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Abstract

In this paper we establish some weighted Simpson type inequalities for functions whose derivatives in absolute value are
h-convex. (©2017 All rights reserved.
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1. Introduction

The Simpson inequality states that if f exists and is bounded on (a, b), then

be(x)dx—b;a [f(a)—;—f(b) +2f<a—£b)} < zglﬁumeoo'(b_a)Al’

where
|19 = sup 119 (1) 1< oo,
© te(a,b)

In [3], Dragomir et al. proved the following inequality.

Theorem 1.1. Suppose f : [a,b] — R is a differentiable mapping whose derivative is continuous on (a,b) and
' € L([a, b]). Then the following inequality holds:

b
f(a)+f(b) a+b 1 b—a,
- _ <
> +2f 7 b_an(x)dx\ 3 | £ |1,

a

Q| =

where

b
If H1:J|f’ (x) | dx.
a
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In [9], Sarikaya et al. obtained inequalities for differentiable convex mappings. The main inequality is
as follows.

Theorem 1.2. Let f : 1 C R — R be a differentiable mapping on 1° such that t' € L([a, b]), where a,b € 1° with
a <b. If| ' |9 is convex on [a, b, q > 1, then the following inequality holds:

b
1 a+b 1
6[f(a)+4f< 5 >+f(b)}— Jf(X)dX

b—a
. . (1.1)
l i i a i I a
cb—a 14+2P+INP 31f (b) [T+ 1|f (a)ld q+ | £ (0)[943]f (a)]9)"
12 3(p+1) 4 4 ’
where
1 1
— 4+ —=1.
P (4

In [10], Sarikaya et al. obtained the following inequality for s-convex functions.

Theorem 1.3. Let f : 1 C [0,00) — R be a differentiable mapping on such that £ € 1L([a, b)), where a,b € 1°
with a < b. If| f' |9 is s-convex on [a, b], for some fixed s € (0,1] and q < 1, then the following inequality holds:

b
1 a+b 1
c [f(a)+4f< 5 >+f(b)] —b_an(X)dx

_b—a 14207 P16 (0) 9 4| f (252 | a [ (@) [9+ [ f (2F2) |9 a
=12 <3(p—|—1)> 4 + 4 ’

1,1
wherep+q—1.

For recent refinements, counterparts, generalizations, and inequalities of Simpson type, see [1-7, 9, 10]
and [11, 12].

In 2007, Varosanec in [13] introduced a large class of functions, the so-called h-convex functions. This
class contains several well-known classes of functions such as non-negative convex functions, s-convex in
the second sense, Godunova Levin functions and P-functions. This class is defined in the following way:
a function f : I — R, ) # I C R being an interval is called h-convex, if

ftx+(1—t)y) <h(t)f(x)+h(1—1t)f(y),

holds forallx,y € I, t € (0,1), where h : ] -+ R, h # 0 and ] is an interval, (0,1) C J.
In [8], Sarikaya et al. proved that for h-convex function the following variant of the Hadamard in-
equality is fulfilled:

1
1 a+b 1
2h(§)f( > ) <b—an(X)dX<[f(a)—i_f(b)]‘ih(t)dt' (1.3)

The main purpose of the present paper is to establish new weighted Simpson type inequalities for
functions whose derivatives in absolute value are h-convex.

2. Main result

In order to prove our main theorems, we need the following lemma.
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Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and let w : [a,b] — R be
symmetric mapping to <52 If ', w € L([a, b]), then the following indentity holds:

6(b—a) 2
b 1 1t 1 1 11 1 1 1 1
—a —S +s —S +s r(1—1 +t
= {J {2Jw< > a+ > b)ds—3Jw< 5 a+ > b)ds]f <za+2b>dt
0 0
1 11 1 1 1t 1 1 1 1
+s —s +s —s 1+t —t
4@( SRR PURY L )] ()}
oL o 0
Proof. By integration by parts and changing the variables, we get
1 1t 1 1 11 1 1 1 1
—S +5 —S +s (1=t +t
IlJ!ZJW( > a—+ > b)ds—3Jw< > a-+ > b)ds]f <2a+2b)dt
oL o 0
2 1t 1 1 11 1 1 1 1
_ 1 —S +s 1 —S +s —t +t 1
baLJw( 5 a+ > b)ds 3Jw< 5 a—+ > b>ds]f<2 a—i—iz b)lo
0 0
1 1 1 1 1 1
—t +t —t +t
(St ) (e
0

1

2 1 1 a+b 1—s 1+s
_ba[6f(b)+3f< ' )]JW( - b)ds

b b
1 [f(a)+f(b)+4f(a+b>] Jw(x)dx— L Jw(x)f(x)dx

o

and similarly
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1
1 1+t 1—t 1+t 1—t
0

4 1 1 (a+Db
~ e 6@+ ()

Since w(x) is symmetric to %b, we have

0 —_—
s
®
o,
=
|
N
N
0 —_—
s
B
—
®
o,
x

a+b

JZ' w(x)dx = jf w(x)dx =

Thus, we can write

b—a
2

(L+L)=

b b
So—a] [f(a)+f(b)+4f<a+b)] JW(X) dx+1aJw(X)f(x) dx,

which completes the proof. O

Throughout this paper, let || W ||(q,b],00= SUP,¢[qp) | W (X) |, for the continuous function w : [a, b] — R.
Now, we are ready to state and prove our results.

Theorem 2.2. Let f : [a,b] — R be a differentiable mapping on (a,b) and f € L([a,b]) with a < b and

w: [a,b] — R be continuous and symmetric to <E2. If | f'" | is h-convex on [a,b], then the following inequality
holds:

1
6(b—a)

b b
f(a)+f(b)+4f<a—£b>] Jw(x) dx — ! Jw(x)f(x) dx

2.1)

1
<(b=a) | wlapiao [ (a) 1417 (0) 1] [ nit)
0

Proof. From Lemma 2.1 and since | f " | is h-convex on [a, b] we have

2

1 t 1

b—a 1 1—s 1+s 1 1—s 1+s r(1—1 1+t
< Z _Z . - - -
< {JZJV\)( 5 a+ 5 b>ds 3Jw< 5 a-+ > b)dsl |f< 5 a+ > b)ldt

0 0 0
( 11 1 1 11 1 1 1 1
+S —S +s —S / +t —t

—|—J 3JW( > a+ > b)ds—zjw< > a+ > b)ds|~|f (za—l—zb)dt}

0 0 0

1 t 1
b—a 1 1 (11—t 1+t
< - _ = ) -
< w{a,b],w{jzjds sJastr (Frar ) ar
0

b b
1[f(a)+f(b)+4f<a+b>]Jw(x)dx— 1 Jw(x)f(x)dx




M. Matloka, J. Nonlinear Sci. Appl., 10 (2017), 5770-5780 5774
1 1 0 1 ) 1 1
/ +t -t
+J st—szs |- | f <2a+2b> | dt}
0 0 0
b 0 1 1
—a —t ’ +t ’
<20 W e {J (n(F5H) 1 @i () 16 o)1) a
0
l 1 1
t ’ —t /
+J n(—2) 1 (@) +h £ (b) | ) at
2 2
0

@

1
—(b=a) [ wlapieo 17 (@) 1417 (0] 1] [0,
0

where
1w g o=l 0 ) 0=l W o100

and

1 [ 1 0 1 0 1 [ 1

- _ - _| = _ = < =

|2st 3stl SJdS 2st|\3
0 0 0 0

for each t € [0, 1]. This completes the proof. O

Corollary 2.3. In Theorem 2.2, if we take h(t) = t, then inequality (2.1) becomes the following inequality for
convex functions:

6(b—a)
b—a
<
2
Corollary 2.4. Suppose h(t) = t5, s € (0,1] in Theorem 2.2, we have the following inequality for s-convex
functions:

2

b b
[f(a)+f(b)+4f<a+b>] Jw(x) dx — ! Jw(x)f(x) dx

a

I llia oo || (@) 1+ 1 (0) ]

6(b—a) 2 b—a

b b
L [f(a)+f(b)+4f(a+b>] Jw(x)dx— L Jw(x)f(x)dx

b_ Y ’
< ogy 1 Mawieo [ 7 (@) 1416 (0) 1]

Remark 2.5. If we set h(t) =t in the proof of Theorem 2.2, then using the fact that

1 t 11 1
JI st—3jds|dtzjl
0 0 0 0

we obtain the following inequality:

11
3 2 36

S
W[ =

(ST

1 11: 1 1 1
0 0 0

1
6(b—a)

b b
[f(a)+f(b)+4f<a—£b>]Jw(x)dx— L Jw(x)f(x)dx

5 / !/
< W llapreo |1 (@) 1+1F (0)1]
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Theorem 2.6. Let f : [a,b] — R be a differentiable mapping on (a,b) and f € L([a,b]) with a < b and
w : [a,b] — R be continuous and symmetric to <52 If |f" |9 is h-convex on [a,b] and q > 1, then the following

inequality holds:

b
1 a+b 1
6(b_a)[f(a)+f(b)+4f< 5 )] JW(X)dX_b—aJW(X)f(X)dX

(2.2)

1
1 2
b—a 142PFINP o /
< B N T q
0

al=
al=

1 1 3
+ £ (b) |9 Jh(t) at| +|/f ()@ Jh(t) dt+ | f (b) |9 Jh(t) dt ,
1 1 0

1,1 _
wherep+q—1.

Proof. From Lemma 2.1 and using the Holder’s integrals inequality and the h-convexity of | f' |9, we have

2

1 t 1
1 1—s 1+s 1 1—s 1+s
- _z P
(J2Jw< > a+ > b>ds 3Jw< > a+ > b>ds dt)
0

b
% [f(a)+f(b)+4f<a+b>} Jw(x) dx—biaJw(x)f(x) dx

o=

o=

N

1 1
+ (J | lt—% P dt) - (J (h (12+t> £ (@) |9 +h <12_t) £ (b) |q> dt)
0 0

al=




M. Matloka, J. Nonlinear Sci. Appl., 10 (2017), 5770-5780 5776

1 2
th ek [ (0)]9 [h(at| ¢,
0
where . )
11 1 1 24212
t—=Pdt=||z—ztPdt= ——F——,
JZ 3| J|3 2 | (p+1)-6r+!
0 0
which completes the proof. O

Corollary 2.7. If we set h(t) =t in Theorem 2.6, we obtain the inequality for convex functions:

6(b—a)

b—a 1+2P+1\ /1 H , , i
<P 1w s (50077 ) <4) {17 @117 ®)19) 4 (317 @ 19+ 17 0)19) |

Corollary 2.8. If we set h(t) =1t, s € (0,1] in Theorem 2.6, we obtain the inequality for s-convex functions:

b b
L {f(a)+f(b)+4f<a+b>} Jw(x)dx— L Jw(x)f(x)dx

b b
L [f(a)+f(b)+4f(a+b>] Jw )dx — L Jw(x)f(x)dx

6(b—a) 2
b—a 142p+1 1 % 2 % , 1\ 5*! , 1\ 5*! q
< B W [, b],00 <3(p+1)) (4> ' (s—i—l) {(I f (a) |9 <2> +|f (b) 9 <1— (2> ))
s+1 s+1 %
(e e 7}

Remark 2.9. If we set h(t) =t and w(x) = 1 for each x € [a, b] in Theorem 2.6, then inequality (2.2) reduces
to the inequality (1.1).

Remark 2.10. If we set h(t) =t°%, s € (0,1] and w(x) =1 for each x € [a, b] in Theorem 2.6, then inequality
(2.2) reduces to the inequality [10, Eq. (2.9)].

Theorem 2.11. Let f : [a,b] — R be a differentiable mapping on (a,b) and f e L([a,b]) with a < b and
w : [a,b] — R be continuous and symmetric to %b. If | f' |9 is h-convex on [a,b] and q = 1, then the following
inequality holds:

b b
L [f(a)—l—f(b)—l—llf(a—i_bﬂ Jw(x)dx— ! Jw(x)f(x)dx

6(b—a) 2

al=

1
1 1 2 1
b—a 5 1_5 2\ 9 / ’
< — = q q
<Pt Il () (5) [ @ e doe frwa)
0 1
2

h(t) dt+ | £ (b) |9 Jh(t) dt
0

+
-
—
"o
NI e
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Proof. From Lemma 2.1 and the power mean inequality, we have that the following inequality holds:

b b
‘;a [f(a)—i—f(b)—l—élf(a;b)] Jw(x) dx—biaJw(x)f(x) dx |

1 t 1
b—a 1 1—s 1+s 1 1—s 1+s
< Z _ =
< (JZJW< 5 a+ > b>ds 3jw< 5 a+ > b)dsdt)
0 0 0

1 t 1
1 1—s 1+s 1 1—s 1+s (11—t 1+t
l _ - i -rT° q
JIZJW< 5 a+ > b>ds 3Jw< 5 a+ > b)dsllf( 5 a+ > b)l dt)
0 0

[=}

o=

for all t € [0, 1] we have

1 t 1

1 1—s 1+s 1 1—s 1+s r(1—1t 1+t

- b)ds— = b f [ =—a+——b) |9 dt
J|2Jw< 5 a-+ > >ds 3Jw< > a-+ > )dsl <2 a—+ > >| d
0 0 0

1 1
1 / 11—t / 1+t
<” w H[a,b},oo g ( f (a) |q Jh(2> dt+ | f (b) |q Jh<2> dt) p
0 0

and

2 2

1 1
( f (a) |9 Jh <12+t> dt+ | (b) |9 Jh <12_t> dt) .
0 0

Using the last two inequalities we obtain

1 t
1 1-— 1 1 1-— (141t 1—t
Jw +sa—|— b ds—Jw +Sa+ b ds|-|f La—i——b |9 dt
2 2 2 2
0

Q| =

<[ w llab100

b b
6(171_(1) {f(a)—i—f(b)—l—llf(a;rb)} Jw(x) dx— Jw(x)f(x) ax
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o=
|=
al=

3 1
<§>q If/(a)|qjh(t)dt—i—|f/(b)|th(t)dt
0 1

b—a 5\
< I W llta,bl,00 5

1
q

1 3
+ If/(a)Iqjh(t)dt+|f/(b)Iqjh(t)dt
1 0

This completes the proof. O

Corollary 2.12. In Theorem 2.11, if we take h(t) = t, then inequality (2.3) becomes the following inequality for

convex functions:

6(b—a)

b—a 5\~
< 8 H w H[a,b],oo ) §

b b
! [f(a)—i—f(b)—i—ﬁlf(a;b)]Jw(x)dx—biajw(x)f(x)dx

1

3

1 s+1 , 1 s+1 , %
+<<1(2> >|f(a)|q+(2> |f(b)|q) }

Theorem 2.14. Let f : [a,b] — R be a differentiable mapping on (a,b) and f € L([a,b]) with a < b and
w : [a,b] — R be continuous and symmetric to 12 If | £ |9 is h-convex on [a,b] and q > 1, then the following

inequality holds:

b
b [f(a)+f(b)+4f<a;b>] [wiax— o [wiofeax

1
1

1 1 q
b—a 14+2P+H1IN P ,(a+b , q
<5t e (he25)’ (o) {7 (552) 19 0m)
0
+<|f’(a)q+|f’<“§b) |q>q},

1,1
wherep~|—q—1.
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Proof. From Lemma 2.1 and using the Holder’s integral inequality, we have

b
1 a+b 1
6(b_a)[f(a)+f(b)+4f< 5 )] JW(X)dX_b—aJW(X)f(X)dX

o)

T =

1
y (Jf <1+t +1b> L dt)
2
0

Since | f' |9 is h-convex, by (1.3) we have
0 1 1 2
’ —t +t
e q 3¢ —
J | f < et — b> |9 dt —

and

1
e axs 17 (S50 ) e o] [nina
0

a+b
2

t—c

a+b

1 2 1
Jw’(1+t +1b> ar= 2 J £ (x) |9 dxg{lf/(a) |q+|f’<a;b> |q”h(t)dt.
0 a 0

2 2

Therefore we obtain

b b
1 a+b 1
M[f(a)—i—f(b)—i—ﬁlf( 7 ﬂjw(x)dx—b_aJ’w(x)f(x)dx
b— 14 2p+1 3 f i atb 1
< 12 <(p+1)3> .(Jh(t)dt> {(H( 5 )|q+|f(b)|q>
0

(1 @1 (“;b) o) }

where 1 + % = 1. We also note that

P
1 1 1 1
“t—Z [P dt=
[15t-3Pa=]13-
0 0

242Pt2

tPdt= ————>.
T e

Q)\P—‘
I\J\)—‘

This completes the proof.
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Remark 2.15. If we choose h(t) =t or h(t) =t°%, s € (0,1] in Theorem 2.14, we obtain the inequalities for
convex or s-convex functions respectively.

Remark 2.16. If we choose h(t) =t, s € (0,1] and w(x) = 1 for each x € [a, b], then we obtain inequality
(1.2) of Theorem 1.3.
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