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Abstract

In this paper, we study a class of time-delayed BAM neural networks with discontinuous activations. Base on the framework
of differential inclusion theory and set-valued analysis, by designing discontinuous feedback controller and using some analytic
methods, easily verifiable delay-independent criteria are established to guarantee the existence of periodic solution and global
exponential synchronization of the drive-response system. Finally, we give a numerical example to illustrate our theoretical
analysis. The obtained results are essentially new and they extend previously known results. (©2017 All rights reserved.
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1. Introduction

As far as we know, many neural network systems such as Hopfield neural networks, Cohen-Grossberg
neural networks and Bi-directional associative memory (BAM) neural networks were widely investigated
in past decades, the BAM neural networks which generalized the single-layer auto-associative Hebbian
correlator to a two-layer firstly introduced by Kosko (see [15, 16]). Recently, BAM neural networks as
well as their various promotions have attracted more attention of many researchers like mathematicians,
biologist, physicists and computer scientists (see [4, 17, 20, 22, 23, 27, 29, 30]), because the BAM net-
work structure can lead to better results in their potential applications in associative memory, nonlinear
optimization problems and parallel computation than the regular neural network structures.

For given vector field, many researches of dynamical behaviors are established under the conditions
of smoothness or even globally Lipschitz, because of that the solutions of continuous system are con-
ventional definition and simple existence assumptions. In real world, however, it is known that neural
networks with discontinuous activations do frequently arise. In order to ensure satisfaction degrees, in
the conducting region, those input-output activation functions are asked to possess a very high slope,
then they should approximate some discontinuous activation functions (see [5, 9, 19, 26]). Recently, a
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newfangled tool named Filippov differential inclusion theory has been studied to investigate the dy-
namical behaviors of BAM system such as periodic solution, almost periodic solution, equilibrium point,
convergence of solution and synchronization in the sense of Filippov. According to what we know, some
experiments have been made to investigate the periodic synchronization problems for nonlinear systems
with discontinuous dynamic behaviors in the field of neural networks, discontinuous controllers can be
intentionally designed to realize synchronization stability. In [31], the authors investigated finite-time
synchronization of an array of coupled neural networks via discontinuous controllers. In [6], the authors
studied global exponential synchronization of the drive-response network system by designed novel dis-
continuous switching state-feedback control. It should be noted that it still has a lot of difficulties and
lack of new and valid methods for realizing synchronization control of discontinuous neural networks in
practice.

To the best of our knowledge, there are few papers published on the existence and exponential syn-
chronization of periodic solution of complex BAM neural networks with time-varying delays and dis-
continuous activations. In fact, the classical controller without switching term is not very easy to realize
the exponential stability of discontinuous models, because it can not be well handled the equivocal dif-
ferences between the Filippov solutions of discontinuous neural network systems. Thus, it is necessary
and important to study the existence and stability of periodic solution for neutral type neural networks
with time-varying delays and discontinuous activations. In this paper, by designing a novel discontinu-
ous controller including a discontinuous function sign(-), we will introduce the framework of differential
inclusion theory and set-valued analysis to overcome the difficulties of research work concerning global
exponential synchronization of periodic solution of complex BAM neural networks with time-varying and
discontinuous activations.

Motivated by the above discussions, in this paper, we consider the complex BAM neural networks
with periodic coefficients and discontinuous activations:

dx;(t) — —ay(t)xi(t) + iji(t)fj (y;(t)) + Z q;i(t)gj(y;(t — (1)) +ci(t),i=1,2,...,m,
j=1 j=1

dt
d n n (1.1)
ydjtm = —b;(ty;(t) + g T (B (i (1) + Zl si; (v (xi(t— (1) + dj(1),j = 1,2,...,m,

where n, m correspond to the number of units in a neural network, x;(t) denotes the state variable
associated with the ith neuron, y;(t) denotes the state variable associated with the jth neuron; ai(t) > 0,
bi(t) > 0, they denote the neural self-inhibitions; pji(t), ti;(t) and q;i(t), sij(t) denote the strengths of
the jth unit on the ith unit at time t and time t — t(t), respectively; ci(t), d;(t) are continuous w-periodic
functions which denote the external inputs from outside the neural networks at time t; fj, g; and u;, v;
represent the neuron input-output activations; t(t) corresponds to the transmission delay and satisfies
0 < 1(t) < T (T = maxp<i<w{T(t)} is a positive constant) and t(t) < t° < 1. Throughout this paper,
we always assume that ai(t), bi(t), p;ji(t), rij(t), qij(t), si(t), ci(t), dj(t) are continuous w-periodic
functions.

/

Set z(t) = (z1(t),..., zn(t), zns1(t), . zZniem(t)) = (alt),... xa(t),y1(t),...,ym(t)), I(t) =
(Cl(t)l“‘lcn(t)l dl(t)1-~ (t)) h(l(t)) = (Ul(xl(t)),---zun(Xn(t))/fl(Ul(t))z-~~;fm ym(t)))
P = (pij(t))mxn, Q = (ql)(t))mxn/ hz(t —T(t) = bt —T(t),..., vnlxnlt — (1), galyst —

D) e gyl = O], R = (D, S = (550 and A = (o P )8 = (5 @),

D= diag(al (t)r R Cln(t), by(t), ..., bm(t)).
Eq. (1.1) can be equivalently represented by

dz(t)
dt

= —Dz(t) + Ah(z(t)) + Bh(z(t — T(t))) + L(t). (1.2)
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In order to establish our main results, it is necessary to give the following condition for the neuron
activation functions in system (1.1) (or (1.2)):

(X1) Foreveryi=1,2,...,n,j=1,2,...,m,fj, g; and uy, v; are continuous in R except a countable set
of isolate jump discontinuous points py, where there exist finite right and left limits, and in every
compact set of IR, has only a finite number of jump discontinuous points.

Given a set X C R™, by co[X] we denote the closure of the convex hull of X, and u(X) denotes the
Lebesgue measure in R™ of X. By the assumption (N1), we can obtain:

colh(z)] = (coluy(x1)],...,€0Mun (xn)], €01 (Y1)l, . .., COlfm (ym)]),
olh(z)] = (colvi(x1)], ..., €0Wn (xn)],0lg1(y1)], .-, COlgm (Ym)]),

where olu;(xi)] = [minfu;(x; ), wi(x{")} max{uwi(x; ), wi(x{)}], colfj(y;)] = [min{f;(y; ), f(y; )}, max{
£59;), £ (7 ], €olvi (x)] = Iminfvg (), vi ()}, madvs (), vi )1, <olgs ;)] = Imin{g; (u; ), 05y ),
max{g; (y;) g;(y f)}, i=12,...,n,j = 1,2,...,m There exist measurable functions v = (v1,...,Yn,

Ynils---,Ynem) such thaty; € cﬁ[ui(xl)] i=1,...,nand yn4j € colfj(yj)], j = 1,..., m, measurable
functions 1 = (M1,..., M, Mn+1,---,Mntm) such that Ny € colvi(xi), 1 =1,...,mnand nn; € colg;(y;)],
j=1,...,m

(X2) For every i € IN, there exist nonnegative constants o; and (3; such that

sup |'Y1| oilzi| + Bi, sup |T]1| oilzi| 4+ Bi, Vzi € R,
vi€wlh;(zi)] ni€wlhi(zi)]

sup |'Y1| oilzi| + Bi, sup |T]1| oilzi| + Bi, Vzi € R.
vi€colhi(zi)] ni€olhi(zi)]

The purpose of this paper is to realize the global exponential synchronization of complex discontinuous
time-delayed BAM network system using the fixed point theorem of differential inclusion theory and by
stabilization control. In the next section, some basic definitions and preliminary lemmas are introduced.
In Section 3, the proof on the existence of periodic solution is presented. In Section 4, global exponential
synchronization stability of periodic solution is obtained. In Section 5, we give a numerical example to
illustrate our theoretical results and the proposed methods. Finally, we conclude this paper in Section 6.

In the following we introduce some notations which will be used in the rest of paper.

Let R™ denote the n-dimensional Euclidean space and the superscript T denote the transposition.
Let x = (x1,X2,...,%n) , y = (yl,yz, . ,yn)l by x > 0(x > 0) we mean that x; > 0(x;y > 0) for all

i=12...n [x| = (X% 2)2 denotes Euclidean norm of x. (x,y) = Y 1“1 xiyi, (-,-) denotes inner
product. If x € R, || x || denotes any vector norm of x, while || x ;= Y [ xi| and || x |2= (X1, x3)1/2.

Given real matrix A = (aij)nxn, Amax(A) and Anin(A) represent the maximal and minimal eigenvalues of
A, respectively. Let diag(- - - ) denote a block-diagonal matrix and sign(-) denote the sign function. Finally,
for any continuous w-periodic function f(t) defined on R, we set

1

w
f:J f(t)dt, ™M= sup [f(t), "= inf [f(t)]
w 0 tG[O,w} tG[O,w]

2. Preliminaries

In this section, we introduce some lemmas and definitions about set-valued analysis, differential in-
clusions, and non-smooth analysis (see [1, 3, 8, 13]), which will be used throughout this paper.

Let R™(n > 1) be an n-dimensional real Euclidean space with inner product (-,-) and induced norm
|| - ||. Suppose X C R™, let us denote

Po(X) 22X ={ACX:A#g}, Px)=Pyu{g},
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P¢(c)(X) ={A C X: (convex) nonempty and closed},
Py (c)(X) ={A C X: (convex) nonempty and compact}.

For given A C P¢(X),x € X, the distance from x to A is defined as dist(x, A) = inf{|[x — a| : a € A}. Let
K(IRy,) denote the collection of all nonempty compact subsets of R™ with the Hausdorff metric p defined
by

p(A,B) =max{B(A,B),B(B,A)}, A,BeK(R"),

where
B(A,B) = sup{dist(x, B)}, B(B,A) =sup{dist(y,A)}.
Obviously, with metric p, K(IR™) is a complete metric space. Let
Kv(R™) ={A € K(IR™) A is convex}.

Now we introduce the concept to Filippov solution (see [10]). Consider the following differential
system in vector notation:

7:ft/ s
ar [

where f(t,x) is discontinuous in x.

Definition 2.1 ([10, 14]). Suppose E C R™. Then x — F(x) is called a set-valued map from E — R™
if to each point x of a set E C IR™, there corresponds a nonempty set F(x) C R™. A set-valued map
F: E — K(R™) is said to be upper semicontinuous (USC) at xg € E, if B(F(x),F(xp)) — 0 as x — xo.
F(x) is said to have a closed (convex, compact) image if for each x € E, F(x) is closed (convex, compact).
Graph(F(E)) ={(x,y) : x € E,and y € F(x)}, where E is subset of R™.

Definition 2.2 ([10, 14]). Consider the autonomous system % = f(x), where f(x) is discontinuous in

x € R™. Let us construct a Filippov set-valued map (i.e., Filippov regularization) F : R™ x C — 2R"

defined as
ﬂ ﬂ colf(B(x,8) \ N).

5>0 n(N)=0

where pu(N) denotes the Lebesgue measure of set N; intersection is taken over all sets N of Lebesgue
measure zero and over all 5 > 0; B(x,d) :={y € R™ : ||y — x| < &} represents the ball of center x and
radius 6; ¢o[[E] is the closure of the convex hull of set [E. A vector-valued function x(t) defined on a non-
degenerate interval J € IR is said to be a Filippov solution of this discontinuous system, if it is absolutely
continuous on any compact subinterval [tq, t] of J, and for almost all t € J, x(t) satisfies the differential
inclusion

d
&x € F(t,x), for a.e. tel. (2.1)
dt

By Definition 2.2, we can get the definition of the Filippov solution of (1.2) as follows:

A vector function z(t) = (xl(t),...,xn(t),yl(t),...,ym(t))' =1, T) = R™™™ T € (0,00], is a state

solution of the delayed and discontinuous system (1.1) on [—T, T), if z(t) is absolutely continuous on any
compact interval of [—7, T) and satisfies differential inclusion

dz(t)
dt

€ —Dz(t) + Acolh(z(t))] + Beolh(z(t — T(t)))] + I(t).

Obviously, the set-valued map ¢(z,t) : (z(t),t) — —Dz(t) + Aco[h(z(t))] + B@[ﬁ(z(t —1(t)))] 4+ I(t) has
nonempty compact convex values, moreover, it is upper semicontinuous. Hence, it is measurable. By



C. Yang, L. Huang, J. Nonlinear Sci. Appl., 10 (2017), 5464-5482 5468

measurable selection theorem, we get that if there exist bounded measurable functions y(t) € co[h(z(t))]

and n(t—t(t)) € colh(z(t —t(t)))] such that

dz(t)
dt

= —Dz(t) + Ay(t) + Bn(t — t(t)) + I(t),

then z(t) is a solution of Eq. (1.2).
The lemma below is the set-valued version of the Mawhin coincidence theorem on the existence of
periodic solution and its proof can be found in [21].

Lemma 2.3 ([21]). Suppose that F : R x R™ — Kv(IR™) is USC and w-periodic in t. If the following conditions
hold:

(1) there exists a bounded open set O C Cy,, the set of all continuous, w-periodic functions: R — R™, such that
forany A € (0,1), each w-periodic function x(t) of the inclusion

dx
— € AF(%,
at € M)

satisfies x ¢ 0Q if it exists;

(2) each solution u € R™ of the inclusion

1 w
0e J F(t,u)dt = go(u)
W Jo

satisfies u ¢ 0QQ NIR™;
(3) deg(go, QNIR™,0) #0,
then differential inclusion (2.1) has at least one w-periodic solution x(t) with x € Q.

Definition 2.4 ([7]). We say that real matrix ©® = (0;;) € R™*" is an M-matrix, if and only if we have
0y <0,i,j=1,2,...,1n,1i#j, and all successive principal minors of © are positive.

Lemma 2.5 ([2, 18]). Let ® = (0i;) be an n x n matrix with non-positive off-diagonal elements. The © is an
M-matrix if and only if one of the following conditions holds:

(1) there exists a vector & = (&1,&p,...,&n) > (0,0,...,0) such that £© > 0;

(2) there exists a vector n = (M1,M2,...,Mn)" > (0,0,...,0)" such that ©n > 0.

Lemma 2.6 ([11, 12]). If V(x) : R™ — R is C-regular, and x(t) : [0, +00) — R™ is absolutely continuous on any
compact subinterval of [0,400), then, x(t) and V(x(t)) : [0, +00) — R are differential for almost all t € [0,+0c0)

d
" dv(x(t)) <G(t) dx(t)
dt ©odt

> ,Vo(t) € oV(x(t)).

3. Existence of the periodic solution

In this section, we will explore the existence of periodic solution for system (1.1) (or (1.2)) with dis-
continuous activation functions. Our main tools to be used involve the application of M-matrix theory,
differential inclusions theory, and set-valued analysis.

First of all, define

n+m

Co = (x(t) € C(IR, R™™) : x(t + w) = x(1)}, Ix()lc, = Z tér[g:\x) Ixi(t)].
i=1
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/

Then C, is a Banach space with norm || - ||c,. Let for z(t) = (x1(t),...,xn(t),y1(t),..., ym(t)) € Cow,
F(tlz’) = (Fl(t/X)/---/Fn(tIX)IFTLJrl(t/y)/-~~/Fn+m(t/y)) s Where

Fi(t,x) = —ai(t)xi(t) + Z pji(t)colf;(y;(t)] + Z gji(t)colgj(y;(t —T(t))] +ci(t),i=1,...,m,
- P

Frii(ty) = —=bj(t)y;(t) + Z Tij(t)eolui (xq(t))] + Z sij(t)eolvi(xi(t —T(t)))] +dj(t),j=1,...,m
i1 im1

In order to conduct with our analysis on periodic solutions, we give the following assumption:

(X3) E—M is an M-matrix, where M = (Myj) (n+m)x (n+m) = <M' Ml) , and

2
M
Xn+j M dji X, M 84 ) )
M, — Moo HE My = (M TH Li=1,2,...,n,j=12,...,m

Then, we will give some propositions, which are important tools to proceed the existence of w-periodic
solution to the discontinuous network system (1.1) (or (1.2)).

Proposition 3.1. If the assumptions (X1)-(NX3) hold, then the system (1.1) (or (1.2)) satisfies the condition (1) of

Lemma 2.3.
Proof. Set h(z(t)) = (hl(zl( ), hn(za (1), b (Znga (0), o hngm (Zaam (8) = (Wiza(1), - wn
zn (1)), f1(zn4a (1), .. (Zn+m( ))),/, h(z(t—1(t)))=((z1(t=(t)), ..., hn(zn(t=T(t)), hni1(zn (t—
(1)), Pongm Zn+m (t—1(t) = lzi(t ==(t)),...,vn(zn(t = (1)), g1(zns1(t = T(1))), ..., gm(
Znim(t—m1(t)))) . Itis clear that F(t, z) is an USC set—valued map with nonempty compact convex values.
In order to apply the condition (1) of Lemma 2.3, we need to search for appropriate open, bounded subset

Q. Corresponding to the differential inclusion dz € AF(z,t), A € (0,1), we have

dx;(t)
dt

eA| = aithi(t) + ) pyi(t)E0Thnj(zn s (1))
j=1

+ Y 4080 s (=T +es(t)], i=12,..m,
= (3.1)

d . n
y(it(t) €A { —bj(t)y;(t) + Z ri5(t)eolhi(zi(t))]

+ZslJ Rzt =)+ (0], j=1,2,...,m,

assume that z(t) = (xg (t),...,xn(t),yl(t),...,ym(t))/ is an arbitrary w-periodic solution of the differ-
ential inclusion (3.1) for a certain A € (0,1). By the measurable selection theorem, we can find the
measurable function Y = (Yl/ <o Y Y4, - -/YTIJrTTL) End n= (T‘l/ <o My Mt 1y /Tln+m) such that
v;j(t) € colhj(z(t))],j = 1,2,...,n+m, and n;(t) € colh;(z;(t))],j =1,2,...,mn+m, forae. t € [-1,D)
and

dx; (t)

S = A — @t + Y pityns 0+ ) dulthast—tt) +ei(d)],i=12,...m,

j=1 j=1

du; n n
U&t(t) _ }\[— b (t)y;(t) + Z Ty (t)yi(t) + 2 sij(tni(t—(t)) + d; (t)},j —1,2,...,m
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Multiplying both sides of the first equation of (3.2) by x;(t) and integrating over the interval [0, w], we
obtain
w w m m
| atnva = | a0 X piltvnn 0+ X anttnay =t rem]an 63
j=1 j=1
In view of (X2) and Cauchy-Schwarz inequality, we derive from (3.3) that

w m w

a Jo ha(t)Pat< ) _pjY L i (Dllyn (t)]dt
j=1
m

w w
+Y gt L e (8) s (£ — (1))t + <M L a()ldt
j=1

m

w m w
<3 pMons; jo e (Olly (Dldt+ Y Mo JO e ()l (£ — T(t) dt
. 2.

u
I
KR

m

Zp?ﬂmﬁzml B +cM) | s(tlat (3.4)

j=1

< 5 ol [ iviad) ([ ora)”
j=1 0

0

+
/_\

w

# 3 s J, mtwra) e (]
j=1

(Pl + 3 B+l M)vax ([ mtorar)

j=1 j=1

ys(t—t()Par)

we notice that

w w—T(w) | ( )|2 w—1(0) Iy(t)l2
(t— 29t — _ OV gt — ) AL N
J, mtswra= | e S [ e

I 1Ol 1 (e
=}, oMt € T ), o

(3.5)

where p~! is the inverse function of p(t) =t —t(t), then from (3.4) and (3.5), it implies

(Jw |Xi(t)|2dt>1/z
0

j; {_ ]1 m ( 0 ) ) {_ (; ji ]1 n-+j ) (36)
m M w

oS mn B e e

_; ot (P 1—TD)(JO y(0Pdt) VoG, =120

where
Kyt qM L m

_ mn+) M i 1 M

M; = ( aiL ( it T m))nxm and G; CL{‘ <;(P]1 + 051 )Bn+] +c )

Without loss of generality, multiplying both sides of the second equation of (3.2) by y;(t) and integrating
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over the interval [0, w], it is easy to calculate that

(J hy; (t )Izdt) v iﬁ S?"A)(Jw Ix-(t)lzdt) +(i +sM)By +dM)
) L 1 1] ij 1
il m 0 i=1 37
N A L \12 . (3.7)
:Z oL (JO Ixi(t)] dt) —i—\/an, ji=1,2,...,m
i=1 J
where
i M s v 1 (i M M M)
MZZ (%(TU +7)) and G) =71 (Tij +Sij )Bl+dj .
b V- by T
Combining (3.6) and (3.7), we obtain
w 12 "AEm w 1/2
(L m(oPa) < Y mijqo m(0Pat) + V@G, i=12,.. ntm, (3.8)
j=1
where
Gi:G; when i=1,2,...,n, and Gl—G1 n When i=n+1,n+2,...,n+m
For the sake of convenience, we define ||z;[|5” by
w @ 2 3.\1/2 .
Izill$* = (| lze()*dt) ", zi € C(R,R), i=1,2,...,n+m.
0
Obviously, it follows from (3.8) that
Entm —M)(21ll5, - lznlls znsalls - lznemlls) (3.9)

< \/a(Gll"'lGnl Gn+1z---an+m), = \/aG

Since Eq4m —M is an M-matrix, we can obtain from Lemma 2.5 and assumption (X3) that there exists a
vector &= (&1,.. ., &, Enaty s Enam) > (0,...,0,0,...,0) such that

Ev* = (ET//£;/£§+1//£;+m) = Ev(ETler*M) > (O/'“/O/O/“'/O)/

together with (3.9), yields that

min{&y, ..., & Enprs o Enpmd(2ll27 - llzall2”) znga 2 - llznem127)
<&zl o+ Enllznlly’ o+ S llzam 2

= E(Ensm — M2l llznll$ Iznsal8) - 2 m 8
n+m

< ‘(—v\/a(Glx---/Gn; Gn+1/--- n+m \/> Z il

Thus, we have

n+m

\/(»T’ Z E:‘i,Gl

@ 1/2 i A .
zi()Pdt) T = ||zils’ < ———= 2 JwN, i=12,...,n+m,
( JO ' ) || 1||2 mln{all Ewnl E'TLle’ cy n+m}
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where

n+m

Z E»iGl
i=1

mln{E,i‘,, ;,k]_, :L+1,..,, ;er}r

i=12,...,n+m.

It is easy to check that there exists t; € [0, w] such that
lzi(t)I <N, 1=12,...,n+m. (3.10)

Since for t € [0, w],

2(t) = za(ty) + 20(t) — za(ty) = z(t) +J 2(s)ds,

ty
it follows for (3.10) that
w
Izi(t)lgN—i-J lzi(t)]dt, i=1,2,...,n+m. (3.11)
0
From (3.2), we obtain that

me(tndt
0

<J g () |dt+Zj Py (Ol (D]t

ZJ e s £ 0D + | a0t

0

w
<al J | |dt+Zp]l L Ynoj(t |dt+Zq]1J M (t—T()ldt + cMw

[xi(t
0
w (3.12)
<aM L (it + Y pht anﬂj 01t Y Mo, L jyj (t — (1) dt
j=1 j=1
m m
w(ZpJI\iABn+j +Z q;\{lﬁnJrj +C{vl)
j=1 j=1
a'Volxill$ + Dy (pN + ﬁ)ﬁllw I8+ @ (Y PN'Brts+ ) af Brij+cl)
i—1 -7 =1 =1
m q m
< wN(a{\A—i—Zoan(p]z\{l—i-iL Z ]9)l —Fq)l Bn+) +c; ) R;, i=1,...,n.
j=1 1 =1
Similarly,
Jw n sM n
g; (D]dt < N(bOM+ Y i (tM+ —=)) +w(D (M +s¥pi+dM) 2R, j=1,...,m. (3.13)
0 i=1 V1P i=1
It follows from (3.12) and (3.13) that
w
J (1At <Ry, i=12,...,n+m, (3.14)
0
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where
Ri:R; when i=1,2,...,n, and Ri:R:_n when i=n+1,n+2,...,n+m.
By (3.11) and (3.14) we obtain that
IzZi(t) < N+Ri£Hy, i=12,...,n+m.

Clearly, Hi(i = 1,2,...,n+m) is independent of A. Again from assumption (N3) and Lemma 2.5,
it follows that there exists a vector ¥ = (81,...,ﬁn,8n+1,...,8n+m), > (O,...,0,0,...,O)/ such that

(Enyim —M)® > (0,...,0,0,. .,O)/. Therefore, we can choose a sufficiently large constant o such that
=7, OV ) = (091,..., 000,000 41,..., 000 m) = on and

9] =09 >Hi(i=1,2,...,n+m), implies (Enim —M)D" > G.
We take
Q ={z(t) € C,,| — 0" < z(t) < ¥*, Vt € R}.
Clearly Q) is an open bounded set of C, and z ¢ 0Q for any A € (0,1). Then the proof is complete. O

Proposition 3.2. If the assumptions (X1)-(NX3) hold, then the system (1.1) (or (1.2)) satisfies the condition (2) of
Lemma 2.3.

Proof. We prove by the way of contradiction. Suppose that there exists a solution Kk = (K1,..., Kn, Kn41,---,
Knim) € 0QNR™™ of the inclusion 0 € L fo (t,k)dt = go(x), then « is a constant vector on R**™
such that |ki| = 9] for i € {1,2,...,n+m} set i = 1, then corresponding to k; and 0 € (go(k1)) =
% Jo Fi(t, k1)dt, we have

1 [ m 1 (@ m 1 (@ 1 (@
0=k L a; (t)dt + ;ynﬂw L pi(t)dt + ;nnﬂ-w L qjn(t)dt+ — L c1(t)dt.
Then, there exists some t* € [0, w] such that
—Kkraq(t +ZP;1 Yn+] +Zq]1 nn+) +c¢1(t*) =0. (3.15)

j=1

From (3.15) we deduce that

m

1
nf:|K1|<T*)|[Z|pj1( |\vn+l|+Z|q]1 ] +ler (6]
j=1

q]l
[Zo‘nﬂ p]l + 1_-D |Kn+]|+ZP)1 Bt +Zq]1 Pntj+¢1 ]
j=1 1- j=1
n4+m
My (i) Kntjl + Gy = Z my;lK;| + Gy,
=1

I
'I\’]g Hr*"“ g

u
I
-

without loss of generality we can get the inequality for every i € {2,...,n+m} which implies that (Eq, 4 m —
M)n* < G, which contradicts to the fact (E,4m —M)n* > G. This proof is complete. O

Next, we define a homotopic set-valued map ¢ : Q "R™*™ x [0,1] — C, by
d)(KI h) = hdiag(_ali cer,—0n, _61/ ceey _Bm)u + (1 - h)QO(K)/

where h € [0,1] is a parameter, d; = fo ai(t)dt,i=1,2,. fo t)dt,j =1,2,.
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If K = (Ki,eeo) Ky Knidy .- Knem) € 0Q NIR™™ then «k is a constant vector on R™™ such that
lki| =n} for some i € {1,2,...,n+m}. It follows that

(0l ) = =i+ (1) 3 @0ty ) | - pitiia

=1

(Dl Wy = =By + (1) 3 ealus(il | ryy(t)a

i=1

= 1 (@ 1 (@
+ZCO[\)1(K1)]J Sij(t)dt+J dj(t)dt}, i=12,...,m
i=1 @ Jo @wJo

Remark 3.3. Based on the proof of Proposition 3.2, by the method of contradiction, without loss of gener-
ality, we also claim that

0¢ (p(k,h));, i=1,2,...,n+m. (3.16)

Proposition 3.4. Under Proposition 3.2 and Remark 3.3, the system (1.1) (or (1.2)) satisfies the condition (3) of
Lemma 2.3.

Proof. 1f (3.16) holds, if follows that
(0,...,0,0,...,0) & &(k,h), VK= (Ki,- ., Kn,Knil .-, Knim) € 0QNRM™,

Therefore, by the homotopy invariance and the solution properties of the topological degree, we obtain

deg{go, QNR™*™, 0}
= deg{d(x,0), QNR™™,0}
=deg{d(x,1), QNR™™,0}
= deg{(—aik1, ..., —GnKn, —b1Knit, - -, —DOmKknim) , QNR™™ (0,...,0)}
~a - 0
=sign| : . Do = (=DM A£0,
0 -+ —bm

where deg(-, -, ) denotes the topological degree for upper semi-continuous set-valued maps with compact
convex values (see [24]). Then the proof is complete. O

Then, we have proved that Q satisfies all the conditions in Lemma 2.3, we can give the following
theorem on the existence of periodic solution of complex neural network model (1.1) (or (1.2)).

Theorem 3.5. Suppose that the assumptions (X1)-(N3) are satisfied, then the discontinuous network system (1.1)
(or (1.2)) has at least one w-periodic solution.

Remark 3.6. In general, it is easily verified that neuron dynamic approaches are based on M-matrix,
and there are many existing results (see [5, 9]) to analyze the periodic solutions of neuron dynamic
systems with discontinuous neuron activations via Yoshizawa-like theorem, Krasnoselskii’s Fixed point
theorem of set-valued maps, Leray-Schauder alternative theorem, etc., see [6]. However, it is necessary
to introduce the existence of the periodic solution which has been ignored by many researches, in this
section, we obtained that the results on the existence of the periodic solutions for the complex BAM
network dynamical system with time-varying delays and discontinuous activations which is prepared for
the next section.
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4. Periodic synchronization under control

In this section, by designing a state-feedback controller, we study the global exponential synchro-
nization of complex BAM system with periodic coefficients and discontinuous activations. Suppose that
z(t) = (x1(t), ..., xn(t),y1(t),... ,ym(t))/ is an arbitrary solution of Eq. (1.1) with initial condition ¢(s) =
(@1, Pr, @1, ., bm) . By Theorem 3.5, there exists an w-periodic solution z*(t) = (xj(t),...,x}(t),
yi“(t),...,y;(t))/ with initial condition ¢*(s) = (@7,..., @}, (pj‘,...,tp;)/ for Eq. (1.1). Fori=1,2,...,n,
j=1,2,...,m, now we consider the complex network model (1.1) as the driver system, the corresponding
response system can be described as the following functional differential equations:

dczt(t) = —ai(t)oi(t) + iji(t)fj (755 (t)) + Z qji(t)gj (7 (t — T(t))) + pi(t),
— P

4.1)
dT[j (1) _

dt

t) + Z Ty (tui (o (t)) + Z sij(thviloi(t—T(t))) +v;(t),
im1 im1

where p;(t), vj(t) are the controller to be designed for reaching periodic synchronization of the drive-
response system. The other parameters are the same as those defined in model (1.1).

According to the theories of differential inclusions and set-valued maps, for i = 1,2,...,n, j =
1,2,...,m, we can give the initial value problem (IVP) of response system (4.1) for a.e. t € —|— )
as follows:

doi(t)

Frantes —ai(t)oi(t) + iji(tﬁnﬂ (t) + Z Qi (Mnj (t—T(t) + nilt),

j=1 j=1

dTgEt) = —bj;(t)m(t) + ; Ty (Vi (t) + ; st (O (t—T(1)) +v; (1),

4.2)
Yn+j € colfj(m(t))], vi € colui(oi(t))], Mnyj € colg;(m(t))],ni € colvi(oi(t))],
o(s) = (01(s), 0a(s), ..., on(s)) ', Vs € [T, 0],

m(s) = (7‘[1(8),7'[2(3),...,T[m(S))/,VS € [-,0].

Next we define the convergence rate of exponential synchronization error between the drive system
and the response system, fori=1,2,...,n,j=1,2,..., m, we obtain

ei(t) = oi(t) —xi(t) and enj(t) = m(t) —y;(t),

then we can get the following synchronization error system

de(;Et) - t)+ Zp)l T (1) + Z qji (8) Vg (t —T(t) + pi(t),
d 4.3)
en;tj(t): ten(t +ZTU +an T(t)) +vj(t),

where Ty (t) = Vi (t) —vi(t) and T (t —7T) = M (t — 1) =N (t—71), k = 1,2,...,n+m. We consider the
following discontinuous feedback controllers:

ni(t) = —liei(t) —mysign(ei(t)) and v;(t) = —lnijenyj(t) — mpyjsign(en;(t)), (4.4)

wherei=1,2,...,n,j=1,2,...,m
By the assumption (X2), we assumed further that the discontinuous neuron activations h satisfies the
following condition:
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(N4) For every i € N, there exist nonnegative constants «; and {3; such that

sup Ei— Gl < aqlt—xk|+ B, VLkER,
&iecolhyi(U)],gyecolhi(k)]

and
sup IE C1| xilt—«k|+Bi, Vi, ke R
&iewolhi(1)],Gieclhi (k)]

Remark 4.1. Because of the functions h; and ﬁi are discontinuous, the constant 3; in the assumption
(N4) should not be equal to zero. If not, the assumption (X4) is completely different from the Lipschitz
condition in the previous literature which is in contradiction with our hypothesis.

For convenience, we denote

n+m
— = 1(0) — ().
b —W|c ngg@;wu Vi (0)]

Definition 4.2 ([25, 28]). The drive system (1.1) and the response system (4.1) with discontinuous activa-
tions function are said to be globally exponentially synchronization if there exist positive constants R > 1
and A > 0 such that

n

D loi(t) I+Zlm —y;i(1)] = R b — | c exp{—At],

i=1
where A is called the convergence rate of exponential synchronization.
Theorem 4.3. Suppose that conditions (NX1)-(X4) are satisfied, assume further that

(N5) Foreveryi=1,2,...,n,j=1,2,...,m, we assume

n

M

an BTL—O—] +Z q)l Bn—!—]/ mn+) ZTU B‘L + Z Si

j=1 j=1 i=1
and

Al > exp {AMT}/\,

where

n n
Al = max{ max {Z r’\)/locl}, max {Zp)l ocn+)}}, Ny = max{ max {Z s{\j/‘oq}, max {

1$<m Ui, 1I<ign 1<Gsm Uiy 1<igsn

f q;\{locnﬂ}}, A = max {/\1,/\2}, A(t) mln{ mm {(al( )+ 1)}, mm {(b;(t) +ln+j)}}.

j:l \ <n \ \m

Then under the discontinuous switching feedback controller (4.4), the neural networks (1.1) and (4.2) can achieve
global exponential synchronization. Moreover, the convergence rate is A = AL —exp {AMT}A > 0.

Proof. Substituting the discontinuous switching feedback controller (4.4) into the synchronization error
system (4.3), for a.e. t > 0, we obtain

de&it) = —ai(t)ei(t) + Zpll M () + Z Qi () Vg (t —7(t)) — Lieg(t) — mi(ei(t)),
d (4.5)
endij;j(t) = €n+] +ZT1] +ZSU t T )) *1n+jen+j (t) 7mn+j(en+j (t))



C. Yang, L. Huang, J. Nonlinear Sci. Appl., 10 (2017), 5464-5482 5477

For any t > 0, we consider the following positive radially unbounded candidate Lypunov function:

V(t) = t)+ Vot Z lei (t)] + Z |en+)

Now we define V{(0) = V(t+0),—- Tt <0 <0and t € [O,T). Moreover, for any t € [0,T), the sup-
norm is given as ||Vi||c = SUP_r<o<0 [V¢(0)[. It is easy to see that the function V(t) = V¢ (0) is absolutely
continuous and C-regular; V(t) > 0, V(0) is positive and finite. We denote w;(t) = sign(o;i(t)), if oy (t) # 0;
while w;i(t) can be arbitrarily chosen in [—1,1], if 0i(t) = 0. Therefore, taking (4.5) into account, under
the conditions of the theorem, calculating the derivative of V(t) for a.e. t > 0, we can obtain

dvi(t) & dei(t) ‘
dt _é dt wilt)
=Y [~ lailt +ZP;1 M (t
im1

+ Y a5t T (t— () —mysign(ei (1)) sign(e (1))
j=1

=Y —(ai(t)+L)lei(t HZZ% Moy (t)sign(es(t)

i=1 i=1j=1
+ZZ a5 () Vg (t— T(t))sign(es (t Zszlgn ei(t))|
i=1j=1 i=1
<) —(ay(t) +1)lei(t |+ZZ|p,1 )P (t)lIsign(es (t))]
i=1 i=1j=1
+ZZ 195 ()| (t —T(t)lIsign(eq (t |—Zm1|s1gn ei(t))| (4.6)
=1j=1 i=1

'I\’]: -

—

—(ai(t) +1y)les(t |+ZZp,1 (0tnpjlensj (Bl + Bnyj)lsign(eq(t))]

i= i=1j=1

+ZZq?4(anH|en+j(t—r( D)+ By )lsign(eq (t |—Zm1|s1gn ei(t))]

i=1j=1 i=1
n n m
<) —(ailt) +L)lei(t |+ZZp,1cxn+J\en+J O+ > aflanjlens(t—T(t))
i=1 i= 1; 1 i=1j=1

an Bt — Z X' B ;) lsignles (1)

|
.I\/]?‘

,ﬂ
Il
—

[\/]:

< —(ai(t) +L)lei(t |+ZZP)1 (anr]‘enJr] |+qu)1 (xn+]|en+] —1(t))l.

1 i=1j=1 i=1j=1
Similar to (4.6), we obtain

dV m n
2 \Z t) + Lnyj)leny(t |+Zzn,ocl|e1 I+ Y sMale(t—r(t))]

j=11i=1 j=11i=1

(Mnyy— Zm Bi— Zs ) Isign(en 5 (1)), 4.7)

,,.
Il

M

N
'I\/]B

-
I
-

_(b (t )+1n+) ‘en+) ZZ Caleq(t |+ZZS’\)-AO(1|61(’£—T(’C))\.

):1 1=

—_
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Moreover, combining (4.6) and (4.7), under assumption of the theorem, we obtain

dv(t) dwvi(t)  dVa(t) , , _ R
= o T4 S mm{lg}gn{(al(t)+11)},1g_u<nm{(b)(t)+1n+3)}}gek(t)
m n+m
M
emac{ mox {3 ) mox {3 oo} 3 et
j=1 k=1 .
n+m

l\/]s

+max{ max {Zsll (xl}, max {
1<G<m 1<ign

=—A(t)V(t)+ Al|Vi||c, forae. t>0,

aN o} } Y ex(t-rl)

u
I
MR

n
. ; . . _ M
where A(t) =min { 1rgmfl {(ai(t) +11)},1glgnm{(b] (t) 4+ lnyj)}} and Ay = max { lg}egn { 1zlr ) ocl},lrgllixn {

m n
)N p]l\{locnﬂ}}, Ay = max { 12()12);1{ le’\)/locl},lr<nla<xn{ > qf ocn+)}}, A =max {A1, Az}
)= 1

Multiplying both sides of the inequality (4.8) by exp{f0 p)dp} and integrating both sides of the
inequality over the interval [0, t], it follows that

t

t S

exp { | apidofvi) < vio1+ | exp { [ atodpfarvilicas
0 0 0

therefore, for —t < 0 < 0, we can deduce that

t t+0

exp { L Alp)dp — AMT}V(t +0) <exp { J

A(p)dp}V(t+e)
0

t+06

< V(0) -l—J

exp { J A(p)dp}/\HVs |l cds
0 0

t s
<IVolle + | exp { | alo)dppAIVAlcds
0 0

which implies

S

exp { L Alp)do [ Villc < exp {AMT}|Vollc + J exp (A%} exp”o

By Gronwall inequality, we have

Alp)dp fA[[Vs |cds.

t
exp{J0 }HVtHc exp {AM1} | Vollc - exp{exp {AMT}At}

which yields
t
[Villc < exp {AMT}HVOHC - exp { exp {AMT}/\t} - exp { — Jo A(p)dp}

< exp {AM1}|Vo||c - exp { — (A" —exp {AMT}/\)t},

this means that

n

D loi(t) —xq(t |+Z 75 (t)

i=1
—V(t ||vt|yc exp {AMT}|[Vollc -exp { — (A" — exp {AMT}A)t ]
Z%\IdD*lecexP{fM},
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where R=exp {AM1}, [ —V|lc = Vollc = SUP_co<o > M i(0) —i(0) and A = AL —exp {AMTIA
are positive constants. Under the discontinuous switching feedback controller (4.4), according to Def-
inition 4.2, the driver network system (1.1) can realize globally exponentially synchronization with the
response system (4.1). The proof is complete. O

Remark 4.4. In this paper, we designed a discontinuous switching terms p;(t) and v;(t), taking measurable
selection in the appropriate closure of the convex hull, by Filippov regularization and in the sense of initial
value conditions, the system (1.1) is first transformed into (4.1). Between response network systems and
the Filippov solutions of the drive system, such a discontinuous switching feedback controller can deal
with the uncertain differences. From proof of Theorem 4.3, in realizing the periodic synchronization
goal, one can see that the discontinuous switching term in state-feedback controller (4.1) plays a very
important role. However, it is not easy to construct the conventional Lyapunov-like functions for realizing
synchronization control of complex BAM neural networks, and it is also not easy to design suitable
controller to achieve the periodic synchronization for complex BAM networks with time-varying delays
and discontinuous activations. Our future researches should be emphasized on designing better and
simpler controlled response system.

5. Examples and simulation experiment

In this section, using MATLAB programming, we provide a simulation example to illustrate our
criteria. Consider the following three-dimensional discontinuous time-delayed network system as follows:

dx(t)
dt

= —a(t)x(t) + pu(t)f1(y1(t)) + p21 (t)f2(y2(t))

+q11(t)g1(y1(t —(t))) + q21(t) g2 (y2(t — T(t))) +c(t),

5.1
dyl(t) — by (t)yl(t) + 11 (B)u(x(t)) + s1(t)v(x(t —T(t))) + dq (1), ( )

dt
dyo(t
Y20 by (1yat) + ral)ulx (1)) + sa(hvx(t —1(1) + (1),
where a(t) = bi(t) = by(t) = 1, c(t) = 4, di(t) = 4+sint, do(t) = 4+ cost, ppi(t) = —1 +sint,
pa1(t) = —1 + lcost, q11(t) = —1Isint, qo1(t) = Lcost, 11(t) = § + Lsint, 15(t) = —1 + fcost, s1(t) = isint,
so(t) = —%Cost and t(t) = % The discontinuous activation functions are taken as
1 1 1
9—5,920, EX+§’X>O’
fly) =hy) ={ 3 up =¢ 032
y+§/ U<0, EX—E.X<O.
1 1
tanh(y)—ﬁ, U/O, X+E/ X/O,
91(y) = g2(y) = 1 v(x) 1
tanh(y)—i-ﬁ, y<o0 X—E.X<O
We can easily calculate that
5 1
1 =% =%
E-M=(-3 1 0
I 0 1

We can get that E — M is an M-matrix. Therefore, it follows from Theorem 3.5 that the non-autonomous

system (5.1) with neuron input I(t) = (4,4 + sint, 4 + cost) has at least one 27-periodic solution.
Obviously, the discontinuous functions are non-monotonic and satisfy the assumption (X1). Mean-

while, 0 is a discontinuous point of the activation functions, we choose x; =0y =z =31 =p2=p3=1
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such that the condition (X2) holds. Take l; = 1, = 13 = 0.1, m; = my = mg = 1.2. Then we have
m m n n

my > Y PP+ X AN By =1L ma=ma > ¥ rMBi+ Y sMBi =1, A=Ay =3, and A = 3,
i=1 j=1 i=1 i=1

Alt) =11 > %exp 0.505 = 0.754. Therefore, by Theorem 4.3, the system (4.6) can also realize the global
exponential synchronization with the corresponding response system under the discontinuous feedback
controller which can be depicted in Figure 1. It means that the numerical simulation is suitable for our
main results.

solution x,
solution y. |

time t time t

solution A
r
e,(t).e,(t).e,(t)

time t t

(c) (d)

Figure 1: (a)-(c) are periodic solutions of system (1.1), (d) is time respond of synchronization error between drive system (4.3)
and corresponding response system under the discontinuous switching state-feedback controller (4.4).

6. Conclusions

In this paper, we consider a class of complex BAM network dynamical systems with time-varying de-
lays and discontinuous activations. Our main technologies of this paper involve periodic synchronization
theorems and the theory of differential inclusions developed by Filippov, we have introduced a new re-
search method to guarantee the existence of the periodic solution, that is, by using the set-valued analysis
and degree theory, we have obtained that there exists at least one periodic solution for the complex BAM
network dynamical systems with time-varying delays and discontinuous activations. Then, by construct-
ing C-regular Lyapunov-like function and designing novel discontinuous switching feedback controller,
which can realize the global exponential synchronization of the drive-response system for discontinuous
time-delayed BAM neural networks with periodic coefficients. These results obtained in this paper im-
prove and extend the previous works, and in the further work to solve the other synchronization issues,
we wish that the methods and tools constructed in this paper can be widely used.
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