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Abstract

The purpose of this article is to investigate the approximation of common solutions of fixed point and split feasibility
problems. A viscosity iterative algorithm is introduced and studied for this approximation problem. Strong convergence
theorems are established in an infinite dimensional real Hilbert space. (92017 All rights reserved.
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1. Introduction

Let A be an M by N matrix. Let C € RN and Q € RM be nonempty closed convex sets. Let Proj]éN and

Proj EM be the orthogonal projections onto C and Q, respectively. Recall that the split feasibility problem
by Censor and Elfving [7] is to find x € C with Ax € Q, if such x exists. The split feasibility problem was
first introduced in 1994 for modeling inverse problems that arise from phase retrievals and in medical
image reconstruction. Many image reconstruction problems can be formulated as the split feasibility
problem; see, for example, [6, 8] and the references therein.

Censor and Elfving [7] introduced and investigated the following CQ algorithm

x0 € RN, xp 1 = Proj§ (xn — SAT(I—Proj§ )Axn), mn >0,

where 6 € (0, %), E is the largest eigenvalue of the matrix ATA, and I is the identity matrix.

Recently, Byrne [5] developed the split feasibility problem in the setting of infinite dimensional Hilbert
spaces.

Let C and Q be nonempty, closed, and convex subsets in Hilbert spaces H; and H,, respectively. Then
the split feasibility problem in the framework of infinite dimensional spaces is formulated as finding a
point x € C with the property:

xeC, AxeQ, (1.1)

where A : C C H; — H; is a bounded linear operator. In view of the applications, the splitting feasibility
problem has been studied by many authors in the framework of infinite dimensional Hilbert spaces; see
[2,9, 17, 20, 22] and the references therein.
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We denote by SFP(A) the solution set of the split feasibility problem, that is,
SFP(A)={xeH;:xeC, AxeQ}=A"1(Q)nC.

It is clear that A~1(Q) is a closed convex subset of H;. Therefore, SFP(A) is also a closed convex subset
of H;. It is known that the split feasibility problem is very general. It, which includes convex feasibility
problem which is to find a common element in the intersection of a family of nonempty closed and convex
subsets of a Hilbert space, has been extensively investigated; see [9, 12, 15] and the references therein.
Let Proj'éll and ProjHz be metric projections onto sets C and Q, respectively. It is well-known that if
SFP(A) # (), then solving split feasibility problem (1.1) is equivalent to solving a fixed point equation

x = Proja (x — SA* (I — Projgz)Ax),
where > 0 is a parameter and A* is the adjoint operator of A. If we define a mapping U; by
Usx = x — SA* (I — Projgzmx,

then one has x = Proj Eluyx.

Assume that split feasibility problem (1.1) is consistent, i.e., the problem has a solution. It is easy
to see that Fix(Us) = A~'(Q) and hence SFP(A) = C N Fix(Us) = Fix(ProjEllué), where Fix(Us) and
Fix(Proj]éle;) denote the fixed point set of Us and Proj ]Slu(s, respectively, for sufficiently small 5 > 0; see
Wang, Zhou [20], Zhou [21] and Zhou, Wang [22] for the details.

Let D be a nonempty closed and convex subset of a real Hilbert space H. Recall that a mapping
T:D — D is a contractive mapping if and only if there exists a constant « € [0, 1) such that

[Tx —Ty[| < «fx—yll, Vx,ye€D.
T:D — D is a nonexpansive mapping if and only if
[Tx =Tyl < [x—yl, V¥x,yeD.

From Browder [3], we know that the fixed point set of T is not empty provided that C is bounded,
closed and convex. The theory of nonexpansive mappings has been recently applied to solve various
convex optimization theories; see [1, 10, 11, 14, 16, 19] and the references therein. Recall that a mapping
S:D — D is said to be averaged if and only if it can be written as the average of the identity mapping and
a nonexpansive mapping, i.e., S := (1 — @)1 + &S where « € (0,1), S : D — D is a nonexpansive mapping
and I is the identity operator on D. We note that averaged mappings are nonexpansive. It is known that
the composite of finitely many averaged mappings is still averaged. If the mappings {T;}\ ; are averaged
and have a nonempty common fixed point set, then ﬂll Fix(Ty) = Fix(Ty, To, ..., TN).

It is well-known that if 5 € (0,2/||A||?), then Us is averaged and hence Projzlluz-, is also averaged,
consequently, as a direct consequence of Reich’s weak convergence theorem [18], the sequence {xn} is
generated by the following procedure:

x0 € Hi, Xni1 = Proj![(I—8A*(I—Proj*)A)xn], n >0, (1.2)

where I denotes the identity mapping on H; and H;, converges weakly to a solution of the feasibility
problem; see Byrne [5] for the details. (1.2) is referred to as the Byrne’s CQ algorithm in the existing
literature.
Recall that T: D — D is a strict pseudocontraction if and only if there exists a constant k € [0,1) such
that
ITx = Ty|? < x =yl +«l|(I-Thx = (I-Thy|*%, Vvx,y €D.
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The class of strict pseudocontractions was introduced and investigated by Browder and Petryshyn [4] in
1967. It is clear that the class of strict pseudocontractions includes the class of nonexpansions as special
cases.

Recall that a mapping F: D — H is said to be monotone if and only if

(Fx—Fy,x—y) >0, Vx,yeD.
F:D — His said to be v-inverse strongly monotone if and only if
(Fx —Fy,x —y) > v|[Fx —Fy|>, ¥x,yeD.

F: D — H is said to be L-Lipschitzian if and only if ||[Fx — Fy|| < L||x —y]| for all x,y € D. We remark
that if F is v-inverse strongly monotone, then it is 1-Lipschitzian and monotone. Let T: D — H be a
nonexpansive mapping and define an operator F: D — H by Fx = x — Tx. Then, F : D — H is J-inverse
strongly monotone.

Recently, many authors investigated the splitting feasibility problem in infinite dimensional Hilbert
spaces via fixed point methods for the weak convergence of methods. In this paper, we consider a
Halpern-like viscosity approximation method for the norm convergence of the method. The organization
is as follows. In Section 2, some definitions and lemmas are provided. In Section 3, strong convergence
theorems are established and some reduced results are also provided to support the main results.

2. Preliminaries

Let D be a nonempty closed and convex subset of a Hilbert space H. Let T be a mapping. From now
on, the fixed point set of T will be denoted by Fix(T). For every point x € H, there exists a unique nearest
point in D denoted by Projix such that || x — Projax [|<|| x —y || for all y € D. Proj is called the metric
projection of H onto D. It is well-known that Proj} is nonexpansive mapping and satisfies (x —y, Projpx —
Projiy) =| Projax — Projiy ||? for all x,y € H. Moreover, Projiix is characterized by the fact Projix € D
and (x — Projiix,y — Projox) < 0,and || x —y [|2=| x — Projax ||> + || y — Projix |2 forall x € H,y € D. In
a real Hilbert space the following holds: || Ax + (1 —=A)y [>=A [ x > +(1=2A) |y [|> =A(1—=A) | x—y |]?
for all x,y € Hand A € (0,1). It is well-known that every nonexpansive operator T : H — H satisfies, for
all x,y € H x H, the inequality {(x—T(x)) — (y — T(y)), Tly) = T(x)) < 3 || (T(x) =x) — (T(y) —y) |I?, and
therefore, we get, for all (x,y) € H x Fix(T), (x = T(x),y — T(y)) < % | T(x)—x .

Lemma 2.1 ([13]). Let {an} be a sequence of nonnegative real numbers such that
ani1 < (I—tp)an+br+cn, YN >0,

where {cn} is a sequence of nonnegative real numbers, {tn} C (0,1), and {by} is a sequence of real numbers. Assume

that

(a) limsup, %Tl‘ <0, ) Tgtn =00,

(b) > yen < oo

Then limy, o0 an, = 0.

Lemma 2.2 ([3]). Let H be a Hilbert space and let D be a nonempty closed and convex subset of H. Let S be

a strict pseudocontraction on D with fixed points. If xn, — x*, where — denotes the weak convergence, and

limnp o0 || Xn — Txn || =0, then x* is a fixed point of T, that is, p = Tp. In addition, Fix(T) is closed and convex.
The following two lemmas are known and not hard to derive.

Lemma 2.3. Let Projs : H — D be the metric projection from H on a nonempty, closed, and convex subset D.
Then the following conclusions hold true

(@) <(I—Projg)x— (I—Projg)y,x—w > H(I—Projg)x— (I —ProjB)yHZ, Vx,y € H.
(b) [Ix —y|[* = [|(I—Projp)x — (I - Proj)y[* > |[Proj;x — Projpy|*, ¥x,y € H

Lemma 2.4. Let H be a Hilbert space. Then the following inequality holds
Ix+yl® < [IxII* + 20y, x+y), ¥xyeH.
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3. Main results

Theorem 3.1. Let Hy and Hy be two real Hilbert spaces. Let C be a nonempty closed and convex subset of Hy and
let Q be a nonempty closed and convex subset of Hy. Let Proj'é1 be the metric projection from Hy onto C and let
Projg2 be the metric projection from Hy onto Q. Let f: C — C be a contractive mapping with constant 0 < « <1
and let T : C — C be a strict pseudocontraction with constant 0 < k < 1. Let A : H; — Hp be a bounded linear
operator such that split feasibility problem (1.1) is consistent. Assume that Sol(SFP) N Fix(S) # 0. Let {xn} be a
sequence generated in the following iterative algorithm

X1 € C,
Yn = VYnXn + (1 _Yn)TXn/
Xns1 = atnyn + (1= )Proje! (1= Bn)(xn — SnA™ (1= Proj)Axn) + Baf(xn)), 1 >1,
where {5} is a positive real sequence such that Y 3 1 |6y —8n41] < 00,0 <8 < dn < &' < W, where b and

&’ are two real numbers, {oan}, {Pn}, and {yn} are three real sequences in (0,1) such that 0 < o < an < o’ < 1,

Z?:1 lotn — (xn+1| < 00, limn 500 Bn =0, 2101021 Brn = oo, Zf:l |Bn - Bn+1| <oo, 0<y<yn <K<,
where vy is a constant in (0,1), Y 71 ['yn —Yn+1l < oco. If Fix(T) N SFP(A) is not empty, then {xn} converges
strongly to a point x* € Fix(T) N SFP(A) and x* is the unique solution to the variational inequality

(f(x™) —x*,x —x*) <0, Vx € Fix(T)NSFP(A).

Proof. Note that the common solution set is not empty. Fixing p € Fix(T) N SFP(A), we find from Lemma
2.3 that

[yn —PII* = [[¥n(xn —P) + (1 —yn) (Txn —p)|?

= Ynl[xn _pHZ —Yn(l—=vn)|xn — TanZ + (1 —vn)[[Txn _PHZ
< vnlxn _sz —Yn(1—=vn)|xn — TXnHZ + (1 —=vn)([[xn —p||2 + K[xn — TXnHZ)
< Jn =PI = (1 =vn) (yn = K)llxn — Txn %
Since yn < k, we find that
[yn =Pl < [lxn =Pl
Define a mapping W : H; — H; by

Wx = A*(Ax — Projngx), Vx € Hj.

Since I — Projg2 is inverse-strongly monotone, we find that

(x —y, Wx —Wy) = (x —y, A*(Ax — Proj QzAx) A*(Ay — ProjngyD
= (Ax — Ay, (Ax — Pro]QzAx) (Ay —ProjngyD
> |[(Ax — Pro]QzAx) (Ay —Pro]ngy)H2 (3.1)

> WHWX—WUHZ/ Vx,y € Hj.

This shows that W is —m-inverse-strongly monotone. It follows that

IIAII
(1= 8nWx — (I— 8, W)y |2 = 82 [Wx — Wy |2 — 25, (Wx — Wy, x —u) + [[x — y P

25
||A|T|LZ Wx =Wyl + |[x —y|?

S5 IWx —Wy|? —

2
=0n(0n— W)HWX_WUHZ + HX_UHZ-
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2

Since &, < AT

we find that (I — pu, W) is a nonexpansive mapping with

Fix(I — pnW) = W1(0).

On the other hand, one has W~1(0) = A~1(Q). Indeed, letting x € A~1(Q), we find from the definition
of W that x € W~1(0). This proves A~}(Q) € W1(0). Let x € W~1(0), that is, Wx = 0. Since Sol(SFP) N
Fix(T) # 0, we can take a point y € Fix(T) N SFP(A). This implies

Projngy =Ayandy =Ty.
Hence, Wy = 0. Using (3.1), we have
0 = (x—y, Wx—Wy) > [[(Ax — Proj>Ax) — (Ay — Projy*Ay) ||* = [|(Ax — Proj*Ax)|%,
which implies that

(I— ProjSZ)Ax =0,

that is, x € A~1(Q). This shows that W=1(0) ¢ A~1(Q). Hence, one has W—1(0) = A~1(Q). Since C,
Q are closed and convex, we see that SFP(A) is also closed and convex. Since T is strictly pseudocon-
tractive, we find that Fix(T) is closed and convex. Since Projg)l((ﬂ ASFP( A)f is x-contractive, we see that
Proj;)l((T) ~sFp(a)f has a unique fixed point. Next, we use x* to denote the unique fixed point, that is,
f(x*). Putting

v posH
X* = Projg (11ns¥p(A)

zn = Projc’ (1= Br) (xn — 8n A" (I Projg? ) Axn) + Bnflxn)),

(1= Br)(xn = 80 W) + Bnf(xn) ) = 7|
<1 = Br) (Xn — 8nWin) — (x* = 5 Wx™)) + B (F(xn) — x*)|
< (1= Bn)l[(xn = 0nWxn) — (x* = 8nWXT)[| + B [[f(xn) — F(x7)[| + Bn [[f(x") —x7||
< Brll ) = x|+ (1= B (1 — o)) f[xn — x*]].
It follows that
[xn41 — x| < omllyn —x*|| + (1 — an)[|zn —x*||

< (1=PBn(l—on)(1— &) [xn —x*[| + Bn(1l —an)(1— cx)w-

By mathematical induction, we find that

f *) *
IO =X, ey vy

This shows that {x,} is bounded, so are {yn} and {z}. Putting

I — x| < max{

Sn=vnl+ (1—va)T,
we find that Fix(Sy) = Fix(T) for each n and
1Srxn = Snxn—1l* = YalPen —xna > = v (1= yn)llen —xn-1) = (Txn = Txn1)|?
+ (1 =vn) | Txn — Txn 1
<Yn(yn =D (xn = xn-1) = (Txn = Txn 1) [P + Yalln — xn 1]
+ (1 =vn) (xn = xn—1]* + & (xn —%n—1) = (Txn — Txn_1)|*)
Xn = Xn—1]> = (1 = vn) (¥n — <) | (. — Xn—1) — (Txn — Txn—1)|)?

<
< ||Xn *Xn—1||2'
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It follows that
lUn —Yn—1ll < |Snxn = Snxn_1l| + ISnxn-1—Sn—1Xn—1| (3.2)

< ||Xn _anlH + h/n _Ynflwxnfl - TXn71H~

Since (I — 8, W) is nonexpansive, we find that

(1= 80 W)xn — (I— 80 W)xn 1|

+ (I =8nW)xn—1 — (I—8n—1W)xn_1]|
[(T=8nW)xn—1— (I =8naW)xn_1|| + [[xn —Xn_1|

O = dn—al[Wxn_a|l + [[xn—1 —xn|].

|| (I=0W)xn —(I— 6TL—1W)XT1-—1H <
<
<

It follows that
2n = znll < I1((1 = Br) (xn = 8nWitn) + Brf(xn))

- <(1 - anl)(xnfl 611 1WX11 1) + Bn 1f Xn—1 )H

<(1- Bn)”(xn — 3 Wxn) — (Xn—1— 6n—lwxn—l)H + Bn”f(xn) - f(xn—lH
+ ”371 - Bn—lmwn—lxn—l - f(xn) H (33)

< (I =Bn)lxn-1=%nll + (1= Bn)ldn = dn_1lWxn 1| + Bnllf(xn) — f(xn1l|
+1Bn — Brn-1l[Wn—1xn—1—f(xn)|l

< (1=BnlT—a))xn-1—xn| +10n = dn_al[Wxn 1]
+Bn — Brn—1l[Wn—1xn—1 — f(xn)||-

In view of (3.2) and (3.3), we find that
Xnt1 —Xnll < anllyn —yn-1ll + (1 — an)llzn — zn—1l| +lon — xn_1l[[yn—1 —zn—1]|
< (1= (1= an)Bn(l—0))|xn —xn-1ll + Yn — Yn-1lllxn-1— Txn_1]|

+ |6n - 6'rL—1|HWXn—1|| + |Bn - Bn—lmwn—lxn—l - f(xn)H + |‘Xn - (Xn—1|”yn—1 - Zn—l”-

Using Lemma 2.1 and the conditions imposed on {&n}, {Bn}, {Yn), and {5, }, we find that

i [xni1 x| = 0. (3.4)
Since W is i AHZ -inverse-strongly monotone, we find that
(I =8 W)xn —x*||2 = 82 [[Wxn — WX | + ||xn — x*||? = 260 (Wxp, — WX*, X1, — X*)
< B W = WP+ o =7 22 W — Wi
= (83 — lzliﬁz)\Wxn—Wx*Hz—I— [ xn —x*||? (3.5)
= Su(bn = o) IWatn P+ e =P

Since || - ||? is convex, we find from (3.5) that

nl[Snxn —x* Hz + (1 —oan)llzn —x* ||2
nHXn_X HZ (1—on) || 1_Bn)(xn 5nWXn)+f5nf(Xn)_X*”2

Xng1 — x| < «
<«
<« X2 4 (1= &) (1= Br) | — 8nWxn) = X*[|2 + B (1 — o) [[F(xn) — x*[|?

nHXn

2
< (1—atn)(1—Bn)8n (6n — W)||Wxn|\2+ Brllfxn) —x* 2+ (1= Bn(l—an))Ixn — x*||*
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Hence, we have

2

(W - 6n)||WXn||2 < Bn”f(xn) — x*HZ + (1 — Bn(l — Oén)> ”Xn _ X*||2 - HXTH—I *X*HZ

(1—an)(1—PBn)on
< o [f(xn) = X2 + (en = x* [+ [Ien1 = x* D1 —xal-
Using the conditions imposed on {&xy,}, {Bn}, and {6}, we find from (3.4) that

lim |[Wxn|| = 0. (3.6)
n—oo

Note that
Xn — SnXn = Xn —Xn41+ (1 - (xn)(zn - Snxn)
=Xn —Xn4+1+ (1 —an)(zn —xn) + (1 — &n) (xn — Snxn).
It follows that

[ Xn+1 —Xn|| 4 1—on

[Snxn —Xn|| < %n = Projet (1 — Bn) (xn — tnWxn) + Brf(xn)) |

(XTL n

< xnr—xall 1o xn = (1= Bn) (xn — taWxn) + Brf(xn)) |

0(]1_ mn
X — X 11—«
< [n1 n + n([?,nHXn_f(xn)H—|-(1—[3n)HXn—(Xn—H-nWXn)”)
O('Tl_ (XTL
_ 1— 1— 1—
g o=l (A= om)Boy gy Ao nd = Brdin

In view of (3.4) and (3.6), we arrive at

lim ||Spyxn —xnl =0. (3.7)
n—oo

On the other hand, we have
[Txn —Xn|l < |Pn —Snxn |l + [[Txn = Snxnll < [Xn — Snxn |l +vVnlTxn —xn .
From the restriction imposed on {yn} and (3.7), we find that

lim ||[Txn —xn| =0.
n—oo

Next, we show that
limsup(zn —x*, f(x*) —x*) < 0.
n—oo

We take a subsequence {z,, } of {z} such that

lim (f(x*) —x*,zn,, —x*) = limsup(f(x*) —x*, zn —x™). (3.8)
m-—00 n—o0

Note that
Ien — (1= Bn) (xn — 8nA* (1= Projg2)Axn) — Bnf(xn)|

<
< ﬁan(Xn) _XnH +(1— Bn)H(Xn — 0 Wxp) _XnH
< Bnllf(xn) —xnll + 8n [Wxn|.

In view of limy, . B = 0, we find from (3.6) that

[Xn —zn ||

lim |[xn —zn| =0. (3.9)

n—o0

This proves that {z,,} is bounded. This shows that {z,,  } is also bounded. We may assume that {z, }



M. Zhang, J. Nonlinear Sci. Appl., 10 (2017), 5922-5931 5929

converges weakly to z € Hj. Since C is weakly closed, we see that z € C. Since
[Tzn —zn|l < llzn —Xnll + X0 = Txn || + [[Txn — Tzn |,
we find from (3.9) and the Lipschitz continuity of T that

lim ||Tzn —zn|| =0.
n—oo

From (3.6), we also have limy o || Wz || = 0. Using Lemma 2.2, we find that z is a fixed point of T. Since
W is inverse-strongly monotone, we have

1
AT Wzn, —Wz|> < Wz, —Wz,zn, —2). (3.10)
Letting m — oo in (3.10), we find that z € W~1(0). This proves that

ze CNW~0) NFix(T) = SFP(A) N Fix(T).

Using (3.8), one obtains that
limsup(zn —x*, f(x*) —x*) < 0.

n—oo

Finally, we prove that x, — x* in norm as n — co. Using Lemma 2.4, we find that

lzn —x* > < [[(1 = Bn) (xn — 8n A" (1= Proju?)Axn) + Bnf(xn) —x*||?
<(1—-PBn) H —6nA*(I—Pro]Q JAXR) — X¥ || 4+ 2B (f(xn) — X", zn — x¥)
< (1= Bn)?[xn = x* >+ 2Bnaxn —x*[[[lzn = X*|| +2Bn (f(x*) = X*, 20 —x*)
< (1=2Bn + Bh + Bt [xn = X*|* + Bradf|zn — X*||* 4+ 2Bn (F(x*) —x*, 2n —x7).

It follows that
2fn (1 — )
—x*I2 < _zkhmie —x*|2
Jzn = < (1= S = e =

21 (1— 1 " " * n *
+ fi_(ﬁng)<1_oc<f(x ) = X", zZn —x >+2(1B_(X)\|Xn—x Hz)-

On the other hand, we have

HXnH_X*Hz o flyn —x* Hz + (1 —otn)flzn —x" H2
17+ “I2 4+ (1 — atn)TnAn

<
< ot ||xn — % (1—otn)(1—on)||xn —x
<

(1= (1= o)) Ixn — X[ + &n (1 — otn)An,

where 8 1

An = 2(1720()”7% — x| + m(f(x*) —x*, zn —x").
Since B, — 0 asn — oo and {[|x, —x*||} is bounded, we find that limsup, _, A < 0. Using Lemma 2.1,
we find that x,, — x* as n — oo. This completes the proof. O

From Theorem 3.1, we immediately obtain the following result.

Corollary 3.2. Let Hy and Hy be two real Hilbert spaces. Let C be a nonempty closed and convex subset of Hy and
let Q be a nonempty closed and convex subset of Hp. Let Proj'é1 be the metric projection from Hy onto C and let
Proji2 be the metric projection from Hy onto Q. Let : C — C be a contractive mapping with constant 0 < « < 1
and let T : C — C be a nonexpansive mapping. Let A : Hy — Hy be a bounded linear operator such that split
feasibility problem (1.1) is consistent. Assume that Sol(SFP) NFix(S) # 0. Let {xn } be a sequence generated in the
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following iterative algorithm

x1 € C,
{Xn—H =oanTxn+(1— “n)Proj]éll ((1 —Bn)(xn — AT (I— PrOjSZ)AXn) + an(xn)>/ nx>l,

o
n=1

|6n_6n+1| <00,0<d <o < < ||A2||2

and &' are two real numbers, {xn} and {frn} are two real sequences in (0,1) such that 0 < o < an < &’ < 1,
Z;.le lotn — o1l < 00, limp 00 B = 0, 2?21 Bn = oo, Zle IBrn — Bnr1l < oo IfFiX(T) NSFP(A) is
not empty, then {xn} converges strongly to a point x* € Fix(T) N SFP(A) and x* is the unique solution to the
variational inequality

, where &

where {6} is a positive real sequence such that )_

(f(x*) —x*,x —x*) <0, Vx € Fix(T)NSFP(A).
From Theorem 3.1, we also have the following results on splitting feasibility problem (1.1).

Corollary 3.3. Let Hy and Hy be two real Hilbert spaces. Let C be a nonempty closed and convex subset of Hy and
let Q be a nonempty closed and convex subset of Hy. Let ij'é1 be the metric projection from Hy onto C and let
Projg2 be the metric projection from Hy onto Q. Let f: C — C be a contractive mapping with constant 0 < « < 1.
Let A : Hy — Hy be a bounded linear operator such that split feasibility problem (1.1) is consistent. Let {xn} be a
sequence generated in the following iterative algorithm

X1 € C,
{an = ctnxn + (1= otn)Projc’ (1= Bn) (xn — SnA™ (1= Projg?)Axs) + Bnf(xn)), 1> 1,

2
Al

and &' are two real numbers, {&n} and {fn} are two real sequences in (0,1) such that 0 < o < an < &’ < 1,
Zf:l |(xn - (xn+1| < 00, limn o0 Bn =0, Zf:l Bn = oo, Zf:1 |Bn - Bn+1| < o0. IfSFP(A) is not eml?f]/,
then {xn } converges strongly to a point x* € SFP(A) and x* is the unique solution to the variational inequality

where {6n} is a positive real sequence such that ) 3% 1 |dn —Onq1l < 00,0 < 8§ < o < &' < where

(f(x*) —x",x—x") <0, VxeSFP(A).

Remark 3.4. The CQ algorithm heavily depends on metric projection Proj.~ and Pron. In the framework
of Hilbert spaces, the projections are nonexpansive. Indeed, they are firmly nonexpansive. However, they
may lose the good properties in the framework of Banach spaces. It is of interest to extend the results
presented in this article to a Banach space.
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