 < o < 3. For every u € X§([0,1];R), there exists c(u) € R such that

u(t) = E&L;t“l +(IF)(t), ae tel0,1],

where @ = D&u € LY([a, b]; R).

Lemma 3.3. Let 2 < o < 3 and 3,7y > 0. For every u € X5 ([0, 1];R), we have

B N 1 1 ! w1 (1=8)F (1—sg)
w0+ 0 = (g + ) <0+ [ 00 [ ] 219 &

where @ = D&u € LY([a, b]; R).
Proof. Letu € X§([0,1];R). Using Lemma 3.2, we obtain

(IPu)(t) = mlgt‘xl + (1) (t), ae telo1].

On the other hand, from Lemmas 2.4 and 2.2, we have
_ M) _
Iﬁtoc 1_ px+B—1
0 Mo+ B)

and
(IP1¢@)(t) = (1T Po) (1), ae tel01].
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Therefore,

(IPu)(t) = - W jarpt F (I P)(t), ae tel01l.

(x+B)

From Lemma 2.3, we have Ig u e C([0,1];R). Hence,

p — lim (18 _ el 1 Jl _yatB1
(Iyu)(1) = t11>r11r1_(1() u)(t) = CE) + R 0(1 s) @(s) ds. (3.1)
Similarly, we obtain
1 1
o)1) = —<W J 1—g)xtr—1 . 2
Adding (3.1) to (3.2), the desired result follows. O
Lemma 3.4. Let 2 < x <3, A > 0,and 3,y > 0. Suppose that
1 A A
[CN o, B, Y= — — #0. (3.3)

MNa) T(a+pB) Tla+y)

Let u € X§([0,1];R) be such that
u(1) = A ((Ig’u)(l) n (Igu)u)) : (3.4)

Then

where

Proof. From Lemma 3.2, we have

ut) = ?Elogt“_l + (I§e)(t), ae. tel0,1],

where ¢ = Dfu € L1([a, b];R). On the other hand, since u is continuous in [0, 1], the above equality can
be extended to all the inteval [0, 1], i.e.,

_ C(u) oa—1 o
Taking t = 1, we obtain
c(u) 1 (! el
(1) = S+ e | (190 Tl ds

Hence, by(3.4) and Lemma 3.3, we obtain

c(u) 1 ! o1
W+WJ0(1_S) @(s)ds
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_ A A 1 et )\(1_8)6 K(l—s)y]
_(F(oc+[5)+r(O£+Y))C(u)+Jo(l s) [r(“+ﬁ)+r(“+y) o(s)ds,

which from (3.3) yields

1
cw) = C(A o, B,) L (1— )1 (s) [ o(s)] ds.
Therefore, we obtain

1 t
= SREEY | et p)-glslas o |

for every t € [0, 1]. Next, we have
YCN o, B,y)
u(t) = —_—
() Jo (o)

1C(}\1(X/ B/Y) ax—1
*L Mo ©

which yields the desired result. O

ox—1 a—1 1
{t (I—s)* " d(s) - By

(1—s)* Mp(s)[—e(s)lds, tel0,1],

(t— s)“l] [—@(s)l ds

Lemma 3.5. Let 2 < « < 3 and 3,y = 0. Suppose that

1 1 1
°<A(r(cx+ B) *r(cxw)) Mo (3.5

Then

(i) G is continuous in [0,1] x [0, 1];
(ii) for every (t,s) € [0,1] x [0, 1], we have

t* Tu(s) < G(t,s) < t*Tv(s),

where COV o BLy) \ \
_ SN BY) e | N 1B (1
and Cln
v(s) = SR2B 1 gytys)

(iii) G(t,s) > 0 for every (t,s) € [0,1] x [0,1].

Proof. Properties (i) and (ii) follow immediately from the definition of the Green’s function G. On the
other hand, from (3.5), we have
CA o B,v) >0.

Therefore, by (ii) we deduce (iii). O]
The following result is an immediate consequence of Lemma 3.4.

Lemma 3.6. Let 2 < &« < 3 A > 0, and 3,y > 0 be such that (3.3) is satisfied. Let y € L'([a, b];R). Then the
fractional boundary value problem

Dfu(t)+y(t) =0, 0<t<1,
w(0) =w'(0) =0, w(1) = A ((Ifw)(1) + (1))

has a unique solution in X§([0,1];R), which is given by

1
ut) = L G(t,s)y(s)ds, te]l0,1].
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Now, we are able to give an equivalent integral formulation of problem (1.1).
problem (1.1) is investigated under the following assumptions:

(Al) 2<a<3and 3,y > 0;

(A2) (3.5) is satisfied;

(A3) f:[0,1] x [0,00) x [0,00) — [0,00) and g : [0,1] x [0, 00) — [0, c0) are continuous functions;
(A4) H:C([0,1;R) — C([0,1];R) satisfies

u € C([0,1];10,0)) == Hu € C([0,1]; [0, 00)).
For u € C([0, 1]; [0, 00)), we denote by Tu the function defined by

1

(Tu)(t) = Jo G(t,s) [f(s,u(s), (Hu)(s)) +g(s,u(s))] ds, te][0,1]. (3.6)

From the above assumptions and the properties (i) and (iii) of Lemma 3.5, it can be easily seen that
T: C([0,1]; [0, 00)) — C([0, 1]; [0, 00))
is a well-defined operator. Moreover, from Lemma 3.6, u € X§([0, 1];R) is a solution of (1.1) if and only if
u € C([0,1];10, 00)) is a fixed point of T.
4. The mixed monotone operator method

From the above study, we know that u € X§([0,1];R) is a solution of (1.1) if and only if u €
C([0,1];[0,00)) is a fixed point of the operator T defined by (3.6). In order to study the existence of
fixed points of the operator T, we shall use the mixed monotone operator method. In this section, we
recall the basic tools related to this method.

Let (E, || - ||) be a real Banach space. We denote by 0¢ the zero vector of E.

Definition 4.1. A nonempty closed convex subset P of E is said to be a cone in E if it satisfies the following
conditions:

(i) (r,x) €[0,00) xP = ™ €P;
(i) (x,—x) EP x P = x = 0.

Let P be a cone in E. Then P induces a partial order <p in E defined by
(x,y) eExXE, x<py<=y—xeP
By x <py, (x,y) € EXE, we mean x <p y and x #y.
Definition 4.2. Let P be a cone in E. If there exists a constant C > 0 such that
(x,y) € ExE, Be <px<py = x| <Cllyl,

then the cone P is said to be normal. In this case, the smallest constant C satisfying the above property is
called the normal constant of P.

For (x,y) € E X E, the notation x ~y means that there exist constants p, T > 0 such that
Ty <p X <p PY.

It can be easily seen that ~ is an equivalence relation in E.
For h € E, 0 <p h, we denote by Py, the subset of P defined by

Phn={xe€P:x~hlL

For more details on cones in Banach spaces, we refer the reader to [14].
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Definition 4.3. An operator S : E — E is said to be increasing (Resp. decreasing) if for every (x,y) € E x E,
x <p y implies that Sx <p Sy (Resp. Sy <p Sx).

Definition 4.4. An operator A : P x P — P is said to be mixed monotone if A(x,y) is increasing in x, and
decreasing in y, i.e.,

(xy), (wv) EPxP, x<pu,y=pv = A(x,y) <p Alw,v).
Definition 4.5. An operator B : P — P is said to be subhomogeneous if
(t,x) € (0,1) x P = B(tx) >p tBx.
The following result appears in [29], and it is the main tool used in our study.

Lemma 4.6. Let (E, || - ||) be a real Banach space, and let P be a normal cone in E. Let h € E, O <p h, and
T € (0,1). Let us consider two operators A : P x P — P and B : P — P. We suppose that A is a mixed monotone
operator satisfying

A(tx, t 1Y) >p t"A(x,y), te (0,1), (x,y) €P xP. 4.1)

We suppose also that B is an increasing subhomogeneous operator satisfying the following conditions:

(i) there exists hy € P such that A(hg, hg) € Py, and Bhy € Py,
(ii) there exists a constant &g > 0 such that

A(x,y) =p 80Bx, (x,y) e P xP.

Then

(a) AZPhXPh%PhﬂTldBZPh%Ph;
(b) there exist ug, vy € Py and v € (0,1) such that

TVvo <p Uy <p Vo, U <p Alug,vo) + Bug <p A(vo, ug) + Bvo <p vo;
(c) there exists a unique solution x* € Py, such that
x* = A(x*,x*) + Bx*;
(d) for any initial values xo,yo € P, constructing successively the sequences
Xn =A(Xn-1,Yn-1) + Bxn-1, Yyn = A(Yn—-1,%n-1) +Byn_1, n=12,...,
we have ||xn —x*|| — 0and |[yn —x*|| = 0as n — oo.

Now, we are ready to prove our main result.

5. Main result

In this section, sufficient conditions are provided for the existence and uniqueness of positive solutions
for problem (1.1). An iterative algorithm is also provided in order to approximate the solution.
We will work in the Banach space C([0, 1];R) equipped with the standard norm || - ||« defined by

oo = max{fu(t) : 0< t< 1), we C(0,1;R).

In C([0,1];R), we consider the cone P = C([0, 1];[0, c0)). It can be easily seen that P is a normal cone with
normal constant equal to 1. The partial order <p induced by the cone P is defined by

(u,v) € C([0,1;R) x C([0,1;R), u<pv<=u(t) <v(t),0<t<1

The following additional assumptions are needed.
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(A5) There exists tg € [0, 1] such that g(to,0) > 0.
(A6) For fixed t € [0,1], f(t,x,y) is increasing in x, and decreasing in y; and g(t, x) is increasing in x.
(A7) For every (k,t,x) € (0,1) x [0,1] x [0, 00), we have

g(t, kx) = kg(t,x).
(A8) There exists a constant T € (0, 1) such that
f(t,kx, k) = Kf(t,x,y), (ktxy)e (0,1)x[0,1] x [0,00) x [0,00).
(A9) There exists a constant 5y > 0 such that
f(t,x,y) = dog(t,x), (t,x,y) € [0,1] x[0,00) x [0, 0).

(A10) H: C([0,1];R) — C([0,1];R) satisfies
(H1) (u,v) ePxP, u<pv — Hu <p Hy;
(H2) H(ku) >p kHu for every (k,u) € (0,1) x P.

Our main result in this paper is the following.

Theorem 5.1. Suppose that assumptions (A1)-(A10) are satisfied. Let h € C([0,1];R) be the function defined by
h(t) =t*1, t € [0,1]. Then

(i) there exist ug, vy € Pn and v € (0,1) such that

T™Vo <P Uy <p Vo,
and, moreover, for every t € [0, 1], we have

1

wolt) < L G(t, 5) [£(s, wo(s), (Hvo)(s)) + g(s, uo(s))] ds,
1

olt) > | Glt,9) (s, vals), (Huo) ) + g, vals)) s
(ii) problem (1.1) has a unique positive solution x* € Py;
(iii) for any initial values xo, Yo € P, constructing successively the sequences

1
Xn(t) = L G(t,s) [f(s, xn-1(s), (Hyn—1)(s)) +g(s,xn-1(s))) ds, t€l0,1,n=1,2,...

and

1
yn(t) = L G(t,s) [f(s,yn—1(s), (Hxn-1)(s)) + g(s,yn-1(s))l ds, tel0,1,n=12,...,

we have [|[xn —X*||coc — 0and ||[yn —x*||cc = 0as n — oo.

Proof. It was shown in Section 3 that u € X§([0,1];R) is a solution of (1.1) if and only if u € P is a fixed
point of T, where T : P — P is defined by (3.6). Let us introduce the operators A: P xP — Pand B: P — P
defined by

1
Alu,v)(t) = Jo G(t,s)f(s,u(s), (Hv)(s))ds, (w,v)ePxP, tel0,1]

and
1

(Bu)(t) :J G(t,s)g(s,u(s))ds, uweP, tel0,1].
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Observe that u € P is a fixed point of T if and only if u € P satisfies the operator equation A(u,u)+ Bu =
u.

In the sequel, we check that assumptions of Lemma 4.6 are satisfied. From (A6), (H1), and the positiv-
ity of the Green’s function G (see property (iii) in Lemma 3.5), it is easily seen that A is a mixed monotone
operator and B is an increasing operator. Let k € (0,1) and (x,y) € P x P. We have

1
Akx, Kk y)(t) = Jo G(t,s)f(s, kx(s), (H(k 1y))(s))ds, te[0,1].

On the other hand, from (H2) we have
Hy = H(k(k™'y)) >p kH(k y),

that is,
H(k 'y)(s) <k Y(Hy)(s), selo,1].

Using the above inequality, (A6), and the positivity of the Green’s function G, we obtain

1
Alkx, K 1y)() >j G(t, s)f(s, kx(s), k '(Hy)(s)) ds, te[0,1],
0

which implies by (A8) that

1
Al K ly)(t) > kF L G(t, s)f(s,x(s), (Hy)(s)) ds = K*A(x,y)(1), t € [0,1].

Therefore, condition (4.1) of Lemma 4.6 is satisfied. Next, by assumption (A7) and the positivity of the
Green’s function G, we see easily that B is a subhomogeneous operator .

Next, we take the function
h(t) =t*!, telo,1].

Clearly, we have h € P and h # 0. Taking into account property (ii) in Lemma 3.5, assumptions (A4) and
(A6), and the positivity of the Green’s function G, we get

1 1 1
G(t,s)f(s,1,0)ds < to‘_lj v(s)f(s,1,0)ds, tel0,1],

0

Alh ) (0) = |

G(t,s)f(s,h(s), (Hh)(s)) ds < J
0

0

that is,

1
A(h,h) <p (J v(s)f(s,1,0) ds) h. (5.1)
0
Similarly, using the above assumptions and (H1), we obtain
1
Al 0)(0) = | 6(t,s)t(s,hs), (HR) (5)) ds
0
1

1
> J G(t,s)f(s,0,(H1)(s)) ds > t“_1J w(s)f(s,0,(H1)(s))ds, tel0,1],
0 0

that is,
1
A(h,h) >p (J w(s)f(s,0,(H1)(s)) ds) h. (5.2)
Combining (5.1) with (5.2), we obtain

oqh <p A(h, h) <p 0(2]’1, (53)
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where )

1
o = J u(s)f(s,0,(H1)(s))ds and oy = J v(s)f(s,1,0) ds.
0 0

In what follows, we shall prove that «; > 0, i1 = 1,2. To do this, it is sufficient to prove that «; > 0 (since
a1 < «p). In fact, since g(tp, 0) > 0 for some ty € [0,1] (from assumption (A5)), the continuity of g implies
the existence of a certain subest E of [0, 1] with a non-zero Lebesgue measure such that

g(t,0) >0, teeE. (5.4)
Now, taking in consideration assumption (A9), we have
f(s,0,(H1)(s)) > dog(s,0), se[0,1]. (5.5)
Therefore, by (5.4) and (5.5), we have

1
o] = L w(s)f(s,0,(H1)(s)) ds

— 1C(7\,OC,B,’Y) oa—1 A B A
_Jo T w7 [W(l—(l—s) HW(l—(l—sm] x f(s,0, (H1)(s)) ds
%C(Nwl_a_l{x__ﬁp\__y]
r((x) JO(l S) r((X—I—B)(l (1 S) )+F(OC+Y)(1 (1 S) ) xg(s/O) ds
LY 21 PR S S S
r(o() JE(l S) F(oc+[3)(l (1 S) )+F(oc+y)(1 (1 S) ) Xg(s,O)ds>0,

Hence, we deduce by (5.3) that A(h, h) € Py,.
Using similar arguments as above, for any t € [0, 1], we have

B1h <p Bh <p B2h,

where .

1
Blzj u(s)gls,0)ds >0 and By — J V(s)g(s,1) ds.
0 0

Therefore, we have Bh € Py,. Hence, assumption (i) of Lemma 4.6 is satisfied with hy = h.
Now, let (x,y) € P x P. Using assumption (A9), we obtain

1 1

G(t,s)f(s,x(s), (Hy)(s)) ds = & Jo G(t,s)g(s,x(s)) ds = 8o(Bx)(t), tel0,1].

Al y) () =J

0
Hence, we have
A(x,y) =p dBx, (x,y)ePxP,
and assumption (ii) of Lemma 4.6 is satisfied.
Finally, applying Lemma 4.6, the desired result follows. O

6. Examples

In order to illustrate the obtained result given by Theorem 5.1, some examples are presented in this
section.

Example 6.1. Consider the fractional boundary value problem

5
Dgu(t) +t -+t +2/ult) + g =0 0<t<1,

1 (6.1)
u(0) =u’(0) =0, u(1) :J u(s)ds,
0

where 0 <p < 1.
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Problem (6.1) is a particular case of problem (1.1) with « = %, A= %, B=v=1f(t,x,y) =t+/x+
ypH, g(t,x) = t3+/x, and H : C([0,1];R) — C([0,1];R) is the operator defined by Hu = u for every
ue C([0,1; R).

In this considered case, we have

1 1 1 1 1
A + = ~0.309 and —— = ~ 0.7524.
(Wa+ﬁ) Wa+v0 r(2) Ma) T3

Observe that

0<A( 1L, 1 )< L
Mo+pB)  Tlee+7vy) Me)

Therefore, assumptions (Al) and (A2) of Theorem 5.1 are satisfied. Moreover, it is clear that f : [0,1] x
[0, 00) x [0,00) — [0,00) and g : [0,1] x [0,00) — [0, 00) are continuous functions, and then assumption
(A3) is satisfied. Assumptions concerning the operator H ((A4) and (A10)) are trivial. On the other hand,
we have ¢g(1,0) =1 > 0. Therefore, assumption (A5) is satisfied. It is easily seen that assumption (A6) is
satisfied. In order to check assumption (A7), let us take (k,t,x) € (0,1) x [0,1] x [0, 00). We have

gt kx) = 2+ Vix > kt® + Vkvx = kt? + kvx = k (£ + vx) = kg(t,x).

Then assumption (A7) is satisfied. Next, let (k,t,x,y) € (0,1) x [0, 1] x [0, c0) x [0, c0). We have

1
—— =1
k=PyP +1 Vi p—i—kT’

> t+Vikvx +

f(t,kx, kly) =t + Vix +

p+1

> kmax{z,p} <t+\f+

_ 1omax{i,p}
P—{—l) =k 2PIf(t, %, y).

Hence assumption (A8) is satisfied with T = max{%,p}. Finally, it can be easily seen that assumption (A9)
is satisfied with 89 = 1. Therefore, all assumptions of Theorem 5.1 are satisfied. As consequence, problem

6.1 admits a unique solution x* € Py, where h(t) = t%, te[0,1].

Next, we present some examples of operators H : C([0,1];R) — C([0,1];R) satisfying assumptions
(A4) and (A10) of Theorem 5.1.

Example 6.2. Let ¢ : [0,1] — [0,1] be a continuous function. Define the operator H : C([0,1;R) —
C(0,1; R) by
(Hu)(t) = u(e(t)), tel0,1]

for every u € C([0,1];R). Clearly, such operator satisfies assumptions (A4) and (A10).

Example 6.3. Let ¢ : [0,1] — [0,00) be a continuous function. Define the operator H : C([0,1;R) —
C([0,1;R) by
(Hu)(t) = @(t)ult), te[0,1]

for every u € C([0,1];R). Then the operator H satisfies assumptions (A4) and (A10).

Example 6.4. Let ¢ : [0,1] — [0,00) be a continuous function. Define the operator H : C([0,1;R) —
C([0,1;R) by
(Hu)(t) = ¢(t)ult), te[0,1]

for every u € C([0,1];R). Then the operator H satisfies assumptions (A4) and (A10).

Notice that the composition and multiplication operators on C([0,1];R) are linear. The next examples
present nonlinear operators H : C([0,1];R) — C([0, 1];R) satisfying the required assumptions.
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Example 6.5. For u € C([0,1];R), we define the mapping Hu : [0,1] — R by
(Hu)(t) = max{ju(s)|: 0 <s<t), te]0,1].

It was proved in [9] that H maps C([0, 1];R) into itself. Moreover, it can be easily seen that assumptions
(A4) and (A10) are satisfied by the operator H.

Example 6.6. Let r € (0,1). For u € C([0,1];R), we define the mapping Hu : [0,1] — R by
(Hu)(t) =u'(t), te][0,1].
It can be easily seen that assumptions (A4) and (A10) are satisfied by the operator H.

Example 6.7. Using the same arguments as in Example 6.1, if H: C([0, 1];R) — C([0, 1];R) is any operator
between the ones appearing in Examples 6.2-6.6, then the fractional boundary value problem

5
D ult) +t -+t +23/u(t) + ryropr =0 0<t <1,
1
u(0) =u/(0) =0, u(1) :J u(s)ds,
0

where 0 < p < 1, admits a unique solution x* € Py, where h(t) = t%, te[0,1].

7. Comparison with existing results

In [7], the authors considered the fractional boundary value problem

1
w(0) =u/(0) =0, u(l) = ”J u(s) ds, (7.1)

{ Dgu(t) +F(t,u(t)) =0, 0<t<1,
0

where2 < 0 < 3,0 < p < aand F:[0,1] x [0,00) — [0,00). Observe that problem (6.1) is a particular case
of problen (7.1) with & = %, w=7T1and F(t,x) =t +t3+2\/x+ Xle.
Sufficient conditions for the existence of solutions for problem (7.1) were provided in [7]. Before

recalling the main result in [7], we need to introduce some notations.

We put
F(t, . . F(t,
Fo:= lim | min (tx) , Foo:= lim | min (tx)
x—0t \te[l1] X x7oo \telpal X

.= lim <max F(t,x)) , F¥ = lim (max F(t,x)>.

x—0t \t€[0,1] X x—00 \ t€[0,1] X

and

Theorem 7.1 ([7]). Suppose that

(@) F:10,1] x [0, 00) — [0, 00) is continuous;
(b) (Fo,F*) = (00, 0) (sublinear case) or (F°,Fo,) = (0, 00) (superlinear case).

Then problem (7.1) admits at least one positive solution in C([0,1];R).

Notice that in Example 6.1, we have

1,1 1 1

_ F(t,x) L+ id+2vx+ F(t,x) 2+2yx+

min (t,x) —2 8 VXt and max (t,x) = VX xP+1
telzal X X telo1] X X
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In such a case, it can be easily seen that
(Fo, F®) = (00,0) and (F%Fs) = (00,0).

Therefore, we are in the sublinear case. Hence, by Theorem 7.1, problem (6.1) admits at least one positive
solution in C([0, 1]; R).

Observe that Theorem 7.1 provides only the existence of positive solutions for problem (6.1), while
by our result (Theroem 5.1), we have an additional information, that is, a unique solution of problem 6.1

exists in the set Py,, where h(t) = t%, te[0,1].
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