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Abstract
In this paper, the author introduced the concept of generalized harmonically convex function on fractal sets Rα(0 < α 6 1)
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1. Introduction

Let f : I ⊆ R→ R be a convex function and a,b ∈ I with a < b, then the following inequality holds,

f(
a+ b

2
) 6

1
b− a

∫b
a

f(x)dx 6
f(a) + f(b)

2
,

which is well-known as Hermite-Hadamard’s inequality for convex functions. Both inequalities hold in
the reversed direction if f is concave.

With the improvement of the concept of convexity, such as s-convex, (α,m)-convex, (α,m)-preinvex
and so on, some new results for Hermite-Hadamard’s inequality were obtained. For more recent results,
one can see [2, 3, 5, 8, 11–13, 15] and the references cited therein.

In [7], İşcan provided the definition of harmonically convexity as follows.

Definition 1.1. Let I ⊂ R \ {0} be a real interval. A function f : I→ R is said to be harmonically convex, if

f

(
xy

tx+ (1 − t)y

)
6 tf(y) + (1 − t)f(x) (1.1)

for all x,y ∈ I and t ∈ [0, 1]. If the inequality in (1.1) is reversed, then f is said to be harmonically concave.
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İşcan proved the following results in [7].

Theorem 1.2. Let f : I ⊂ R \ {0}→ R be a harmonically convex function and a,b ∈ I with a < b. If f ∈ L[a,b],
then the following inequalities hold

f(
2ab
a+ b

) 6
ab

b− a

∫b
a

f(x)

x2 dx 6
f(a) + f(b)

2
. (1.2)

Lemma 1.3. Let f : I ⊂ R \ {0} → R be a differentiable function on I◦ (I◦ is the interior of I) and a,b ∈ I with
a < b. If f ′ ∈ L[a,b] then

f(a) + f(b)

2
−

ab

b− a

∫b
a

f(x)

x2 dx =
ab(b− a)

2

∫ 1

0

1 − 2t
(tb+ (1 − t)a)2 f

′
(

ab

tb+ (1 − t)a

)
dt. (1.3)

Theorem 1.4. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦, a,b ∈ I with a < b, and f ′ ∈ L[a,b]. If
|f ′|q is harmonically convex on [a,b], then∣∣∣∣∣f(a) + f(b)2

−
ab

b− a

∫b
a

f(x)

x2 dx

∣∣∣∣∣ 6 ab(b− a)

2
λ

1− 1
q

1 [λ2|f
′(a)|q + λ3|f

′(b)|q]
1
q , (1.4)

where

λ1 =
1
ab

−
2

(b− a)2 ln
(
(a+ b)2

4ab

)
,

λ2 =
−1

b(b− a)
+

3a+ b
(b− a)3 ln

(
(a+ b)2

4ab

)
,

λ3 =
1

a(b− a)
−

3b+ a
(b− a)3 ln

(
(a+ b)2

4ab

)
= λ1 − λ2.

In recent years, the fractal theory has attracted wide attention. Since the calculus on fractal space can
lead to many real world models becoming easier to understand, for instance see [21, 23], more and more
researchers extended their studies to fractal space, see [1, 6, 9, 10, 14, 16]. In [18–20, 22, 24], Yang stated
the theory of local fractional calculus on fractal space systematically, and introduced some recent results
on local fractional calculus.

The main aim of this paper is to introduce the concept of generalized harmonically convex function
on fractal space and establish generalized Hermite-Hadamard’s inequalities for generalized harmonically
convex function and some other Hermite-Hadamard type inequalities involving local fractional calculus
on fractal space.

2. Preliminaries

Let Rα (0 < α 6 1) be α-type set of the real line numbers, and use Gao-Yang-Kang’s method to
describe the definitions of the local fractional derivative and local fractional integral, see [18, 19].

If aα,bα, cα ∈ Rα, then

(1) aα + bα ∈ Rα, aαbα ∈ Rα;

(2) aα + bα = bα + aα = (a+ b)α = (b+ a)α;

(3) aα + (bα + cα) = (a+ b)α + cα;

(4) aαbα = bαaα = (ab)α = (ba)α;

(5) aα(bαcα) = (aαbα)cα;
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(6) aα(bα + cα) = aαbα + aαcα;

(7) aα + 0α = 0α + aα = aα and aα1α = 1αaα = aα.

Now, we state the definitions of the local fractional derivative and local fractional integral on Rα as
follows.

Definition 2.1 ([18]). A non-differentiable function f : R → Rα, x → f(x) is called local fractional contin-
uous at x0, if for any ε > 0, there exists δ > 0, such that

|f(x) − f(x0)| < ε
α,

holds for |x− x0| < δ, where ε, δ ∈ R. If f(x) is local fractional continuous on (a,b), we denote f(x) ∈
Cα(a,b).

Definition 2.2 ([18]). The local fractional derivative of f(x) of order α at x = x0 is defined by

f(α)(x0) =
dαf(x)

dxα

∣∣∣∣
x=x0

= lim
x→x0

Γ(α+ 1)(f(x) − f(x0))

(x− x0)α
.

Dα(a,b) is called α-local fractional derivative set. If there exists f((k+1)α)(x) =

(n+1)times︷ ︸︸ ︷
Dαx · · ·Dαx f(x) for any

x ∈ I ⊆ R, then we denote f ∈ D(n+1)α(I), where n = 0, 1, 2, · · ·.

Definition 2.3 ([18]). Let f(x) ∈ Cα[a,b]. The local fractional integral of function f(x) of order α is defined
by

aI
(α)
b f(x) =

1
Γ(α+ 1)

∫b
a

f(t)(dt)α =
1

Γ(α+ 1)
lim
∆t→0

N−1∑
j=0

f(tj)(∆tj)
α,

where a = t0 < t1 < · · · < tN−1 < tN = b, [tj, tj+1] is a partition of the interval [a,b], ∆tj = tj+1 − tj, ∆t =
max{∆t0,∆t1, · · ·,∆tN−1}.

Note that aI
(α)
a f(x) = 0, and aI

(α)
b f(x) = −bI

(α)
a f(x) if a < b. We denote f(x) ∈ I(α)x [a,b], if there

exists aIαx f(x) for any x ∈ [a,b].

Definition 2.4 ([10]). Let f : I ⊆ R→ Rα. For any x1, x2 ∈ I and λ ∈ [0, 1], if the following inequality

f(λx1 + (1 − λ)x2) 6 λ
αf(x1) + (1 − λ)αf(x2),

holds, then f is called a generalized convex function on I.

Lemma 2.5 ([18]).

(1) Suppose that f(x) = g(α)(x) ∈ Cα[a,b], then

aI
(α)
b f(x) = g(b) − g(a).

(2) Suppose that f(x),g(x) ∈ Dα[a,b], and f(α)(x),g(α)(x) ∈ Cα[a,b], then

aI
(α)
b f(x)g(α)(x) = f(x)g(x)

∣∣∣∣b
a

− aI
(α)
b f(α)(x)g(x).

Lemma 2.6 ([18]).
dαxkα

dxα
=

Γ(1 + kα)

Γ(1 + (k− 1)α)
x(k−1)α,

1
Γ(α+ 1)

∫b
a

xkα(dx)α =
Γ(1 + kα)

Γ(1 + (k+ 1)α)
(b(k+1)α − a(k+1)α), k > 0.
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Lemma 2.7 ([4, 17, Generalized Hölder’s inequality]). Let f,g ∈ Cα[a,b],p,q > 1, with 1
p + 1

q = 1, then

1
Γ(α+ 1)

∫b
a

|f(x)g(x)|(dx)α 6

(
1

Γ(α+ 1)

∫b
a

|f(x)|p(dx)α

)1/p(
1

Γ(α+ 1)

∫b
a

|g(x)|q(dx)α

)1/q

.

Lemma 2.8 ([18]).

aI
(α)
b 1 =

(b− a)α

Γ(1 +α)
.

3. Generalized harmonically convex function

Now, we provide the definition of generalized harmonically convex function on fractal space as fol-
lows.

Definition 3.1. Let I ⊂ R \ {0} be a real interval. A function f : I→ Rα (0 < α 6 1) is said to be generalized
harmonically convex, if

f

(
xy

tx+ (1 − t)y

)
6 tαf(y) + (1 − t)αf(x) (3.1)

for all x,y ∈ I and t ∈ [0, 1]. If the inequality in (3.1) is reversed, then f is said to be generalized
harmonically concave.

Here are two examples of this kind of functions.

Example 3.2. Let f : (0,∞) → Rα and g : (−∞, 0) → Rα, then f(x) = xα is a generalized harmonically
convex function and g(x) = xα is a generalized harmonically concave function.

Proof. Let x1, x2 ∈ (0,∞) and t ∈ [0, 1]. By simple calculating, we have[
tαxα2 + (1 − t)αxα1

][
tαxα1 + (1 − t)αxα2

]
=
[
t2α + (1 − t)2α]xα1 xα2 +

(
x2α

1 + x2α
2
)
tα(1 − t)α

>
[
t2α + (1 − t)2α]xα1 xα2 + 2tα(1 − t)αxα1 x

α
2

=
[
tα + (1 − t)α

]2
xα1 x

α
2

=xα1 x
α
2 .

Since f(x) = xα, we further have

f

(
x1x2

tx1 + (1 − t)x2

)
=

xα1 x
α
2

tαxα1 + (1 − t)αxα2
6 tαxα2 + (1 − t)αxα1 = tαf(x2) + (1 − t)αf(x1).

Thus, f(x) = xα is a generalized harmonically convex function. From similar method, it is easy to prove
that g(x) = xα is a generalized harmonically concave function.

Some properties of the generalized harmonically convex functions will be studied as follows.

Proposition 3.3. If f : (0,∞)→ Rα is generalized convex (Definition 2.4) and nondecreasing, then f is generalized
harmonically convex.

Proof. Let x,y ∈ (0,∞) and t ∈ [0, 1]. According to the method of Example 3.2, it is easy to prove that

0 <
xy

tx+ (1 − t)y
6 ty+ (1 − t)x.

Since f is nondecreasing and generalized convex on (0,∞), we have

f

(
xy

tx+ (1 − t)y

)
6 f (ty+ (1 − t)x) 6 tαf(y) + (1 − t)αf(x).

Hence, f is generalized harmonically convex.
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Proposition 3.4. If f : (0,∞) → Rα is generalized harmonically convex and nonincreasing, then f is generalized
convex.

Proof. Let x,y ∈ (0,∞) and t ∈ [0, 1]. It is easy to prove that

0 <
xy

tx+ (1 − t)y
6 ty+ (1 − t)x.

Since f is nonincreasing and generalized harmonically convex on (0,∞), we have

tαf(y) + (1 − t)αf(x) > f

(
xy

tx+ (1 − t)y

)
> f (ty+ (1 − t)x) .

From Definition 2.4, f is generalized convex.

Similarly, we can obtain the following two propositions.

Proposition 3.5. If f : (−∞, 0)→ Rα is generalized convex and nonincreasing, then f is generalized harmonically
convex.

Proposition 3.6. If f : (−∞, 0)→ Rα is generalized harmonically convex and nondecreasing, then f is generalized
convex.

4. Some results related Hermite-Hadamard type inequalities

Hermite-Hadamard’s inequalities for generalized harmonically convex on fractal space can be repre-
sented as follows.

Theorem 4.1. Let f : I ⊂ R \ {0}→ Rα be a generalized harmonically convex function on fractal space and a,b ∈ I
with a < b. If f(x) ∈ I(α)x [a,b], then

1
Γ(1 +α)

f(
2ab
a+ b

) 6
aαbα

(b− a)α
aI

(α)
b

f(x)

x2α 6
Γ(1 +α)

Γ(1 + 2α)
[f(a) + f(b)] . (4.1)

Proof. Since f is a generalized harmonically convex function on [a,b], setting t = 1
2 in the inequality (3.1),

we have for all x,y ∈ [a,b]

f(
2xy
x+ y

) 6
f(x) + f(y)

2α
.

Choosing x = ab
tb+(1−t)a ,y = ab

ta+(1−t)b , we obtain

f

(
2ab
a+ b

)
6
f
(

ab
tb+(1−t)a

)
+ f
(

ab
ta+(1−t)b

)
2α

.

Integrating the above inequality with respect to t over [0, 1], we obtain

1
Γ(1 +α)

f

(
2ab
a+ b

)
6

1
2α

[
1

Γ(1 +α)

∫ 1

0
f

(
ab

tb+ (1 − t)a

)
(dt)α +

1
Γ(1 +α)

∫ 1

0
f

(
ab

ta+ (1 − t)b

)
(dt)α

]

=
1

2α

(
ab

b− a

)α [ 1
Γ(1 +α)

∫b
a

f(x)

x2α (dx)α +
1

Γ(1 +α)

∫b
a

f(y)

y2α (dy)α

]

=

(
ab

b− a

)α
aI

(α)
b

f(x)

x2α ,
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where we have used the fact that

1
Γ(1 +α)

∫ 1

0
f

(
2ab
a+ b

)
(dt)α =

1
Γ(1 +α)

f

(
2ab
a+ b

)
.

For the proof of the second inequality in (4.1), we note that f is a generalized harmonically convex
function, for t ∈ [0, 1], we have

f

(
ab

tb+ (1 − t)a

)
6 tαf(a) + (1 − t)αf(b),

and

f

(
ab

ta+ (1 − t)b

)
6 tαf(b) + (1 − t)αf(a).

Adding the above two inequalities, we get

f

(
ab

tb+ (1 − t)a

)
+

(
ab

ta+ (1 − t)b

)
6 tα[f(a) + f(b)] + (1 − t)α[f(b) + f(a)].

Integrating the above inequality with respect to t over [0, 1], we have

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α 6
Γ(1 +α)

Γ(1 + 2α)
[f(a) + f(b)] ,

where we have used the fact that

1
Γ(1 +α)

∫ 1

0
(1 − t)α(dt)α =

1
Γ(1 +α)

∫ 1

0
tα(dt)α =

Γ(1 +α)

Γ(1 + 2α)
.

The proof is completed.

Remark 4.2. In Theorem 4.1, we take α = 1, then inequalities (4.1) reduces to inequalities (1.2).

Lemma 4.3. Let I ⊂ R \ {0} be an interval, f : I◦ ⊂ R \ {0} → Rα (I◦ is the interior of I) such that f ∈ Dα(I◦)
and f(α) ∈ Cα(a,b) for a,b ∈ I◦ with a < b. Then the following equality holds.

f(a) + f(b)

2α
−Γ(1 +α)

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α

=
aαbα(b− a)α

2α
1

Γ(1 +α)

∫ 1

0

(1 − 2t)α

(tb+ (1 − t)a)2α f
(α)

(
ab

tb+ (1 − t)a

)
(dt)α.

(4.2)

Proof. Let

Ir =
aαbα(b− a)α

2α
1

Γ(1 +α)

∫ 1

0

(1 − 2t)α

(tb+ (1 − t)a)2α f
(α)

(
ab

tb+ (1 − t)a

)
(dt)α.

By the local fractional integration by parts, we have

Ir =
(2t− 1)α

2α
f

(
ab

tb+ (1 − t)a

) ∣∣∣∣∣
1

0

−
1

Γ(1 +α)

∫ 1

0
Γ(1 +α)f

(
ab

tb+ (1 − t)a

)
(dt)α

=
f(a) + f(b)

2α
−
Γ(1 +α)

Γ(1 +α)

∫ 1

0
f

(
ab

tb+ (1 − t)a

)
(dt)α.

Using changing variable with x = ab
tb+(1−t)a , we obtain

Ir =
f(a) + f(b)

2α
− Γ(1 +α)

(
ab

b− a

)α 1
Γ(1 +α)

∫b
a

f(x)

x2α (dx)α

=
f(a) + f(b)

2α
− Γ(1 +α)

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α .
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This completes the proof.

Remark 4.4. In Lemma 4.3, we take α = 1, then equality (4.2) reduces to equality (1.3).

Theorem 4.5. Let I ⊂ (0,∞) be an interval, f : I◦ → Rα (I◦ is the interior of I) such that f ∈ Dα(I◦) and
f(α) ∈ Cα[a,b] for a,b ∈ I◦ with a < b. If |f(α)|q is generalized harmonically convex on [a,b] for q > 1, then for
all x ∈ [a,b], the following inequality holds.∣∣∣∣∣f(a) + f(b)2α

− Γ(1 +α)
aαbα

(b− a)α
aI

(α)
b

f(x)

x2α

∣∣∣∣∣ 6aαbα(b− a)α2α
(
λα1

)1− 1
q

×

[
λα2 |f

(α)(a)|q + λα3 |f
(α)(b)|q

] 1
q

,

(4.3)

where

λα1 =
1

aαbαΓ(1 +α)
+

2α

(b− a)2α

(
lnα(aα) + lnα(bα) − 2α lnα

(a+ b
2
)α),

λα2 =−
1

bα(b− a)αΓ(1 +α)
+

(b+ 3a)α

(b− a)3α

(
2α lnα

(a+ b
2
)α

− lnα(aα) − lnα(bα)
)

,

λα3 =
1

aα(b− a)αΓ(1 +α)
−

(3b+ a)α

(b− a)3α

(
2α lnα

(a+ b
2
)α

− lnα(aα) − lnα(bα)
)

,

and lnα(xα) denotes the inverse function of the Mittag-Leffler function Eα(xα) =
∑∞
k=0

xkα

Γ(1+kα) (see [18]) on
fractal set.

Proof. Taking modulus in Lemma 4.3 and using the generalized Hölder’s inequality (Lemma 2.7), we have∣∣∣∣∣f(a) + f(b)2α
−Γ(1 +α)

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α

∣∣∣∣∣
6
aαbα(b− a)α

2α
1

Γ(1 +α)

∫ 1

0

∣∣∣ (1 − 2t)α

(tb+ (1 − t)a)2α

∣∣∣∣∣∣f(α)( ab

tb+ (1 − t)a

) ∣∣∣(dt)α
6
aαbα(b− a)α

2α

[
1

Γ(1 +α)

∫ 1

0

∣∣∣ (1 − 2t)α

(tb+ (1 − t)a)2α

∣∣∣(dt)α]1− 1
q

×

[
1

Γ(1 +α)

∫ 1

0

∣∣∣ (1 − 2t)α

(tb+ (1 − t)a)2α

∣∣∣∣∣∣f(α)( ab

tb+ (1 − t)a

) ∣∣∣q(dt)α] 1
q

.

(4.4)

Since |f(α)|q is generalized harmonically convex on [a,b], thus

1
Γ(1 +α)

∫ 1

0

∣∣∣ (1 − 2t)α

(tb+ (1 − t)a)2α

∣∣∣∣∣∣f(α)( ab

tb+ (1 − t)a

) ∣∣∣q(dt)α
6

1
Γ(1 +α)

∫ 1

0

∣∣∣ (1 − 2t)α

(tb+ (1 − t)a)2α

∣∣∣(tα∣∣f(α)(a)∣∣q + (1 − t)α
∣∣f(α)(b)∣∣q)(dt)α

=

(
1

Γ(1 +α)

∫ 1

0

|1 − 2t|αtα

(tb+ (1 − t)a)2α (dt)
α

)∣∣f(α)(a)∣∣q
+

(
1

Γ(1 +α)

∫ 1

0

|1 − 2t|α(1 − t)α

(tb+ (1 − t)a)2α (dt)
α

)∣∣f(α)(b)∣∣q.

(4.5)
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Applying the change of the variable tb+ (1 − t)a = x, we have

1
Γ(1 +α)

∫ 1

0

|1 − 2t|α

(tb+ (1 − t)a)2α (dt)
α

=
1

Γ(1 +α)

∫ 1
2

0

(1 − 2t)α

(tb+ (1 − t)a)2α (dt)
α +

1
Γ(1 +α)

∫ 1

1
2

(2t− 1)α

(tb+ (1 − t)a)2α (dt)
α

=
1

(b− a)2α

[
1

Γ(1 +α)

∫ a+b
2

a

(
(a+ b)α

x2α −
2α

xα

)
(dx)α

+
1

Γ(1 +α)

∫b
a+b

2

(
2α

xα
−

(a+ b)α

x2α

)
(dx)α

]

=
1

(b− a)2α

[
1

Γ(1 +α)

∫ a+b
2

a

(a+ b)α

x2α (dx)α −
1

Γ(1 +α)

∫ a+b
2

a

2α

xα
(dx)α

+
1

Γ(1 +α)

∫b
a+b

2

2α

xα
(dx)α −

1
Γ(1 +α)

∫b
a+b

2

(a+ b)α

x2α (dx)α

]
.

(4.6)

Applying the change of the variable 1
x = u, and 1

x2α (dx)
α = −(du)α, from Lemma 2.8, we obtain

1
Γ(1 +α)

∫ a+b
2

a

1
x2α (dx)

α = −
1

Γ(1 +α)

∫ 2
a+b

1
a

(du)α =
1

Γ(1 +α)

( 1
a
−

2
a+ b

)α
. (4.7)

Similarly,

1
Γ(1 +α)

∫b
a+b

2

1
x2α (dx)

α =
1

Γ(1 +α)

( 2
a+ b

−
1
b

)α
. (4.8)

By the facts that

1
Γ(1 +α)

∫ a+b
2

a

1
xα

(dx)α = lnα
(a+ b

2
)α

− lnα(aα), (4.9)

and

1
Γ(1 +α)

∫b
a+b

2

1
xα

(dx)α = lnα(bα) − lnα
(a+ b

2

)α
, (4.10)

where lnα(xα) denotes the inverse function of the Mittag-Leffler function on fractal set.
Substituting (4.7), (4.8), (4.9), (4.10) into (4.6), we have

λα1 =
1

Γ(1 +α)

∫ 1

0

|1 − 2t|α

(tb+ (1 − t)a)2α (dt)
α

=
1

(b− a)2αΓ(1 +α)

[
(a+ b)α

(( 1
a
−

2
a+ b

)α
−
( 2
a+ b

−
1
b

)α)

+ 2αΓ(1 +α)

(
lnα(aα) + lnα(bα) − 2α lnα

(a+ b
2
)α)]

=
1

aαbαΓ(1 +α)
+

2α

(b− a)2α

(
lnα(aα) + lnα(bα) − 2α lnα

(a+ b
2
)α).

(4.11)



W. B. Sun, J. Nonlinear Sci. Appl., 10 (2017), 5869–5880 5877

Using the same method, we can check that

λα2 =
1

Γ(1 +α)

∫ 1

0

|1 − 2t|αtα

(tb+ (1 − t)a)2α (dt)
α

=−
1

bα(b− a)αΓ(1 +α)
+

(b+ 3a)α

(b− a)3α

(
2α lnα

(a+ b
2
)α

− lnα(aα) − lnα(bα)
)

,
(4.12)

and

λα3 =
1

Γ(1 +α)

∫ 1

0

|1 − 2t|α(1 − t)α

(tb+ (1 − t)a)2α (dt)
α

=
1

aα(b− a)αΓ(1 +α)
−

(3b+ a)α

(b− a)3α

(
2α lnα

(a+ b
2
)α

− lnα(aα) − lnα(bα)
)

.
(4.13)

Using (4.4)-(4.5) and (4.11), (4.12), (4.13), we get (4.3) which completes the proof.

Remark 4.6. In Theorem 4.5, we take α = 1, then inequality (4.3) reduces to inequality (1.4).

Theorem 4.7. Let I ⊂ (0,∞) be an interval, f : I◦ → Rα such that f ∈ Dα(I◦) and f(α) ∈ Cα[a,b] for a,b ∈ I◦
with a < b. If |f(α)|q is generalized harmonically convex on [a,b] for q > 1, 1

p + 1
q = 1, then for all x ∈ [a,b],

the following inequality holds.∣∣∣∣∣f(a) + f(b)2α
− Γ(1 +α)

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α

∣∣∣∣∣
6
aαbα(b− a)α

2α

[
Γ(1 + pα)

Γ(1 + (p+ 1)α)

] 1
p
[
µα1
∣∣f(α)(a)∣∣q + µα2 ∣∣f(α)(b)∣∣q

] 1
q

,

where

µα1 =
1

(b− a)2αΓ(1 +α)


(
b2−2q − a2−2q

)α
(2 − 2q)α

−
aα
(
b1−2q − a1−2q

)α
(1 − 2q)α

 ,

µα2 =
1

(b− a)2αΓ(1 +α)

bα
(
b1−2q − a1−2q

)α
(1 − 2q)α

−

(
b2−2q − a2−2q

)α
(2 − 2q)α

 .

Proof. Taking modulus in Lemma 4.3 and using the generalized Hölder’s inequality, we have∣∣∣∣∣f(a) + f(b)2α
− Γ(1 +α)

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α

∣∣∣∣∣
6
aαbα(b− a)α

2α
1

Γ(1 +α)

∫ 1

0
|1 − 2t|α

∣∣∣ 1
(tb+ (1 − t)a)2α f

(α)

(
ab

tb+ (1 − t)a

) ∣∣∣(dt)α
6
aαbα(b− a)α

2α

[
1

Γ(1 +α)

∫ 1

0
|1 − 2t|αp(dt)α

] 1
p

×

[
1

Γ(1 +α)

∫ 1

0

1
(tb+ (1 − t)a)2αq

∣∣∣f(α)( ab

tb+ (1 − t)a

) ∣∣∣q(dt)α] 1
q

.

(4.14)
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Since |f(α)|q is generalized harmonically convex on [a,b], thus

1
Γ(1 +α)

∫ 1

0

1
(tb+ (1 − t)a)2αq

∣∣∣f(α)( ab

tb+ (1 − t)a

) ∣∣∣q(dt)α
6

1
Γ(1 +α)

∫ 1

0

1
(tb+ (1 − t)a)2qα

(
tα
∣∣f(α)(a)∣∣q + (1 − t)α

∣∣f(α)(b)∣∣q)(dt)α
=

(
1

Γ(1 +α)

∫ 1

0

tα

(tb+ (1 − t)a)2qα (dt)
α

)∣∣f(α)(a)∣∣q
+

(
1

Γ(1 +α)

∫ 1

0

(1 − t)α

(tb+ (1 − t)a)2qα (dt)
α

)∣∣f(α)(b)∣∣q.

(4.15)

Applying the change of the variable tb+ (1 − t)a = x, we have

1
Γ(1 +α)

∫ 1

0

tα

(tb+ (1 − t)a)2qα (dt)
α =

1
(b− a)2α

1
Γ(1 +α)

∫b
a

(x− a)α

x2qα (dx)α

=
1

(b− a)2α

[
1

Γ(1 +α)

∫b
a

1
x(2q−1)α (dx)

α

−
aα

Γ(1 +α)

∫b
a

1
x2qα (dx)

α

]
.

(4.16)

Letting 1
x2q−2 = u and from 1

x(2q−1)α (dx)
α = 1

(2−2q)α (du)
α, we obtain

1
Γ(1 +α)

∫b
a

1
x(2q−1)α (dx)

α =
1

(2 − 2q)α
1

Γ(1 +α)

∫b2−2q

a2−2q
(du)α =

(
b2−2q − a2−2q

)α
(2 − 2q)αΓ(1 +α)

. (4.17)

Letting 1
x2q−1 = u and from 1

x2qα (dx)
α = 1

(1−2q)α (du)
α, we obtain

1
Γ(1 +α)

∫b
a

1
x2qα (dx)

α =
1

(1 − 2q)α
1

Γ(1 +α)

∫b1−2q

a1−2q
(du)α =

(
b1−2q − a1−2q

)α
(1 − 2q)αΓ(1 +α)

. (4.18)

Substituting (4.17) and (4.18) into (4.16), we have

µα1 =
1

Γ(1 +α)

∫ 1

0

tα

(tb+ (1 − t)a)2qα (dt)
α

=
1

(b− a)2αΓ(1 +α)


(
b2−2q − a2−2q

)α
(2 − 2q)α

−
aα
(
b1−2q − a1−2q

)α
(1 − 2q)α

 .

(4.19)

Similarly, we have

µα2 =
1

Γ(1 +α)

∫ 1

0

(1 − t)α

(tb+ (1 − t)a)2qα (dt)
α

=
1

(b− a)2α
1

Γ(1 +α)

∫b
a

(b− x)α

x2qα (dx)α

=
1

(b− a)2αΓ(1 +α)

bα
(
b1−2q − a1−2q

)α
(1 − 2q)α

−

(
b2−2q − a2−2q

)α
(2 − 2q)α

 .

(4.20)
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From Lemma 2.6, by simple calculation, we get

1
Γ(1 +α)

∫ 1

0
|1 − 2t|αp(dt)α =

Γ(1 + pα)

Γ(1 + (p+ 1)α)
. (4.21)

Thus, combining (4.14), (4.15) and (4.19), (4.20), (4.21), we obtain∣∣∣∣∣f(a) + f(b)2α
− Γ(1 +α)

aαbα

(b− a)α
aI

(α)
b

f(x)

x2α

∣∣∣∣∣
6
aαbα(b− a)α

2α

[
Γ(1 + pα)

Γ(1 + (p+ 1)α)

] 1
p
[
µα1
∣∣f(α)(a)∣∣q + µα2 ∣∣f(α)(b)∣∣q

] 1
q

.

The proof is completed.

Remark 4.8. In Theorem 4.7, we take α = 1, which is [7, Theorem 2.7].
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