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Abstract

In this paper, we prove some fixed point results for a class of x-nonexpansive single and multi-valued mappings in the
setting of partial metric spaces. Our results generalize the analogous ones of Vetro [F. Vetro, Filomat, 29 (2015), 2011-2020]. Some
examples are presented making our results effective. (©2017 All rights reserved.
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1. Introduction and preliminaries

It is well-known that the study of fixed point theorems for nonexpansive mappings has attracted the
attention of many researchers, see for example [12-14, 17, 19]. On the other hand, the notion of partial
metric spaces was introduced by Matthews [15] in 1994 as a part to study the denotational semantics of
dataflow networks which play an important role in constructing models in the theory of computation.
Many (common) fixed point results have been provided on partial metric spaces. For more details, see
[1, 5-11, 18].

Definition 1.1 ([15]). A partial metric on a nonempty set X is a function p : X x X — [0, 00) such that for
all x,y,z € X

(PM1) p(x,x) =p(x,y) = p(y,y), then x =y;
(PM2) p(x,x) < p(x,y);

(PM3) p(x,y) =ply,x);

(PM4) p(x,z) +p(y,y) < p(x,y) +ply, 2).

The pair (X, p) is then called a partial metric space (PMS).

According to [15], each partial metric p on X generates a Ty topology T, on X which has as a base of
the family of open p-balls {B,(x,¢) : x € X, ¢ > 0}, where B,(x,¢) = {y € X : p(x,y) < p(x,x) + ¢} for

*Corresponding author
Email addresses: hmaydi@uod.edu.sa (Hassen Aydi), abdelbassetfelhi@gmail.com (Abdelbasset Felhi)

doi:10.22436 /jnsa.010.10.32
Received 2016-12-26


http://dx.doi.org/10.22436/jnsa.010.10.32

H. Aydi, A. Felhi, J. Nonlinear Sci. Appl., 10 (2017), 5509-5527 5510

all x € X and ¢ > 0. Following [15], several topological concepts can be defined as follows. A sequence
{xn} in a partial metric space (X,p) converges to a point x € X if and only if p(x,x) = li_I)n P(xn,x)
n—oo
and is called a Cauchy sequence if 1in_1> P(xn,xm) exists and is finite. Moreover, a partial metric space
n, m—oo
(X, p) is said complete if every Cauchy sequence {x,,} in X converges with respect to T, to a point x € X
such that p(x,x) = lir£1> P(xn,xm). It is known [15] that if p is a partial metric on X, then the function
n, m—oo
p®: X x X = R™" defined by
P° (0 y) =2p(x,y) —p(x,x) = p(y,y)

for all x,y € X, is a metric on X.

Note that if a sequence converges in a partial metric space (X, p) with respect to Tps, then it converges
with respect to Tp.

Also, a sequence {xn, } is Cauchy in a partial metric space (X, p) if and only if it is Cauchy in the metric

space (X, p*). Consequently, a partial metric space (X, p) is complete if and only if the metric space (X, p*)
is complete. Moreover, if {xn } is a sequence in a partial metric space (X,p) and x € X, one has that

Jim p®(xn,x) =0 & plx,x) = lm plxn,x) = n,grgwp(xn,xm).

Definition 1.2. Let (X, p) be a partial metric space. We say that T : X — X is (sequentially) continuous if
P(xn,x) = p(x,x), then p(Txn, Tx) — p(Tx, Tx) as n — oo.

Lemma 1.3. Let (X, p) be a partial metric space. Then
(1) if p(x,y) =0, we have x =y;
(2) if x #y, we have p(x,y) > 0.

Let (X,p) be a partial metric space. We denote by CBP(X) the family of all nonempty, closed, and
bounded subsets of X. For A,B € CBP(X) and x € X, we define

p(x,A) =inf{p(x,a):a€ A} and Hy(A,B) =max{sup p(a,B),supp(b,A)}
acA beB

Now, we introduce the following set.
FP(X) ={A CCBP(X):¥x e X, Jye A:p(x,A) =p(x,y)h
The set FP is not empty as illustrated by the following.

Example 1.4. Let X = [0, 1] be equipped with the partial metric p(x,y) = max{x,y}. Clearly, the subsets
A =10, %, %} and A = [0, %] are in FP(X).

Remark 1.5.

(1) If (X,p) is a metric space and K(X) is the family of all nonempty compact subsets of X, then K(X) C
FP(X). Indeed, for A C X, we know that the function x — p(x,A) is continuous. So its infimum
is achieved on a compact. Then if A is a compact in X, so there exists an element y € A such that
p(x,A) =p(x,y). Hence A € FP(x).

(2) Let X be a nonempty finite dimension vectorial space equipped with the norm N. Take the metric
P(x,y) = N(x —y). Then the set of closed subsets of X belongs to FP(X). Indeed, if A is closed in X
(which is a finite dimension metric space), so A is bounded and closed. Then A is compact. Similarly,
A € FP(x).

Lemma 1.6 ([2]). Let (X, p) be a partial metric space and A any nonempty set in (X,p), then a € A if and only if
pla,A) =pla, a), where A denotes the closure of A with respect to the partial metric p.

Proposition 1.7 ([3, 4]). Let (X, p) be a partial metric space. For all A, B, C € CBP(X), we have
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(h1) H,(A,A) < Hy(A,B);

(h2) H,(B,A) =H,(A,B);

(h3) Hp(A,B) < Hp(A,C)+Hp(C,B) —infeec plc, c);
(h4) Hy(A,B)=0=A =B

Recently, Popescu [16] introduced the concept of x-orbital admissible maps.

Definition 1.8 ([16]). For a nonempty set X, let T : X — X and « : X x X — [0, c0) be mappings. We say
that T is «-orbital admissible if for all x € X, we have

a(x, Tx) =1 = «(Tx, T?x) > 1.

Definition 1.9. Let (X, p) be a partial metric space and T : X — X be a mapping. We say that T is a
nonexpansive mapping if
p(Tx, Ty) < p(x,y) forall x,y € X.

We generalize Definition 1.9 by introduction of the concept of x-nonexpansive mappings.

Definition 1.10. Let (X, p) be a partial metric space. Let T : X = X and « : X x X — [0,00) be two given
mappings. We say that T is x-nonexpansive if for all x,y € X, we have

a(x,y) =2 1= p(Tx, Ty) < p(x,y).
The following example illustrates the concept of x-nonexpansive mappings.

Example 1.11. Let X = [0,00) be endowed with the partial metric p(x,y) = max{x,y} for all x,y € X.
Consider the mapping T : X — X defined by

2
Tx:X ;_X for all x € X.

Define o : X x X — [0, o) as follows

1, ifx,y€l0,1],
e y) = {O, if not.

Let x,y € X be such that x(x,y) > 1. Then x,y € [0, 1]. In this case, we have

X2 4+ x yz-i-y
2 72

P(Tx, Ty) = max{ } < max{x,y} =p(x,y).

Then T is an ax-nonexpansive mapping. Note that T is not a nonexpansive mapping. In fact, we have
p(TO,T2) =p(0,3) =3 >2 =p(0,2).
We extend Definitions 1.9 and 1.10 to multi-valued mappings.

Definition 1.12. Let (X, p) be a partial metric space. Given T : X — CBP(X) and o« : X x X — [0, 00). We
say that T is an a-nonexpansive multi-valued mapping if for all x,y € X, we have

a(x,y) > 1= Hp(Tx, Ty) < plxy).

Definition 1.13. Let (X, p) be a partial metric space. Let T : X — CBP(X) be a mapping. We say that T is a
nonexpansive multi-valued mapping if

Hy (Tx, Ty) <p(x,y) forall x,y € X
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Definition 1.14. For a nonempty set X, let T : X = CBP(X) and « : X x X — [0, 00) be two given mappings.
We say that T is x-admissible if for each x € X and y € Tx with «(x,y) > 1, we have «(y,z) > 1 for all
z e Ty.

We have the following auxiliary lemma.

An—+an41

an+an+1+1} is nonin-

Lemma 1.15 ([20]). If {an} is a nonincreasing sequence of nonnegative real numbers, then {
creasing too.

In this paper, we establish some fixed points results in the setting of partial metric spaces by using the
concept of ax-nonexpansive mappings for single and multi-valued mappings. We present some examples
making effective the given results.

2. Main results

2.1. Fixed point theorems for single-valued mappings
The first main result is as following.

Theorem 2.1. Let (X, p) be a complete partial metric space. Given «, 3 : X x X — [0,00), let T : X — X be an
o-nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+p(x,Tx)+py, Ty)

p(Tx, Ty) < +KM(x,y) (2.1)

forall x,y € X satisfying 3(x,y) > 1, where k € [0,1) and

M(x,y) = max{p(x,y),p(x, Tx), p(y, Ty), %[p(x, Ty) +p(Tx,y)lk

Assume that

(1) T is o-orbital admissible;
(ii) T is B-orbital admissible;
(iii) there exists xo € X such that «(xg, Txg) > 1, B(xo, Txo) = 1, and

p(x0, Txo) + p(Txo, T?x0)

+k<1; 2.2
1+ p(xo, Txo) + p(Txo, T?x0) @2)

(iv) T is continuous.
Then, there exists z € X such that p(z,z) = 0. Assume in addition that
(V) olx,x) > 1 for each x € X such that p(x,x) = 0.

Then such z is a fixed point of T, that is, Tz = z. Moreover, if z,w € X are two distinct fixed points of T satisfying

plzw) 1—k
B(z,w) > 1, then 1+p(z,z)+p(w,w) 2 2

Proof. By assumption (iii), there exists xg € X such that a(xp, Txg) > 1, B(xo, Txo) = 1 and (2.2) holds.
Define the sequence {x,,} in X by x;, = Txn—1 = T™xg for all n > 1. The mapping T is x-orbital admissible
and is p-orbital admissible, so o(Txg, T?xg) = 1, B(Txo, T?xg) > 1. By induction, we have

(X(XTL/XTLJrl) = (X(TnXOI Tn+1X0) P 1/ B(an Xn+1) = B(TnXOI TnJrlXO) = ]-/ vn = 0. (23)
Since &(xn,Xn41) = 1 for all n and the mapping T is a-nonexpansive, we get

P(menﬂ) = p(Tanlr Txn) < 'P(anllxn), vn > 1. (2-4)
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Using (2.1) and the fact that 3(xn, xn41) > 1 for alln,

Pxn—1, Txn) +P(Txn_1,%n)
14+p(xn—1, Txn—1) +p(xn, Txn)

P(men+1) = p(TXn—lz Txn) < ( +k)M(Xn—1zXn);

where

1
M(anlr Xn) = maX{P (anlz Xn)/ P(anlf Txnfl)/ P(Xn, TXTL)I E [P (anlz TXTL) + P(Xn, Txnflﬂ}

1
=max{p(Xn—1,%n), P(Xn, Xn+1), E[p(xn_l,xnﬂ) +p(Xn, xn )1}

Note that 1

E[P(Xn—lrxn—o—l) +p(xn/Xn)] < [p(xn—lr Xn) +P(Xn, Xn+1)]-

N[ =

Therefore, by (2.4)

M(xn—1,%Xn) = max{p(Xn—1,Xn), P(Xn, Xn+1)} = P(Xn—1,Xn).
Take
_ plxo,x1) +p(x1,%x2)
14+p(x0,x1) +Pplx1,%2)

From assumption (2.2), we have 0 € [0,1). Since {p(xn,Xn+1)} is a nonincreasing sequence, by Lemma
1.15, we deduce that

0:

(2.5)

p(xn_1,xn) +p(xn/Xn+1)
1+ p(xn—llxn) + P(Xn, X'TL+1)

p(x0,x1) +p(x1,%2)
14 p(xo,x1) + plxa, x2)

+ k)P(anlz Xn)

p(Xn; Xn+1) < (

k)P (anlf XTL) = ep (anll XTL)

for all n > 1. By induction, we have
p(xn/ XT\.Jrl) g enp(XO/ Xl)/ vn 2 O-

Now, for m > n > 0, we have

m—1 m—1 00
P(Xn, xm) < Z P(xi, xi41) < Z 0P (Xny—1,Xn,) < P(x0,%1) Z 0" — 0 as n — oo.
i=n i=n i=n

Thus,

lim  p(xn,xm) =0.
n, m—oo

So {xn}is a Cauchy sequence in the complete partial metric space (X, p). Then there exists z € X such that

Jim plxn, z) = plz,2) = n’grgmp(xn,xm) =0.

We obtain p(z,z) = 0. Thus, by condition (v), we have «(z,z) > 1. Consequently, since T is an «-
nonexpansive mapping,
p(Tz,Tz) < p(z,z) =0,

which implies that p(Tz, Tz) = 0. The mapping T is continuous at z, so

p(z, Tz) = li_r>n P(Xnit1,Tz) = lim p(Txn, Tz) =p(Tz, Tz) =0,
n o

n—oo
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that is, p(z,Tz) =0, i.e,, z = Tz and so z is a fixed point of T. Now, suppose that z, w € X are two distinct
fixed points of T satisfying 3(z, w) > 1, then by (2.1), we have

plz, Tw) +p(Tz, W)
1+p(z, Tz) +p(w, Tw)

plz,w) =p(Tz, Tw) < ( +k)M(z,w),

where
1
M(z,w) = max{p(z, w),p(z, Tz),p(w, Tw), E[p(w, Tz) +p(z, Tw)]}
=max{p(z,w),p(z z),p(w, W)} =p(z,w).
Therefore 2 )
plz,w
0 < 7 < k 7 7
Pl s (g +p(z,z) +p(w,w) Tz w)
which implies that
2p(z, W) +k>1,
1+p(z,z) +plw,w)
that is, 7 Z()Zj:;)( wav] > 175 This ends the proof of Theorem 2.1. O

In the next result, we replace the continuity hypothesis by the following condition:

(H) if {xn} is a sequence in X such that «(xn,Xxn41) = 1 for all n and xn, — x € (X,p) as 1 — oo with
p(x,x) = 0, then there exists a subsequence {x,, ()} of {xn} such that ot(xy k), x) > 1 for all k.

Theorem 2.2. Let (X, p) be a complete partial metric space. Given «,f3 : X x X — [0,00), let T : X — X be an
x-nonexpansive mapping such that

p(x, Ty) +p(Tx,y)

Tx, Ty) < + k)M(x,
P S I e T+ ply, Ty TN
forall x,y € X satisfying (x,y) > 1, where k € [0,1) and
1
M(x,y) = max{p(x,y), p(x, Tx), p(y, Ty), 5 [p(x, Ty) + p(Tx, y)I}-

)
Assume that

(i) T is c-orbital admissible;
(ii) T is B-orbital admissible;
(iii) there exists xg € X such that «(xg, Txg) > 1, B(x0, Txg) = 1, and

p(x0, Txo) +p(Txo, Tx0)
1+p(xo, Txo) +p(Txo, T?x0)

+k<1;

(iv) (H) holds.
Then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T satisfying (z, w) > 1, then

p(z,w) < 1—-%k
1+p(zz)+pw,w) = 2 °

Proof. Following the proof of Theorem 2.1, there exists a sequence {x,,} in X such that (2.3) holds. Also,
{xn}is Cauchy sequence. Since (X, p) is a complete partial metric space, then there exists z € X such that

Jim plxn,z) =plz,2) = n,}ggoop(xn,xm) =0.

By hypothesis (H), there exists a subsequence {x, (i)} of {xn} such that «(x, (x),z) > 1 for all k. Now, since
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T is an x-nonexpansive mapping, then

p(xn(k)+1/TZ) = p(TXn(k)/ Tz) < p(xn(k)/Z)/ Vk > 1.
Passing to limit as k — oo in the above inequality, we get p(z,Tz) < p(z,z) = 0. This implies that

plz,Tz) =0, that is z is a fixed point of T. The rest of proof is similar to Theorem 2.1. O

We provide the following example.
Example 2.3. Let X = [0,00) be endowed with the partial metric p(x,y) = max{x,y} for all x,y € X.
Clearly, (X, p) is complete. Consider the mapping T : X — X defined by

2

Tx =x= forall x € X.

Take k = % Define o, 3 : X x X — [0, 00) as follows

1, ifx,yel0,1],

x(x,y) =Bxy) = {0 if not

Let x € X be such that «(x, Tx) > 1 and B(x, Tx) > 1. Then x € [0,1]. Hence (Tx, T(Tx)) = (x%,x*) € [0, 1)?
and so «(Tx, T?>x) > 1 and B(Tx, T?>x) > 1. This implies that T is «-orbital and B-orbital admissible. Let
x,y € X such that «(x,y) > 1. Then x,y € [0, 1]. In this case, we have

p(Tx, Ty) = max{xz,yz} < max{x,y} = p(x,y).
Then T is an x-nonexpansive mapping. Now, let x,y € X such that 3(x,y) > 1. Then x,y € [0, 1]. Without
loss of generality, take x > y > 0. We have the following cases:

Case 1: If x2 > y, we have

p(Tx, Ty) < (1 z%g;%_)x—;_t;);’?y) +kKM(x,y) & x? < (m +k)x < 2xy < 1+x+vy.
Clearly, this holds because 2xy < x> +y% < x +y.
Case 2: If X2 < y, we have
p(x, Ty) +p(Tx y) Xty

p(Tx, Ty) < ( +KM(x,y) < x2 < ( +Kk)x < 2x2 4+ 2xy < 1+x+3y.

14+p(x, Tx) +p(y, Ty) 14+x+y

Again, the above holds since 2xy < x* +y? < x+ 1 and 2x? < 2y < 3y.

Thus, (2.1) is verified for all x,y € X satisfying 3(x,y) > 1. Moreover, the condition (H) holds. For x¢ = %,
we have a(xg, Txg) = oc(%, %) =1 and B(xg, Txg) = B(%, i) = 1. On the other hand,

13

1
§_ﬁ<1'

(%0, Txo) + p(Txo, T*x0) () +p5 ) _3+1 1.3

2 k= 11 T TKk=—1 7+5=57F
1+p(x0, Txo) + p(Txo, T?x0) 1+p(5, 1)+ P 1) 1+i+1 727
Hence all hypotheses of Theorem 2.1 are verified. Here T has two fixed points which are z=0and z = 1.
Moreover, since 3(0,1) = 1, we have

p(0,1) 1 1 1-%

14p0,0)+p(L,1) 2 4 2

Note that T is not a Banach contraction in (X, p) because p(T0,T1) = p(0,1) = 1. Moreover, T is not a
nonexpansive mapping for the usual metric d(x,y) = [x —yl. In fact,

1 3 1 1
d(TE,Tl) =1 > 5= d(é,l).

Then Theorem 3.1 in [20] is not applicable.
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We also state the following results.

Theorem 2.4. Let (X, p) be a complete partial metric space. Given «,f3 : X x X = [0,00), let T : X — X be an
x-nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+px,Tx) +ply, Ty)

p(Tx, Ty) < ( +k)E(x,y) (2.6)

forall x,y € X satisfying 3(x,y) > 1, where k € [0,1) and
E(x,y) =plx,y) +Iplx, Tx) —p(y, Ty)l.

Assume that
(1) T is o-orbital admissible;
(ii) T is B-orbital admissible;
(iii) there exists xo € X such that x(xg, Txg) = 1, B(xo, Txo) = 1, and

p(x0, Txo) + p(Txo, T?x0)

+k<1; 2.7
1+ p(xo, Txo) +p(Txo, T?x0) @7)

(iv) T is a continuous mapping.
Then there exists z € X such that p(z,z) = 0. Assume in addition that
(v) alx,x) =1 for each x € X such that p(x,x) = 0.

Then such z is a fixed point of T, that is, Tz = z. Moreover, if z,w € X are two distinct fixed points of T satisfying
Blz,w) =21, p(z,z) =pw,w) =0, then p(z, w) > %

Proof. By assumption (iii), there exists xg € X such that «(xg, Txg) > 1, B(xo, Txg) > 1 and (2.7) holds.
Define the sequence {xn} in X by xn = Txn_1 = T™xp for all n > 1. Similar to Theorem 2.1, we have

CX(Xn, Xn+l) = o‘(TnXO/ Tn+1x0) = 1/ B(Xn/XnJrl) = B(TnXOI Tn+1XO) = 1/ vn > 0/

and
p(an Xn+1) < p(xn—lz Xn), Vn>1 (28)

By (2.6) and the fact that 3(xn,xn+1) > 1 for all n, we have

P(xn—1, Txn) +p(Txn—-1,%n)

+k E(xn_ ,Xn),
1+pxn_1, Txn-1) +pxn, Txn) JE(Xn—1,%n)

P(men+1) = p(TXn—lz Txn) < (

where
E(xn—1,%Xn) = P(anlf Xn) + |P (Xn—1, Txn—1) — 1Y (Xr, Txn )l
= P(anl, Xn) + |P (Xn—1,%n) — P (Xn, Xn+1)|~
Therefore, by (2.8)
E(xn—1,xn) = 2p(xn—1,Xn) — P(Xn, Xn41)-
Since {p(Xn,Xn+1)} is @ nonincreasing sequence, by Lemma 1.15, we deduce that
P (Xn—1,%Xn) + P (Xn, Xn+1)
1+ P(anll Xn) + P (Xn, Xn+1)

p(x0,%1) +pP(x1,%2)
< +K)E(xn_1,
T+ pixo,xa) £ poa, ) | EGn—1xn)

=02p(xn—1,%n) —P(Xn, Xn+1)l,

+ k)E(anlr Xn)

P(Xn, xnt1) <
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where 0 is defined by (2.5). Again, from assumption (2.7), we have 6 € [0,1). Finally, we get

20
p(Xan—H) < mp(xn—lﬂén)-
Put 20
A= ———.

1+0

Note that
O0<B<lel<A<.

We have

P (an Xn+1) < 7\P (anlz Xn)

for all n > 1. Proceeding as in the proof of Theorem 2.1, we conclude that {x,} is a Cauchy sequence in
the complete partial metric space (X, p). Then there exists z € X such that

Jim p(xn,z) =plz,2) = n,grgmp(xn,xm) =0.
Also, we show that z is a fixed point of T. Now, suppose that z,w € X are two distinct fixed points of T
satisfying 3(z, w) > 1, then by (2.6), we have

plz, Tw) +p(Tz, w)
1+p(z, Tz) +p(w, Tw)

p(zlw) = P(TZ/TW) < ( +k)E(le)/

where
E(z,w) =p(z,w) +Ip(z, Tz) —p(w, Tw)| = p(z,w) +Ip(z,z) —p(w, w)| = p(z, W).
Therefore
0<plz,w) < (2p(z,w) +Kk)p(z,w),
which implies that
1—k

>
plz,w) 5

Similar to Theorem 2.2, we state the following.

Theorem 2.5. Let (X, p) be a complete partial metric space. Given «,f3 : X x X — [0,00), let T : X — X be an
o-nonexpansive mapping such that

p(x, Ty) +p(Tx, y)
1+p(x, Tx) +ply, Ty)
forall x,y € X satisfying 3(x,y) > 1, where k € [0,1) and

p(Tx, Ty) < ( +Kk)E(x,y)

E(x,y) =p(x,y) +Ip(x, Tx) —p(y, Ty)|.
Assume that
(i) T is «-orbital admissible;
(ii) T is B-orbital admissible;
(iii) there exists xo € X such that «(xg, Txg) =1, B(xo, Txo) = 1, and
p(x0, Txo) + p(Txo, T*xp)
14+ p(x0, Txo) + p(Txo, T?x0)

+k<1;

(iv) (H) holds.

Then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T satisfying 3(z,w) > 1 and
r(z,z) =pw,w) =0, then
1—%
plzw) > ——.
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2.2. Consequences
In this section, we present some consequences of our obtained results.

2.2.1. Some classical fixed point results
We have the following results.

Corollary 2.6. Let (X, p) be a complete partial metric space. Given o, 3 : X x X — [0,00), let T : X — X be an
x-nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+p(xTx)+ply Ty)
forall x,y € X satisfying B(x,y) > 1, where k € [0,1). Assume that

(1) T is «-orbital admissible;
(ii) T is B-orbital admissible;
(iii) there exists xg € X such that «(xg, Txg) = 1, B(x0, Txg) = 1, and

p(Tx, Ty) < ( +k)p(x,y)

p(x0, Txo) +p(Txo, T>x0)
1+p(xo, Txo) + p(Txo, T?x0)

+k<1;

(iv) T is continuous.
Then, there exists z € X such that p(z,z) = 0. Assume in addition that
(V) olx,x) > 1 for each x € X such that p(x,x) = 0.
Then such z is a fixed point of T, that is, Tz = z. Moreover, if z,w € X are two distinct fixed points of T satisfying

plzw) 1—k
Blz,w) > 1, then I+p(zz)+pww) = 2

Corollary 2.7. Let (X, p) be a complete partial metric space. Given o, 3 : X x X — [0,00), let T : X — X be an
o-nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+p(xTx)+ply Ty)
forall x,y € X satisfying 3(x,y) > 1, where k € [0,1). Assume that

(i) T is «-orbital admissible;
(ii) T is B-orbital admissible;
(iii) there exists xg € X such that «(xg, Txg) > 1, B(xo, Txg) = 1, and

p(Tx, Ty) < (

+k)p(x,y)

p(x0, Txo) +p(Txo, T>x0)
1+ p(xo, Txo) +p(Txo, T?xo)

+k<1;

(iv) (H) holds.
Then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T satisfying (z, w) > 1, then
p(z,w) S 1—-k%
1+p(z,z) +pw,w) = 2 °

Corollary 2.8. Let (X,p) be a complete partial metric space. Given 3 : X x X — [0,00), let T : X — X be a
nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+px,Tx) +ply, Ty)

forall x,y € X satisfying 3(x,y) > 1, where k € [0,1) and

p(Tx, Ty) < ( +k)M(x,y)

Mix,y) = maxp( y), plx, T), p(y, Ty), 3 [p(x Ty) +p(Tx )l

Assume that



H. Aydi, A. Felhi, J. Nonlinear Sci. Appl., 10 (2017), 5509-5527 5519

(1) T is B-orbital admissible;
(ii) there exists xg € X such that B(xg, Txg) > 1 and

p(x0, Txo) +p(Txo, T>x0)
1+p(xo, Txo) +p(Txo, T?x0)

+k<1.

Then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T satisfying p(z,w) > 1, then
plzw) 1—k
1+p(z,z)+p(w,w) > 2

Proof. It suffices to take x(x,y) =1 in Theorem 2.1. O

Corollary 2.9. Let (X,p) be a complete partial metric space. Given 3 : X x X — [0,00), let T : X — X be a
nonexpansive mapping such that

p(x, Ty) +p(Tx,y)

(Tx, Ty) < ( +k)p(x,y)
P S e T +ply, Ty) Y
forall x,y € X satisfying 3(x,y) > 1, where k € [0,1). Assume that
(i) T is B-orbital admissible;
(ii) there exists xg € X such that B(xg, Txg) > 1 and
2
p(xo0, Txo) +p(Txo, T7x0) k<l

1+p(xo, Txo) + p(Txo, T?x0)

Then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T satisfying p(z,w) > 1, then

p(zw) 1—k
1+p(z,z)+p(ww) = 2 -

Corollary 2.10. Let (X, p) be a complete partial metric space. Let T : X — X be a nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+plx,Tx) +ply, Ty)

p(Tx, Ty) < ( +k)M(x,y)

forall x,y € X, where k € [0,1) and

1
M(x,y) = max{p(x,y),p(x, Tx), p(y, Ty), E[p(x, Ty) +p(Tx,y)lk

If there exists xo € X such that
p(x0, Txo) +p(Txo, T*x0)

+k<1,
1 +p(xo, Txo) +Pp(Txo, T>x0)
then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T, then 1" Z()Z —,:;)(w,w) > ok
Proof. It suffices to take $(x,y) =1 in Corollary 2.8. O

Corollary 2.11. Let (X, p) be a complete partial metric space. Let T : X — X be a nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+pxTx)+ply, Ty)

p(Tx, Ty) < ( +Kk)E(x,y)

forall x,y € X, where k € [0,1) and

E(x,y) =plx,y) +Iplx, Tx) —ply, Ty)l.
If there exists xo € X such that
p(xo, Txo) +p(Txo, T*xo)
1+ p(xo, Txo) +p(Txo, T>x0)
then T has a fixed point. Moreover, if z,w € X are two distinct fixed points of T such that p(z,z) = p(w,w) =0,
then p(z,w) > 15E.

+ k<1,
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2.2.2. Some fixed point results on a partial metric endowed with an arbitrary binary relation
Definition 2.12. Let (X,p) be a partial metric space and R be a binary relation over X. We say that
T: X — X is a preserving mapping if for each x € X such that x R Tx, we have Tx R T?x.

We state the following.

Corollary 2.13. Let (X,p) be a complete partial metric space endowed with a binary relation R over X. Let
T : X — X be a nonexpansive mapping such that

p(x, Ty) +p(Tx,y)

(Tx, Ty) < (
P k 1+px,Tx) +ply, Ty)

+kM(x,y)
forall x,y € X satisfying x Ry, where k € [0,1) and

Lo, Ty) + p(Tx, )l

M(x,y) = max{p(x,y),p(x, Tx), p(y, Ty), 5

Assume that
(i) T is a preserving mapping;
(ii) there exists xg € X such that xoRTxq and

p(x0, Txo) + p(Txo, T?x0)

+k<1.
1+ p(xo, Txo) + p(Txo, T?x0)

Then T has a fixed point of T. Moreover, if z,w € X are two distinct fixed points of T satisfying zRw or wRz, then
plz,w) 1—k

1+p(z,z)+p(ww) = 2

Proof. 1t suffices to consider 3 : X x X — [0, 00) such that

1, if xRy,
Bloy) = {0, if not.

From condition (ii), we get 3(xo, Txg) > 1. T is a preserving mapping, so T is [3-orbital admissible. Thus
all hypotheses of Corollary 2.8 are satisfied. This completes the proof. O

Corollary 2.14. Let (X,p) be a complete partial metric space endowed with a binary relation R over X. Let
T : X — X be a nonexpansive mapping such that

p(x, Ty) +p(Tx,y)

(Tx, Ty) < ( +Kk)p(x,y)
P S o T+ ply, Ty) P Y
forall x,y € X satisfying x Ry, where k € [0,1). Assume that
(i) T is a preserving mapping;
(ii) there exists xg € X such that xg R Txg and
T Txo, T?
p(x0, Txo) +p(Txo, T*x0) k<l

1+ p(xo, Txo) + p(Txo, T?x0)

Then T has a fixed point of T. Moreover, if z,w € X are two distinct fixed points of T satisfying zRw or wRz, then
plzw) 1—k

1+p(z,z)+p(ww) > 2

2.2.3. Some fixed point results on a partial metric endowed with a partial order
Definition 2.15. Let X be a nonempty set. We say that (X, p, <) is a partially ordered partial metric space

if (X, p) is a partial metric space and (X, <) is a partially ordered set.
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Definition 2.16. Let X be a nonempty set endowed with the partial order <. The mapping T : X — X is
said non-decreasing if

(x,y)eXxX, xy=Tx=Ty.

Corollary 2.17. Let (X,p) be a complete partial metric space endowed with the partial order <. Let T : X — X be
a nonexpansive mapping such that

p(x, Ty) +p(Tx,y)
1+p(x, Tx)+ply, Ty)

p(Tx, Ty) < ( +k)M(x,y)

forall x,y € X satisfying x <y, where k € [0,1) and

Mix,y) = maxp(,u), plx, T), p(y, Ty), 3 p(x Ty) +p(T )l

Assume that
(i) T is non-decreasing;

(ii) there exists xg € X such that xg = Txg and

p(x0, Txo) + p(Txo, T?x0)
1+ p(xo, Txo) +p(Txo, T?x0)

+k<1.

Then T has a fixed point of T. Moreover, if z,w € X are two distinct fixed points of T satisfying z < w or w =< z,

plzw) 1—k
z,z)+p(ww) = 2

then 1+ o1
Proof. 1t suffices to consider the binary relation R over X as

xRy & x 2 y.
All hypotheses of Corollary 2.13 are satisfied. O

Corollary 2.18. Let (X, p) be a complete partial metric space endowed with the partial order <. Let T : X — X be
a nonexpansive mapping such that

plx, Ty) +p(Tx,y)
1+p(x, Tx)+py, Ty)

p(Tx, Ty) < ( +Xk)p(x,y)

forall x,y € X satisfying x <y, where k € [0,1). Assume that

(i) T is non-decreasing;
(ii) there exists xg € X such that xg =< Txg and

p(x0, Txo) +p(Txo, Tx0)

+k<1.
1+p(xo, Txo) + p(Txo, T?x0)

Then T has a fixed point of T. Moreover, if z,w € X are two distinct fixed points of T satisfying z < worw =< z,

plzw) 1—k
then 1+p(z,z)+p(w,w) Z 2

2.3. Fixed point theorems for multi-valued mappings

In this section, we give some fixed point results for a class of multi-valued mappings in the setting of
partial metric spaces, by using the concept of x-nonexpansive multi-valued mappings.

Theorem 2.19. Let (X, p) be a complete partial metric space. Given «, 3 : X x X — [0, 00), let T : X — FP(X) be
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an o-nonexpansive multi-valued mapping. Assume that

@)
p(x, Ty) +p(Tx,y)
1+p(xTx)+p(y, Ty)

forall x,y € X satisfying B(x,y) > 1, where k € [0,1) and

+kIM(x,y) (2.9)

Hp (Tx, Ty) < (

1
M(x,y) = max{p(x,y),p(x, Tx), p(y, Ty), E[p(x, Ty) +p(Tx,y)l}
(ii) T is cc-admissible;
(iii) T is B-admissible;
(iv) there exist xg € X and x1 € Txg such that «(xo,x1) =1, B(x0,%1) = 1, p(x0,x1) = p(x0, Txo), and

p(xo, Txo) + p(x1, Tx1)
1+ p(xo, Txo) +p(x1, Tx1)

+k<1; (2.10)

(v) T is continuous.

Then, there exists z € X such that p(z,z) = 0. Assume in addition that
(vi) «(x,x) > 1 for each x € X such that p(x,x) = 0.

Then such z is a fixed point of T, that is z € Tz.

Proof. By assumption (iv), there exist xg € X and x; € Txg such that «(xp,x1) > 1, B(x0,x1) = 1, p(x0,x1) =
P(x0, Txp) and (2.10) holds. We have Tx; C FP(X), so there exists x, € Tx; such that p(x1,x2) = p(x1, Tx1).
The mapping T is a-admissible and is 3-admissible, then as x; € Tx1, so «(x1,x2) > 1 and B(x1,x2) > 1.
The mapping T is ax-nonexpansive, hence

px1,%2) = plx1, Tx1) < Hp(Txo, Tx1) < plxo,x1). (2.11)
Again, from (2.9), we have

p(XO/ TX]) + p(xl/ TXO)

+ k)M (xg, x1),
T+ plxo, Tro) + ploa, ) Mo x1)

p(x1,x2) = plx1, Tx1) < Hp(Txo, Tx1) < (

where
Mixg, x1) = max{p(xo, x1), P, Txt), plxo, Txo), 3 [plxo, Txa) + plxt, Tro)l)
= max{p(xo,x1), Pl Txt), 3 (o, Txt) +plxt, Tl
Note that

—_

1 1
E[P(XO,TXH +p(x1, Txo)] < E[p(XOITXﬂ +plx1,x1)] < E[P(Xo,xl) +p(x1, Tx1)].

Therefore, by (2.11)
M(xo,x1) = max{p(xo,x1), p(x1, Tx1)} = p(x0, x1).
Thus

p(xo0,x1) +p(x1,%2)
1+p(xo,x1) +p(x1,%x2)

Plxo,x1) +p(x1, Tx1)

+k ,X1)-
1+ p(xo, Txo) +p(x1, Tx1) )p(x0,%1)

+k)p(xo,x1) = (

p(Xll XZ) < (

Having in mind Tx, C FP(X), there exists x3 € Tx, such that p(x2,x3) = p(x2, Txz). Then by assumptions
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(ii) and (iii), we have x(x2,x3) > 1, B(x2,x3) > 1. Again, T is a-nonexpansive and
px2,x3) = plx2, Txa) < Hp(Txq, Txz) < plx1, x2).
From (2.9), we have

p(X], TXZ) + p(XZ/ TXl)

+ k)M(x1,%x2).
1+px1, Tx1) +p(x2, Tx2) M1, %)

P(x2,x3) = plx2, Txza) < Hp(Txq, Txa) < (

Similarly, we get
plx1,%2) +Pplx2,x3)
1+p(x1,x2) +p(x2,x3)

Continuing in this process, we construct a sequence {xn,} in X such that

plx2,x3) < ( +K)p(x1,x2).

o(xn, Xnt1) =1, B(xn, Xns1) 2 1, p(xn, Xnt1) =pxn, Txn) and xn41 € Txp foralln > 0.  (2.12)

Also

P(Xn, Xnt1) < p(xn-1,xn) foralln>1, (2.13)

P(anll Xn) +p(Xn, Xn+1)
1+ P(anl, Xn) + P(Xn, Xn+1

Pxn, Xny1) < ) +k)p(xn-1,xn) foralln > 1. (2.14)

Following the proof of Theorem 2.1, we conclude that {x, } is a Cauchy sequence in (X, p). By completeness
of (X, p), there exists z € X such

T}gréop(xn,Z) =p(z,z) = n,}]igoop(xn,xm) =0.

Since p(z,z) = 0, by condition (vi), we have «(z,z) > 1. Consequently, in view of the fact that T is an
x-nonexpansive mapping,
Hy(Tz, Tz) < plz,2z) =0,

which implies that H,, (Tz, Tz) = 0. The mapping T is continuous at z, so

lim H,(Txn, Tz) = Hp(Tz, Tz) = 0.

n—o0
On the other hand
Pz, Tz) < p(z,%n41) + P(Xnt1, T2) < p(z,Xn+1) + Hp(Txn, Tz) foralln > 0.
Passing to limit as n — oo in the above inequality, we get
plz, Tz) < plz,z) +Hp(Tz, Tz) =0,
which implies that p(z, Tz) = 0 = p(z,z) and so z € Tz(= Tz), that is, z is a fixed point of T. O]

Theorem 2.20. Let (X, p) be a complete partial metric space. Given o, 3 : X x X — [0,00), let T : X — FP(X) be
an o-nonexpansive multi-valued mapping. Assume that

@)
p(x, Ty) +p(Tx,y)
1+px,Tx) +ply, Ty)

for all x,y € X satisfying B(x,y) > 1, where k € [0,1) and

Hp (Tx, Ty) < ( +k)M(x,y)

1
p(x, Ty) +p(Tx,y)l};

M(x,y) = max{p(x,y),p(x, TX),p(y,TyJ,Q
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(ii) T is a-admissible;
(iid) T is B-admissible;
(iv) there exist xg € X and x1 € Txg such that «(xo,x1) > 1, B(x0,x1) = 1, p(x0,x1) = p(x0, Txo), and

plxo, Txo) +p(x1, Txq)

+k<1;
1+ p(xo, Txo) +p(x1, Tx1)

(v) (H) holds.
Then T has a fixed point.

Proof. Proceeding as in the proof of Theorem 2.19, we construct a sequence {x,} in X such that (2.12),
(2.13), and (2.14) hold. Also, {xn} is a Cauchy sequence in (X, p). By completeness of (X, p), there exists
z € X such

Jim p(xn,z) =plz,2) = 1111111350019(%“,xm) =0.

By hypothesis (H) and since T is an x-nonexpansive multi-valued mapping, we have

<Pz Xn(k)+1) +pxn1, TZ)
<Pz Xn)+1) + Hp (Txn ), T2)
<Pz X (k)+1) FP(Xn(k),2)  forallk > 0.

p(z, Tz)

Passing to limit as k — oo in the above inequality, we get
plz, Tz) < 2p(z,z) =0,
which implies that p(z, Tz) =0 = p(z,z) and so z € Tz(= Tz). O
Using the same techniques, we have the following results.

Theorem 2.21. Let (X, p) be a complete partial metric space. Given «, 3 : X x X — [0, 00), let T : X — FP(X) be
an o-nonexpansive multi-valued mapping. Assume that

@)
p(x, Ty) +ply, Tx)
1+px,Tx)+py, Ty)

for all x,y € X satisfying B(x,y) > 1, where k € [0,1) and

HP(TX/Ty) < ( +k)E(X/H)

E(x,y) =p(x,y) +Ipx, Tx) —p(y, Ty)l;

(ii) T is o-admissible;
(iid) T is B-admissible;
(iv) there exist xg € X and x1 € Txg such that «(xo,x1) > 1, B(x0,x1) = 1, p(x0,x1) = p(x0, Txo), and

plxo, Txo) +p(x1, Txq)

+k<1;
14 p(xo, Txo) +p(x1, Tx1)

(v) T is continuous.

Then, there exists z € X such that p(z,z) = 0. Assume in addition that
(vi) «(x,x) =1 for each x € X such that p(x,x) = 0.

Then, such z is a fixed point of T, that is, z € Tz.

Theorem 2.22. Let (X, p) be a complete partial metric space. Given «, 3 : X x X — [0, 00), let T : X — FP(X) be
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an o-nonexpansive multi-valued mapping. Assume that

(i)

p(x, Ty) +ply, Tx)
1T+p(x, Tx) +p(y, Ty)
forall x,y € X satisfying 3(x,y) > 1, where k € [0,1), and

Hp (Tx, Ty) < (

+k)E(x,y)

E(x,y) =p(x,y) +Iplx, Tx) —p(y, Ty)l;
(ii) T is c-admissible;
(iii) T is B-admissible;
(iv) there exist xg € X and x1 € Txg such that «(xo,x1) =1, B(x0,%1) = 1, p(x0,x1) = p(x0, Txo) and
p(xo, Txo) +p(x1, Tx1)
1+p(x0, Txo) +p(x1, Tx1)

+k<1;

(v) (H) holds.
Then T has a fixed point.

Example 2.23. Let X = [0,1] be endowed with the partial metric p(x,y) = max{x,y} for all x,y € X.
Consider the mapping T : X — FP(X) defined by

Tx ={0,x?} forall x € X.
Take k = % Define &, 3 : X x X — [0, c0) as follows
a(x,y)=p(x,y) =1 forall x € X.
Let x,y € X. Without loss of generality, take x > y > 0. In this case, we have
Hp, (Tx, Ty) = x> < x = max{x,y} = p(x,y).

Then T is a nonexpansive mapping. We have the following cases:

Case 1: If x? >y, we have

Hp (Tx, Ty) < (1—2(;(&:#)76—;%?(1)—?;,?9) +kKIM(x,y) x? < (1):;:213 +kxe2xy < 1+x+y.
Clearly, this holds due to the fact 2xy < x2 + y2 <x4vy.
Case 2: If x* <y, we have
p(x, Ty) +p(Tx,y) x+y

Hp (Tx, Ty) < ( +KM(x,y) < x2 < +Kk)x < 2x% +2xy < 1+x +3y.

1+p(x, Tx) +py, Ty) 1+x+y

The above holds because 2xy < x> +y? < x+ 1 and 2x? < 2y < 3y. Thus, (2.9) is satisfied for all x,y € X.
For xg = % and x| = % e Txo(=1{0, %}), we have
p(x0, Txo) +p(x1, Tx1) B %—i—% 1 13

=271 o<1
1+ p(xo, Txo) +p(x1, Tx1) 1+14172 14

Hence all hypotheses of Theorem 2.19 are verified. Here T has two fixed points which arez =0and z = 1.
Note that T is not a contraction in (X, p) since H,(T0,T1) = H,({0},{0,1}) =1 = p(0,1) = 1. Moreover, T
is not a nonexpansive mapping for the usual metric d(x,y) = [x —yl. In fact, we have

1 1 3 1 1

Then Theorem 5.1 in [20] is not applicable here.
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Take (x,y) = B(x,y) =1 for all x,y € X, we have the following results.

Corollary 2.24. Let (X,p) be a complete partial metric space. Let T : X — FP(X) be a nonexpansive multi-valued
mapping such that
P, Ty) +p(Txy)

Hy, (Tx, Ty) < (
P IS e (T + p(, Ty)

+kIM(x,y)

forall x,y € X, where k € [0,1) and

1
,E[p(x,Ty) +p(Tx, y)lk

Assume that there exist xg € X and x1 € Txg such that p(xo,x1) = p(xo, Txo) and

M(x,y) = max{p(x,y),p(x, Tx), p(y, Ty)

p(XO/ TXO) + p(xlr TXl)

+k<1.
1+p(xo, Txo) +p(x1, Tx1)

Then T has a fixed point.

Corollary 2.25. Let (X, p) be a complete partial metric space. Let T : X — FP(X) be a nonexpansive multi-valued
mapping such that
plx, Ty) +p(Tx,y)

T+ p(x, )+ ply, Ty) T EY)

Hp (Tx, Ty) < (
forall x,y € X, where k € [0,1) and
E(x,y) =plx,y) +Ip(x, Tx) —ply, Ty)l.
Assume that there exist xg € X and x1 € Txg such that p(xo,x1) = p(xo, Txo) and

p(xo, Txo) +p(x1, Tx1)
1+ p(xo, Txo) + p(x1, Tx1)

+k<1.

Then T has a fixed point.

Corollary 2.26. Let (X,p) be a complete partial metric space. Let T : X — FP(X) be a nonexpansive multi-valued
mapping such that

p(x, Ty) +p(Tx, y)
1+p(x,Tx)+p(y, Ty
forall x,y € X, where k € [0,1). Assume that there exist xo € X and x1 € Txg such that p(xp,x1) = p(xo, Txp)
and

Hp (Tx, Ty) < ( ) +k)p(x,y)

p(XO/ TXO) + p(xlr TXl)

+k <1
1+ p(x0, Txo) +p(x1, Tx1)

Then T has a fixed point.

3. Conclusion

We have presented some fixed point results for both single and multi-valued mappings in the class of
partial metric spaces via a new concept named as x-nonexpansive maps. This new concept generalizes
the known concept of expansive mappings. We also presented some concrete examples illustrating the
new concepts and results where some known theorems in literature are not applicable, such as the recent
results of Vetro [20].
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